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PREFACK 


The purpose of this book is to provide a mature approach to the Ijasic 
principles of thermodynamics for ali engineering and applied-science 
students regardless of their ultimate professional objectives. Emphasis is 
placed on basic principles, rather than on detailed engineering applications 
involving descriptions of equipment and design techniques, in order to 
encourage a fuller understanding of thermodynamics as a basic science and 
to develop an orderly process of reasoning from its fundamentals. We 
believe that the interests of the student are better served in this manner 
than through a preoccupation with the design and operational details 
related to many engineering applications. Design techniques, which often 
obscure the fundamental principles involved, are left to specialized pro¬ 
fessional courses, where they can be more efTecti\'eIy treated after a firm 
grasp of thermodynamics has been attained. 

The subject matter has been selected with a view to meeting the needs 
and interests of undergraduate students in all branches of engineering and 
applied science. 1 hus it is possible to offer a single basic course in thermo¬ 
dynamics for all students, instead of a number of specialized courses. 
Such specialized (‘ourses often deny the opportunity to acquire mastery 
of this important basic science because of the urge to introduce practical 
applications. Ihe problems have been carefully selected without regard 
to any particular field of professional specialization, and they should serve 
to stimulate the imagination and interest s all students: ' They are an 
integral part of the text and are designed to aid in the understanding of 
principles and to develop the pow'eCtb reasou from these principles. 

The first seven chapters are devoted to a thorough treatment of the 
First and Second Laws and their consequences. The relations among the 
properties which define the state of ide&l and real systems are completely 
developed. Chapters 8 and 9 are included not only to illustrate the use of 
thermodynamic principles but to foster an aftpreciation'^fbr some of their 
limitations as well. Chapters 10 through 14 include the thermodynamic 
approach to various processes, cycles, and reactive and nonreactive systems. 
Instructions for the use of tables of thermodynamic properties of commonly 
used substances are included in the Appendixes, with appropriate abridged 
tab es, an arrangement which permits the instructor to introduce this 
material when it appears most advantageous to do so. 

Although the book is written primarily for a one-year undergraduate 
course the subject matter is organized in such a manner that it is possible 

p, ^ ' shoitei course. Sufficient material is 
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included to allow the instructor considerable latitude in meeting the course 
objectives as he conceives them to be. 

A textbook entitled Statistical Thermodynamics by the same authors is 
also in preparation. Where it is desired to introduce the microscopic 
approach at the undergraduate level this text will provide a suitable 
companion for the present book. 


March, 1955 


J. F. L. 
F. W. S. 
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LETTER SYMBOLS AND ABBREVIATIONS 


The American Standards Association, in 1941, adopted a set of Standard 
Abbreviations for Scientific and Engineering Terms. These recommended 
abbreviations have been closely followed by engineers in this country 
since that time. However, although the authors are in complete accord 
with the purposes and aims of the ASA, they feel that in this particular 
case many of the recommended abbreviations were unwisely chosen. 
As examples, the recommended abbreviation for cubic feet is cu ft, that 
of feet per second is fps, and that of pounds per square inch is psi. 

One of the most important practical uses which the engineer makes 
of the units of a physical quantity is to ascertain, from the units of the 
various quantities in a formula, in what units the answer is expressed. 
Another is to correctly convert a quantity from one set of units to an¬ 
other. In both of these cases, the simplest procedure is to express the 
units of all quantities and conversion factors in algebraic form, and to 
apply the ordinary rules of algebra to these units, as was illustrated in 
the examples in the preceding section. Throughout this book, therefore, 
we shall follow what seems to be the most useful procedure and shall, for 

example, abbreviate cubic feet as ft^, feet per second as — or ft/sec, and 

lb 

pounds per square inch as —5 or Ib/in^. 
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CHAPTER 1 


FUNDAMENTAL CONCEPTS 

1-1 Introduction. The science of thermodynamics deals with relations 
between heat and work. It is based on two general laws of nature, the 
first and second laws of thermodynamics. By logical reasoning from these 
laws it is possible to correlate many of the observable properties of matter, 
such as coefficients of expansion, compressibilities, specific heat capacities, 
vapor pressures, and heats of transformation. 

The principles and methods of thermodynamics are used by the mechan¬ 
ical engineer in the design of steam engines and turbines, internal com¬ 
bustion engines, jet engines, and refrigerators, and by the chemical engineer 
in practically every process involving a flow of heat or a problem in chem¬ 
ical equilibrium. The sciences of physical chemistry and chemical physics 
consist in large part of the applications of thermodynamic principles to 
chemistry. 

Thermodynamics makes no hypotheses about the structure of matter. 
It is an experimental or empirical science, and thermodynamic formulas 
necessarily have the same general validity as the two laws from which 
they are derived. The price of generality is a restriction in scope. Thus 
thermodynamics can predict many relationships between properties of 
matter but not the actual magnitudes of these properties. 

1-2 Thermodynamic systems. The term systenij as used in thermo¬ 
dynamics, refers to a definite quantity of matter bounded by some closed 
surface. The surface may be a real one, like that of a tank enclosing a 
certain mass of compressed oxygen gas, or it may be imaginary, like the 
boundary of a certain mass of liquid flowing along a pipe line and followed 
in imagination as it progresses. The boundary surface is not necessarily 
fixed in either shape or volume. When a fluid expands against a moving 
piston, for example, the volume enclosed by the boundary surface changes. 
Occasionally it is necessary to deal with systems in which there is a flow 
of matter across the boundary, into or out of the system, but for the most 
part we shall consider only systems of constant mass. 

Many problems in thermodynamics involve interchanges of energy 
between a given system and other systems, either by a performance of 
mechanical work or by a flow of heat. Any systems which can interchange 
energy with a given system are called the surroundings of that system. 

A thermodynamic system is analogous to the “free body” of me¬ 
chanics; in both cases we fix our attention on a definite portion of matter 
bounded by a closed surface which may be imaginary. The “surroundings” 

1 
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of the free body are then those bodies which exert forces on it, while the 
surroundings of the thermodynamic system are those systems with which 
it can interchange energy. 

If conditions are such that no energy interchange can take place, a 
system is said to be isolated. This requires that the boundary of the system 
shall be rigid so that no work is done on the surroundings, and that it be a 
thermal insulator so that there is no flow of heat to the surroundings. 

1-3 Properties of a system. Thermodynamic systems are characterized 
by certain quantities known as the 'properties of the system. Examples 
are the temperature and volume of the system, its energy, its heat capacity, 
its density, and the hydrostatic pressure or the elastic stress at points 
within it. Other properties of interest are the flux density in a magnetized 
bar, the polarization in a dielectric, and the surface area of a liquid. 

Thermodynamics deals also with quantities which are not properties of 
any system. For example, when there is a flow of heat between a system 
and its surroundings, the energy transferred is not a property of either the 
system or the surroundings. In Section 3-8, we shall discuss more fully 
the criterion that determines whether a given ciuantity is or is not a 
property. 

Let a given system be divided, in imagination, into a number of parts. 
Those properties of the system whose value, for the entire system, equals 
the sum of their values for the parts of the system, are called extensive. 
Thus the total volume and the total energy of a system are extensive 
properties. The temperature of the system, on the other hand, is not equal 
to the sum of the temperatures of its parts. The same is true of the pres¬ 
sure and the density. Properties like temperature, pressure, and density 
are called intensive. 

The ratio of any extensive property of a system to the mass of the 
system is called the average specific value of that property. Thus the 
average specific volume of a system is the ratio of the total volume of the 
system to its total mass, and is the average volume per unit mass. We shall 
use capital letters for extensive properties and the corresponding lower 
case letters for their specific values. Hence if V represents the total volume 
of a system of mass m, the average specific volume of the system is 

7 

if = —} 
m 

the bar indicating an average value. 

The average specific volume of a system equals the reciprocal of the 
average density p of the system, which is defined as the ratio of the total 
mass to the total volume, or as the average mass per unit volume. 

m 1 
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A specific value of a property can be defined at each point of a system, 

as the average specific value of the property in a physically infinitesimal volume 

element that includes the point. (The volume element must not be taken so 

small that fluctuations on a molecular scale are of significance. That is, it 

cannot become infinitesimal in the mathematical sense. It is said to be 

physically infinitesimal” if its dimensions are very small compared with 

those of the system. Practically all of the systems of interest in engineering 

thermodynamics are large enough so that they can be subdivided into 

volume elements that contain an enormous number of molecules but are 

still very small compared with the system.) Thus if dV is the volume of a 

physically infinitesimal volume element of mass dm, the specific volume v 
at a point within the element is 

_ ^ 
dm 

The specific volume at a point equals the reciprocal of the density at 
the point, defined as the average mass per unit volume in a physically 
infinitesimal volume element including the point. 


P = 


dm 

dr 


1 


V 


^rhe unit of volume used in engineering in this country is the cubic foot 
(ft ). If the unit of mass is the pound mass* (Ibm) the unit of specific 
volume IS one cubic foot per pound mass (ft®/lbm) and the unit of density 
IS one pound mass per cubic foot (Ibm/ft^). If the unit of mass is the slug 

the unit of specific volume is one cubic foot per slug (ftVslug) and the unit 
of density is one slug per cubic foot (slug/ft^). 

A system, or a part of a system, is said to be homogeneous if the specific 
values of its properties are the same at all points. Thus in a homogeneous 
^stem the specific volume, and the density, are the same at all points. 

he specific value of any property of a homogeneous system, at every point of 
the system, equals the average specific value of that properly. 

The average molal specific value of an extensive property of a system is 
defined as the ratio of the value of that property to the number of moles of 

K f ^ substance, 

that IS, a substance consisting only of a single molecular species such as He 

H2O, or NH3. One gram-mole of a pure substance is defined as a mass 
m grams, numerically equal to the molecular weight of the substance One 
pound-mole, the unit used m engineering in this country, is defined as a 
mass in pounds-mass, numerically equal to the molecular weight Thus 

diviZe the '^oles, n, is obtained by 

dividing the mass m, in grams or pounds-mass, by the molecular weight M. 

m 


n = 


* See Appendix 6. 
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used for the molal 
specific volume of a 







The molal specific value of a property, at any point of a system, is 
defined as the average molal specific value of the property in a physically 
mhnitesimal volume element including the point. 

The specific value of a property, and its molal specific value, are inien- 
sxve properties of a system. Their values for the system as a whole are not 
equal to the sum of their values for parts of the system. 

The stale of a system is specified by the values of its e.xtensive properties, 
and by the values of its intensive properties at every point. For example,' 
to specify the state of a system consisting of a portion of the earth’s atmos¬ 
phere we give Its total volume (an extensive property) and its pressure, 
density, and temperature (intensive properties) at every point. The system 
has properties, both extensive and intensive, other than those listed above, 
but, as we shall see later, the intensive properties are not all independent,’ 

and if any two independent intensive properties are known, the others can 
be computed. 

The state of a substance, in contrast to the state of a system, is con¬ 
sidered to be specified by its intensive properties alone. Consider, for 
example, two tanks, one of volume 10 ft^ and the other of volume 1 ft'’, 
both containing oxygen gas at the same temperature and pressure. The 
intensive properties of the o.xygen are the same in both tanks, and it is 
considered to be in the same state in both. 


1-4 Equilibrium. When an arbitrary system is isolated and left to 
itself its properties will, in general, change with time. If there are varia¬ 
tions m pressure or elastic stress within the system, for example, parts of 
the system may move, or may expand or contract. Eventually these 
motions, expansions, or contractions will cease and when this has happened 
we say that the system is in mechanical equilibrium. This does not neces¬ 
sarily mean that the pressure is then the same at all points. Consider a 
vertical column of fluid in the earth’s gravitational field. The pressure in 
the fluid decreases with increasing elevation but each element of the fluid is 
in mechanical equilibrium under the influence of its weight and an equal 

upward force arising from the pressure difference between its upper and 
lower surfaces. 

In thermodynamics, however, it is necessary to consider more than the 
■ purely mechanical equilibrium of a system. If there are variations in tem¬ 
perature from point to point of an isolated system, we observe that the 
temperature at every point changes at first with time but that the rate of 
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change becomes smaller and smaller and eventually ceases. When no 
further changes in temperature are observed we sa^'' that the system is in 
thermal equilibi'iurn* 

Finally, suppose that a system contains substances that can react 
chemically. After a sufficiently long time has elapsed, all possible chemical 
reactions will have taken place and the system is then said to be in chemical 
equilibrium. 

A system which is in mechanical e(iuilibrium, thermal e(iuilibrium, and 
chemical e(iuilibrium is said to be in thermodynamic equilibrium. The 
science of classical thermodynamics deals chiefly with systems in thermo¬ 
dynamic eciuilibrium, or in which the departure from equilibrium is negli¬ 
gibly small. It may therefore more appropriately be described as thermo- 
statics, reser\'ing the term thermodynamics for the study of systems which 
are not in thermodynamic e((uilihrium and in which there is a motion of 
matter, a flow of heat, and in which chemical reactions are taking place. 
The thermodynamics of nonetiuilibrium systems has not been studied to 


any great extent until comparatively recently, but it is now a rapidly 
developing part of the subject. We shall consider it only briefly, however, 
in Section 9-14, and for the most part will consider only systems in thermo¬ 
dynamic etiuilibrium, or which change from one efiuilibrium state to 
^ another. 


1-5 Processes. When any of the pioperties of a system change, the 
state of the system changes and the system is said to undergo a process. 
(Note that changes of state are not restricted to the processes of fusion, 
vaporization, etc., which are properly described as changes of phase.) 

If a process is carried out in such a way that at every instant the system 
departs only infinitesimally from an equilibrium state, the process is called 
quasistatic (i.e., almost static). Thus a (juasistatic process approximates 
closely to a succession of equilibrium states. If there are finite departures 
from etiuilibrium, the process is nonquasistatic. 


Consider a gas in a cylinder provided with a movable piston. Let the 
cylinder walls and the piston be thermal insulators, and neglect any effect 
of the earth’s gravitational field. With the piston at rest, the gas even¬ 
tually comes to an eciuilibrium state in which the pressure, temperature 
and density are the same at all points. If the piston is now suddenly 
pushed down, the pressure, temperature, and density immediately below 
the piston will be increased by a finite amount above their equilibrium 
values and the process is nonquasistatic. To compress the gas quasistat- 
ically, the piston must be pushed down very slowly in order that the 
processes of wave propagation, viscous damping, and heat conduction 

may bring about at all instants a state which is essentially one of both - 
mechani cal and thermal equilibrium. 


* However, see Section 1-7 for 


a further discussion of thermal equilibrium 
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Fig. 1-1. Reversible flow of heat. 


Suppose we wish to increase the temperature of a beaker of water from 
room temperature, T^, to its boiling point, T 2 . The temperature could be 
raised by placing the beaker over a gas flame. This process is nonquasi- 
static because the temperature of the flame is much greater than that of the 
water and the water immediately over the flame is much hotter than that 
at other points. To increase the temperature quasistatically from T, to 
2 we make use of a number of other bodies at temperatures T, + dT, 
1 1 + 2dT, ... ;T 2 - dT, T 2 , as illustrated in Fig. 1-1. These might be 
arge water tanks, containing enough water so that the flow of a small 
quantity of heat from each to the beaker will not appreciably alter the 
temperature of the water in the tank. We shall speak of such bodies as 
heat reservoirs. We first bring the beaker, at a temperature T,, in contact 
with the reservoir at a temperature T, + dT, and keep them in contact 
until thermal equilibrium has been established. The beaker, now at a 
temperature T, + dT, is then moved to the reservoir at a temperature 
Ti + 2dT, thermal equilibrium is established at this temperature, and so 
on. Thus at no time are there finite temperature differences between parts 
of the water and it is at all times essentially in thermal e()uilibrium. 

All actual processes are nonquasistatic because they take place with 
finite differences of pressure, temperature, etc., between parts of a system. 
Nevertheless, the concept of a quasistatic process as a limiting case ap¬ 
proached by a real process is a useful and important one in thermodynamics 

Many processes are characterized by the fact that some property of a 
system remains constant during the process. A process in which the volume 
of a system is constant is called isovolumetric, often shortened to isovolumic 
or isometric. If the pressure is constant, the process is called isoharic or 
isojneshc. A process at constant temperature is called isothermal. 

Processes can also be characterized by the nature of any energy exchange 
that may take place between a system and its surroundings. Although we 
have not as yet defined the terms work and heat, we may say at this point 
that a process in which no work is done on or by a system is called simply a 
no-work process, and one in which there is no flow of heat between a system 
and Its surroundings is called adiabatic. However, since the concept of an 
adiabatic process is made use of in defining the quantity of heat flowing into 
a system (see Chapter 3), it would be reasoning in a circle to define such a 
process as one in which there was no flow of heat into a system. We there¬ 
fore define the process as follows, without using the concept of heat. 
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Suppose that a system and its surroundings are at different tempera¬ 
tures. Although the system will always eventually come to thermal eciui- 
librium with its surroundings, the rate at which ec]uilibrium is approached 
can be reduced by enclosing the system in a thick layer of a thermal insu¬ 
lator such as rock wool. While no actual insulating material can prevent 
the eventual attainment of ecjuilibrium between system and surroundings, 
it is useful to imagine an ideal insulator for which the temperature of the 
system would not change at all. Any process carried out by a system 
enclosed in such an ideal insulator is then defined as adiabatic. The ideal 
thermal insulator plays somewhat the same part, in thermodynamics, as the 
ideal frictionless surface in mechanics. Although neither actually exists, 
both are very helpful in simplifying physical arguments and both are 

justified by the correctness of the conclusions drawn from arguments 
making use of them. 

Many actual processes, such as a single stroke of the piston of an internal 

combustion engine, are very nearly adiabatic even though the system is 

not thermally insulated, simply because the process takes place in such a 

short time that the flow of heat from the system is extremely small. A 

process can also be made adiabatic by adjusting the temperature of the 

surroundings as the process proceeds so that this temperature is always 
equal to that of the system. 


16 Pressure. When a solid, liquid, or gas is subjected to external 

* J * \ _ ^ • a _ every element of area 

within or bounding the substance by the substance adjacent to that area. 

this force will, in general, have a component perpendicular to the area and 
a component lying in the plane of the area. We say that the substance is 
m a state of stress. To completely define the stress at any point we con¬ 
sider three infinitesimal elements of area at the point, perpendicular to 
three rectangular coordinate axes, and resolve the force exerted against 
each area into three rectangular components. The ratio of any force 

component to the area on which it acts is called a stress, and in general 
there will exist nine such ratios. fecneiai 

In certain special cases, the force against any element of area is at right 
angles to the area, and the ratio of force to area is independent of the orien¬ 
tation of the area. Ihis ratio of force to.area is called the pressure at the 
point and the stress is completely determined by one ratio rather than 

ihT of stress is called a pure hydrostatic pressure While 
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the point to which the gauge is connected, and the absolute pressure of the 
atmosphere. This difference is called gauge pressure. 


p (gauge) = p (absolute) - p,am (absolute). 


We shall use the term pressure, and the symbol p, throughout this 
book, to mean absolute pressure. 

The unit of pressure in the engineering system is one pound-force* per 

square foot (Ib/ft^). Most pressure gauges are calibrated in pounds-force 

per square inch (Ib/in^) for positi\-e gauge pressures (that is, absolute 

pressures above atmospheric) and in “inches of mercury’’ for negative 

gauge pressures (absolute pressures less than atmospheric). 

The standard engineering abbreviations of “pounds-force per square 

inch, absolute,” and “pounds-force per sciuare inch, gauge,” are respectively 
psia and psig. 

A pressure of one standard atmosphere is defined as the pressure produced 

by a column of mercury exactly 7G cm in length, of density 13.5951 gm/cm*, 

at a point where g has its standard value of 980.065 cm/secl From the 
equation p = pgh, we find 


1 standard atmosphere = 1.01324 X 10® dynes/cm^ 

= 14.6959 Ib/in^. 


1 7 Temperature and thermometry. We have referred to the temper¬ 
ature of a system in the preceding sections without giving a precise defini¬ 
tion of this property or specifying how it is measured. The concept of 
temperature, like that of force, originated in man’s sense perceptions. Just 
as a force is something we can correlate with muscular effort and describe 
as a push or a pull, so temperature can be correlated with the sensations of 
relative hotness or coldness. But man’s temperature sense, like his force 
sense, is unreliable and restricted in range, and out of the primitive concepts 
of relative hotness and coldness there has developed an objective science of 
thermometry, just as an objective method of defining and measuring forces 
has grown out of the naive concept of a force as a push or a pull. 

The first step in establishing a method of temperature measurement is 
o set up a criterion of equality of temperature. Consider two metal blocks 
A and B of the same material, and suppose that our temperature sense 
tells us that A is warmer than B. If we bring A and B in contact, and 
su^ound them by a thick layer of felt or rock wool, we find that after a 
sufficiently long time has elapsed the two feel equally warm. Measure- 

various properties of the bodies, such as their volumes, electrical 

* See Appendix 6. 
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resistances, or elastic moduli, would show that these properties changed 
when the two bodies were first brought in contact but that eventually they 
became constant also. 

Now suppose that two bodies of different materials, such as a block of 
metal and a block of wood, are brought in contact. We again observe that 
after a sufficiently long time the properties of these bodies cease to change. 
(Temperature, of course, is not considered as a property here since it has 
not as yet been defined.) However, the bodies will not feel equally warm 
to the touch, as evidenced by the familiar fact that a block of metal and a 
block of wood, both of which have been in the same room for a long time, 
do not feel equally warm. This eftect results from a difference in thermal 
conductivities, however, and is an example of the unreliability of our tem¬ 
perature sense. 

The feature that is common in both instances, whether the bodies are 
of the same material or not, is that an end state is eventually reached in 
which there are no further observable changes in the properties of either 
body. This state is then defined as one of thermal equilibrium^ and we make 
the postulate that when two bodies are in thei'mal equilibrium with each other, 
their temperatw’es are eqjiaL Ecpial temperatures then do not always corre¬ 
spond to ecjual sensations of hotness or coldness, and it remains to be seen 
whether the postulate above leads to a useful and self-consistent method of 
temperature measurement. 

To find out if this is the case, we carry out the following experiment. 
Suppose that body A, say a metal block, is in thermal equilibrium with 
body B, also a metal block. That is, when A and B are brought in contact 
no observable changes in their properties take place. According to our 
postulate, then, the temperatures of A and B are equal. Suppose, further¬ 
more, that body A is also in thermal e(|uilibrium with body C, a wooden 
block, so that the temperatures of A and C are equal. Now, “things equal 
to the same thing are equal to each other.” According to our postulate, 
the temperature of B equals that of A, and the temperature of C equals 
that of A. Hence the temperatures of B and C should be equal. But the 
question arises, and it can only be answered by experiment, what will 
actually happen when B and C are brought in contact? Will they be in 
thermal equilibrium? We find by experiment that they are, so that the 

postulate defining temperature equality in terms of thermal equilibrium is 
self-consistent. 


It is not immediately obvious that because B and C are both in thermal 
equilibrium with A, they are in thermal equilibrium with each other When 
a zinc rod and a copper rod are dipped in a solution of zinc sulfate, both rods 
come to electrical equilibrium with the solution. If they are connected by a 

w'lre, however, it is found that they are not in electrical equilibrium with each 
other, as evidenced by an electric current in the wire. 
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The experimental results above can be stated: When any two bodies are 
in thermal equilibrium with a third, they are also in equilibrium wit h each 
other. This statement is sometimes called the zeroth law of thermodynamics, 
and its truth is tacitly assumed in every measurement of temperature. If 
we want to know when two beakers of water are at the same temperature, 
it is unnecessary to bring them in contact and see if their properties change 
with time. We insert a thermometer (body A) in one beaker (body B) 
and wait until some property of the thermometer, such as the length of the 
mercury column in a glass capillary, becomes constant. The thermometer 
then has the same temperature as the water in this beaker. We then repeat 
the procedure with the other beaker (body C). If the lengths of the mer¬ 
cury columns are the same, we infer that the temperatures of B and C are 
equal and experiment shows that they are; that is, if the two beakers are 
brought in thermal contact, no changes in their properties take place. 

Note that the thermometer used in this test requires no calibration— 

it IS only necessary that the mercury column stand at the same point in the 

capillary. Such an instrument can be described as a thermoscope. It will 

indicate equality of temperature without determining a numerical value 
of a temperature. 

We now consider the problem of defining a scale of temperature, that is, 
of assigning a numerical value to the temperature of a given body. We 
first select some measurable property which changes with temperature. 
Properties commonly used are the length of a column of liquid in a glass 
capillary connected to a bulb, the resistance of a wire, the emf of a thermo¬ 
couple, the pressure of a gas kept at constant volume, the volume of a gas 
kept at constant pressure, etc. The object whose property is to be used 
is called a thermometer. Let us represent by X the value of the selected 
property. The temperature t of the thermometer^ when the value of the 
property is X , can then be defined as any function of X. If the thermometer 

is m thermal equilibrium with some other body, the temperature of that 
body is also t. 

Let us define t as a linear function of X, by an equation of the form 

f = aX + 6, (1_1) 

where a and b are arbitrary constants. The consequences of choosing other 
functions are explored in some of the problems at the end of the chapter. 

If the thermometnc property X is the length of the liquid column in a 
hquid-in-glass thermometer, the choice of a linear function leads to the 
useful result that many properties of materials, such as specific heat capaci¬ 
ties and coefficients of expansion, are approximately independent of tem¬ 
perature at ordinary temperatures. 

The constants a and b can be determined by assigning arbitrary values 
to two temperatures called fixed points. It is well established that when 
two phases of a pure substance are in equilibrium, under a given pressure 
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the temperature of the substance is always the same. We therefore take 
as one of the fixed points, called the steam point, the equilibrium tempera¬ 
ture of pure water and water vapor under a pressure of one atmosphere. 
Note that a system which is known to be at this temperature can be pro¬ 
duced at any time without the use of a thermometer. The other fixed point, 
the ice point, was originally defined in a similar way as the equilibrium 
temperature of pure water and pure ice under a pressure of one atmosphere. 
However, this pressure is most conveniently established by using a vessel 
open to the earth’s atmosphere. Air then dissolves in the water and the 
equilibrium temperature is not exactly the same as that for pure water. 
The ice point is therefore defined as the e(|uilibrium temperature of pure 
ice and air-saturated water, under a pressure of one atmosphere. 

In establishing the Fahrenheit scale, we assign the number 32 to the 
ice-point temperature and 212 to the steam-point temperature. There are 
thus 212 — 32 = 180 intervals, called Fahrenheit degrees, between the ice 
and steam points. Substituting these values in Eq. (1-1), we find 



where and X* are the values of any selected thermometric property at 
the steam and ice points respectively. Hence on the Fahrenheit scale 



+ 32. 


( 1 - 2 ) 


In establishing the centigrade scale, we assign the value zero to the 
ice-point temperature and 100 to the steam-point temperature. After solv¬ 
ing for a and b, we get 



(1-3) 


Since there are 100 centigrade degrees between the ice and steam 
points, a temperature interval of one Fahrenheit degree is 100/180 or 5/9 
as great as a centigrade degree. 

The same equations, Ecjs. (1-2) and (1-3), are used for temperatures 
above the steam point and below the ice point. However, the extreme 
ranges over which a particular thermometer can be used depend on the 
nature of the thermometer. Thus the upper useful limit of a liquid-in-glass 
thermometer is set by the temperature at which the glass starts to soften 
and the lower limit by the temperature of the freezing point of the liquid 
with which it is filled. A text on thermometry* should be consulted for 
deta^ descriptions of the many types of thermometers now in use 

Prentl'.'n qT/’ Temperature Measurement, 

1 rentice Hall (1950), and Temperature, Its Measurement and Control in Science 

Industry, American Institute of Physics, Reinhold Publishing Corporation 
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As a specific example, let and I represent the 
distances from some reference mark on the stem of a 
mercury-in-glass thermometer to the top of the mercury 
column m the capillary when the thermometer is at the 
ice point, the steam point, and at an unknown tempera¬ 
ture t. (See Fig. 1-2.) Then on the Fahrenheit tempera¬ 
ture scale defined by this particular thermometer. 


32°F 


T 


big = 180 - 


I - li 


+ 32°. 


(1-4) 


Fig. 1-2. 
Fahrenheit 
temperature scale 


The manufacturer of the thermometer has, in effect 
solved the equation above when he divides the distance 
on the thermometer stem between the ice- and steam- 
point readings into 180 parts of equal length, assuming 
the cross section of the capillary to be uniform. 

If the resistance of a platinum wire is used as a 
thermometric property, Fahrenheit temperature is de¬ 
fined by the equation 


hi = 180 - --f- 32°. 


(1-5) 


If the emf g of a platinum, platinum-rhodium thermocouple is used 
we would have ’ 


^ _ g 

^Pt.pt-Rh = 180 - -^ + 32°. 

G>« — (bi 


( 1 - 6 ) 


The pressure p of a fixed mass of gas, when its volume is kept constant, 
dehnes a scale by the equation 


t = 180 


P - Pi \ 

Pb - Vi) 


+ 32°. 


(1-7) 


j volume F of a fixed mass of gas when its pressure is kept constant 
dehnes a scale by the equation 


t = 180 


/F^X 

V F. - Vi) 


+ 32°. 


( 1 - 8 ) 


1-8 Thermodynamic temperature. Suppose that we use the different 
thermometers described in Section 1-6 to measure the temperature of a 
pven body. Except at the ice and steam points, we find that the tempera¬ 
tures indicated by the thermometers are all different, although all of the 
thermometers are in thermal equilibrium with the body and with each 
other. In the temperature range between the ice and steam points the 
differences are not large, as is indicated in Fig. 1-3, where the ordinates of 
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+ 0 .(> 0 -- 
+ 0.40 
+ 0.20 


- 0.20 


- 0.40 


- 0.()0 



t 


212 


A - Platinum re.'^istancc tluTimunctor 
B- Platinum. j)latinum-rh()<lium thermocouple 
(' - Con.'^tant-volume hydro^jen thermometer 


Fig. 1-3. Differences between Fahrenheit temperatures on the scales of 
various thermometers, plotted as a function of the temperature indicated by a 
mercury-in-glass thermometer. 


the curves are the temperature differences At between the temperatures 

indicated by various thermometers and those given by a mercury-in-glass 

thermometer, as functions of the temperature indicated by the mercury 

thermometer. Although the discrepancies are so small as to be negligible 

for most engineering purposes, nevertheless the concept of temperature is 

so fundamental for the science of thermodynamics that the situation is far 
from satisfactory. 

The difficulty arises from the facts that (a) we have attempted to 
assign a numerical value to a temperature on the basis of the behavior of a 
particular property of a particular system, and (b) that all thermometric 
properties have been assumed to be linear functions of the temperature. 
One of the tasks of thermodynamics is to define temperature in a way that 
is independent of the properties of a particular system. We shall see in 
Chapter 7 that this can be done on the basis of the second law of thermo¬ 
dynamics, and temperatures so defined are called thermodynamic tem¬ 
peratures. 

It is possible, however, without making use of the second law, to define 

a temperature scale that is identical with the thermodynamic scale. The 

thermometric property used may be either the pressure of a fixed mass of 

gas kept at constant volume, or the volume of a fixed mass of gas at con- 
stant pressure. 

Figure 1-4 illustrates the principle of the constant volume gas ther¬ 
mometer. (An actual laboratory instrument is a much more complicated 
piece of apparatus.) Suppose that we introduce in bulb B a sufficient 
quantity of gas, say hydrogen, so that when the bulb is at the ice point 
the pressure p, = 1000 mm of mercury. When the temperature of the 
bulb IS changed, the volume of the gas is kept constant by raising or 
lowering the right arm of the open tube manometer until the mercury in 
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Fig. 1-4. Principle of the constant 
volume gas thermometer. 


— P^Pi 



Fig. 1-5. All constant volume gas 
thermometers indicate the same ratio 
Tg/Ti when their curves are extrapolated 
to zero ice-point pressure. 


the left arm stands at the point indicated by the arrow. The difference in 
height, h, of the mercury columns then indicates the gauge pressure of the 
gas and its absolute pressure p can be determined. 

Let us first define a temperature t by the linear eijuation 


r =: ap, 

where a is a constant. The ratio of two temperatures on this scale then 
equals the ratio of the corresponding pressures. Specifically, the ratio of 
the steam-point to the ice-point temperature is 





Now let some of the gas be withdrawn from the bulb so that the ice- 
point pressure is reduced from 1000 mm of mercury to, say, 800 mm. Let 
the new steam-point pressure be measured and a new value of the ratio 
Tt/Ti be computed. This will be found to be slightly larger than the first 
value. Let this procedure be repeated with smaller and smaller amounts of 
gas in the bulb, and hence with correspondingly lower values of the ice-point 
pressure p^. It is found that as the pressure is reduced, the curve through 
the computed values of Tg/ri approaches a straight line which may be 
extrapolated as indicated by the dotted line in Fig. 1-5 to zero ice-point 
pressure. 

When similar series of experiments are performed with other gases, say 
nitrogen and helium, it is found, as shown in Fig. 1-5, that although the 
computed values of r,/rt, for any one gas, depend on the value of p» and, 
for the same value of p,-, differ from one gas to another, the extrapolated 
curves for all gases intersect the vertical axis at the same point. If, then, 
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we define the ratio of the steam-point to the ice-point temperature as the 
common limiting value approached by the extrapolated curves, this ratio is 
independent of the particular kind of gas used in the thermometer. Repre¬ 
senting temperatures defined in this way by T, we have 




P,-»0 Pi 


The limiting value of the pressure ratio Ps/pi has been carefully meas¬ 
ured in many laboratories. The best results to date are 


lim — = 1.36609 = -- ■ 
P. -o Vi Ti 


(1-9) 


This ratio is a pure number and is the same on any scale of temperature. 
Similarly, if p is the pressure at any arbitrary temperature T, then, by 
definition, 



lim^ 

P.-O Pi 


( 1 - 10 ) 


The equations above define only the ratio of two temperatures. The 

definition of temperature can be completed either by assigning an arbitrary 

value to the difference between two selected temperatures, or by assigning 

an arbitrary value to some one selected temperature. The former procedure 

is the one that has been followed for many years and we consider it first. 
If we set 

Ts ~ Ti = 180 degrees, (1-11) 

we obtain a scale in which the temperature interval between the ice and 
steam points is the same as on the Fahrenheit scale and which is known as 
the Rankine scale. This is the scale used in engineering in this country. 
When Eqs. (1-9) and (1-11) are solved simultaneously, we get 

Ts = 671.69°R, 

Ti = 491.69°R. 

Then, from Eq. (1-10), 


T{°R) = 491.69 X lim ^ 

p.-o Vi 


( 1 - 12 ) 


Fahrenheit temperature I can now be defined by the equation 

tCF) = ^(“R) - 459.69°. 

Then the temperature of the ice point is 32°F and that of the steam 
IT It iff - 1 those deLed by 
depend on the kind of gas used. 
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\A'hen we set 

Ts — Ti = 100 degrees, (1-13) 

a scale is obtained in which the temperature interval between ice and steam 
points is the same as on the centigrade scale. This is called the Kelvin 
scale, and is used by physicists and chemists throughout the world. From 
Eqs. (1-9) and (1-13), we get 

T, = 373.16°K, 

Ti = 273.16°K. 

From Equation (1-10), 

T{°K) = 273.16 X lim — • (1-14) 

Pi-^O Pi 

Centigrade temperature is now defined by the equation 

tCO = TCK) - 273.16°. (1-15) 

The ice-point temperature is therefore 0°C and the steam-point tempera¬ 
ture is 100°C. 

At the zero point of the Rankine scale, 

t = -459.69°F, 

and at the zero point of the Kelvin scale, 

t = -273.10°C. 


If the volume of a fixed mass of gas kept at constant pressure is used as 

a thermometric property, we first define a temperature t by the linear 
equation 

r = bV, 


where 6 is a constant, 
perature is then 


The ratio of the steam-point to the ice-point tem- 





(1-16) 


Temperatures so defined vary from one gas to another and, for a given 
gas, vary with ice-point pressure. However, if we extrapolate to zero ice- 
point pressure, as with the constant volume thermometer, it is found that 
the curves for all gases approach a limiting value which is numerically 
equal to that approached by the curves in Fig. 1—5. The ratio of any two 
temperatures can then be defined as 



(1-17) 
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and this definition leads to a scale that is identical with that defined by a 
constant volume gas thermometer. 

In Section 7-3, we shall describe another method of computing the 
temperature T from the readings of a gas thermometer, which does not 
require extrapolation to zero pressure. We shall also show that if a so- 
called “ideal gas” were available for use in a gas thermometer, these cor¬ 
rections, or the extrapolation to zero pressure, would be unnecessary. 
Hence the temperature T defined above is called “ideal gas thermometer 
temperature.” We shall also show, in Chapter 7, that this temperature is 
identical with the thermodynamic or “absolute” temperature defined by 
the second law. Let us therefore anticipate this result and from now on 
speak of the temperature T as thermodynamic temperature. 

It follows from Eqs. (1-12) and (1-14) that the ratio of a temperature T 
on the Rankine scale to the same temperature on the Kelvin scale is 

r(°R) _ 491.09 _ 180 9 

TCK) ~ 273.10 ” Too “ 5 ‘ 

A temperature on the Rankine scale is therefore 9/5 of the same tem¬ 
perature on the Kelvin scale, and when T = 0°K, T = O'^R also. That is, 
the zero points of the Kelvin and Rankine scales coincide. To set T = 0 
mathematically, however, is very different from producing this temperature 
in the laboratory, and the significance of this temperature as the lower limit 
which can be approached experimentally is only evident in the light of the 
thermodynamic temperature scale to be defined in Chapter 7. 

The relations between the Rankine, Fahrenheit, Kelvin, and centigrade 
scales is shown graphically in Fig. 1-6. It will be understood from now on 
that the symbol T represents temperature on the Rankine or Kelvin scale, 
defined experimentally by Eq. (1-11) and theoretically by the second law, 
and that the symbol t represents Fahrenheit or centigrade temperature, 
defined by Eq. (1-14) or Eq. (1-15). 


OR oy 
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Let US now return briefly to the second method of defining a numerical 
temperature scale, namely, by assigning an arbitrary value to the tempera- 
ture of a single fixed point. This suggestion was originally made by Kelvin 
at the time when he developed the thermodynamic scale from the second 
law, and it has recently been revived by W. F. Giauque, Professor of 
Chemistry at the University of California. Giauque proposed that the 
temperature of the iri-ple point of pure water (see Section 8-9) be adopted 
as the fixed point. (The triple point of a pure substance is the temperature 
at which the solid, liquid, and gas phases are all in equilibrium, and for a 
given substance there is only one temperature at which this is possible.) 
The triple point of water is about 0.01 centigrade degree above the ice 
point. The temperature of the triple point, by definition, would be set 
equal to the best experimental value of this temperature on the Kelvin 
scale. The temperatures of both the ice and steam points would then have 

to be determined by experiment, and the difference between them would 
not necessarily be exactly 100 degrees. 

The chief advantage of the new scale would be in the inter-laboratory 
comparison of measurements at extremely low temperatures, of the order of 
a few degrees absolute, where an uncertainty in temperature of a few 
hundredths of a degree becomes a relatively large fractional uncertainty. 
The Giauque proposal is now under consideration by the International 
Committee on Weights and Measures, and a report is to be presented. 


1-9 The International temperature scale. The International Com¬ 
mittee on Weights and Measures, at the Ninth General Conference held 
in 1948, defined a temperature scale called the International Temperature 
Scale, which superseded wdth but slight differences a similar scale defined 
in 1927. The International Scale is based upon a number of fixed and 
reproducible equilibrium temperatures (fixed points) to which numerical 
values are assigned, and upon specified formulas for computing tempera¬ 
tures from the indications of specified instruments. The scale conforms 
as closely as possible to the centigrade thermodynamic scale. It is not 
intended as a substitute for the latter, which is accepted as fundamental, 
and its practical importance lies in its reproducibility rather than its ac¬ 
curacy. The primary and fundamental fixed points are listed in Table 1-1, 
and a somewhat abbreviated description of the instruments and formulas 
for computing temperatures follows. 

(a) From 0°C to the freezing point of antimony, the temperature t is 
defined by the formula 

Rt = /?o(l + At + Bt^), (1-18) 

where Rt is the resistance at temperature 1 of a platinum resistance ther¬ 
mometer. The constant Rq is the resistance at 0*^C, and A and B are 
determined from measured values of Rt at the steam and sulfur points. 
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Table 1-1 

FUNDAMENTAL AND PRIMARY FIXED POINTS 


Fixed point, temperature of 
equilibrium {p = 1 atm) 

Temperature, °C 

(a) Between liquid oxygen and 
its vapor (oxygen point) 

-182.97 

(b) Between ice and air-satu¬ 
rated water (ice point) 
(Fundamental fixed point) 

0.00 

(c) Between liquid water and its ! 
vapor (steam point) 

(Fundamental fixed point) 

100.00 

(d) Between liquid sulfur and its 
vapor (sulfur point) 

444.60 

(e) Between solid and liquid 
silver (silver point) 

960.80 

(f) Between solid and liquid 
gold (gold point) 

1063.00 


(b) From the oxygen point to the temperature i is defined by the 
formula 

Ri = ^oll At -\- Bt^ + C{t — 100)f^], (1-19) 

where Rt, Rq, A, and B are determined as in (a), and C is calculated from 
the measured value of Rt at the oxygen point. 

(c) From the freezing point of antimony to the gold point, the tempera¬ 
ture t is defined by the formula 

6 = a + (1-20) 

where & is the emf of a thermocouple of platinum and a platinum-rhodium 
alloy (90% Pt, 10% Rh) when one junction is at 0°C and the other at the 
temperature L The constants a, b, and c are calculated from measured 
values of & at the freezing point of antimony and at the silver and gold 
points. The antimony shall be such that its freezing temperature, as 
determined with a standard resistance thermometer, is not less than 

630.3°C. 

(d) Above the gold point, the temperature t is defined by a formula 
derived from Planck’s law, 

^ exp [c 2 /X(/au + To)] - 1 
*^Au [C 2 /HI + To)] - 1 ' 


( 1 - 21 ) 
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where Jt and are the radiant powers, per unit area and per unit wave¬ 
length, at the wavelength X, emitted by an ideal radiator (blackbody) 
at the temperature t and at the gold point The constant equals 
.438 cm-deg K, Tq is the temperature of the ice point in degrees Kelvin 

(- 273.16), and X is a wavelength in the visible spectrum, expressed in 
centimeters. 


PROBLEMS 

a 9 a 9 '« atmospheric pressure weighs 

bzAZH lb at a point where g has its standard value of 32.174 ft/sec^. (a) What 

would be the weight of the water at a point where g = 32.000 ft/sec^? (b) What 
is the density of the water, in lbm/ft^ at the first point? (c) What is its density, 
in Ibm/ft’, at the second point? (d) What is its specific volume, in ftVlbm? 
(e) What is Its density m slugs/ft^? (f) What is its specific volume in ftVslug? 

. One cubic foot of air at 70°F and atmospheric pressure weighs 0 0751 lb 
at a point where g has its standard value of 32.174 ft/sec^ Make the same 
calculations as in parts (a) to (f) of problem 1-1, for air. 

1-3. A steam boiler contains 4 ft^ of liquid water and 20 ft^ of water vapor in 

equilibrium at a temperature of 300»F. (a) Find from Table 1 of the steam tables 

the specific volume of the liquid {v,) and the specific volume of the vapor (lO. 

Compute (b) the masses of the liquid and vapor phases, in pounds-mass, (c) the 

densities of the liquid and vapor phases in lbm/ft^ (d) the average specific 

volume of the entire system, and (e) the molal specific volumes of the liquid 
and of the vapor. * 

refrigerator contains a mass of 1.20 Ibm of '‘Freon-12” 
(CCbF^). The volume of the system is 2.30 ft». Find the masses of the liquid 
and vapor phases, if the entire system is at a temperature of -30°F. (See 

1-5 (a) Show from the definition of the standard atmosphere that this 
umt of pressure equals 14.6959 Ib/in^ (b) Express this pressure in \h/ft\ 

(c) Does the magnitude of the standard atmosphere depend on the local accel¬ 
eration of gravity? 

1 inch = 2.54000 cm 
1 Ibm = 453.5924 gm 
g (standard) = 980.665 cm/sec^ 


1 6. When one junction of a thermocouple is kept at the ice point, and the 
other junction is at a temperature I as measured by a centigrade mercury-in¬ 
glass thermometer, the emf S of the thermocouple is given by a quadratic 
function of L o j ^ 

& = at -Jf 

If & is in millivolts, the numerical values of a and /8 for a certain thermo- 
couple are found to be 


a = 0.20, 0 = -5.0 X lO--* 
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(a) Compute the emf when t - -100°C, 200°C, 400°C and 500°C, and 
sketch a graph of $ vs. t. 

(b) Suppose the emf 6 is taken as a thermometric property and that a 
temperature scale is defined by the linear equation 

t* = a& ^ b, 

and that /* = 0 at the ice point and t* = 100° at the steam point. Find the 
numerical values of a and 6 and sketch a graph of S vs. t*. 

(c) Find the values of t* when t = -100°C. 200°C, 400°C, and 500°C, and 
sketch a graph of t* vs. t over this range. 

(d) Is the t* scale a centigrade scale? Is it a linear scale? Does it have 
any advantages or disadvantages compared with the mercury-in-glass scale? 

1-7. The length of the mercury column in a certain mercury-in-glass ther¬ 
mometer is 5.0 cm when the thermometer is at the ice point, and is 25.0 cm when 
the thermometer is at the steam point. Consider this length as the thermo¬ 
metric property Z, and let t be the temperature on a linear centigrade scale as 
determined by this thermometer, (a) Suppose we were to define a centigrade 
temperature /* by the quadratic equation 


t* = aX"- -h b, 


where = 0 at the ice point and t* = 100° at the steam point. Find the tem¬ 
perature t* when t = 50°, and sketch a graph of t* vs. t. 

(b) A logarithmic centigrade temperature scale can be defined by the 

equation ^ 

i* = a\nX + 6, 

with <* = 0 at the ice point and I* = 100° at the steam point. Find the tem- 
perature t* when t = 50° and sketch a graph of t* vs. t. 

1-8. The pressure of an ideal gas kept at constant volume is given bv the 

equation j ^ 

P = kt, 


where T is the thermodynamic Rankine or Kelvin temperature and K is a 

constant. If the pressure p is taken as the thermometric property X show 

’^^®'"P®''8-ture T* could be defined in terms of p in such a way that T* = 

00°, Tf = 0°, and when T = 0°. Sketch a graph of vs Kelvin 

temperature. 

1-9. Suppose a numerical value of 100 is assigned to the steam-point tem 

perature. and that the ratio of two temperatures is defined as the limiting ratio 

corresponding pressures of a gas kept at constant volume’ 

! , ® experimental value of the ice-point temperature on this scale 

and (b) the temperature interval between the ice and steam points 

the ^ numerical value of exactly 492 degrees is assigned to 

the ce-po.nt temperature, and that the ratio of two temperatures is deLed as 

miting ratio, as p.0, of the corresponding pressures of a gas kept at 
onstant volume. Find (a) the best experimental value of the steaZoint 

..rrarpoiL ■ "" ‘"“P'"*"'' -“"■l b.lween the ice 
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1 -11. Centigrade temperature on the scale determined by a platinum resist¬ 
ance thermometer is called platinum temperature, /pt, and is defined as 

= 100 -- ~ , 

Rs — Ri 


where Ri, Rs, and R are the resistances of the thermometer at the ice point, the 
steam point, and the platinum temperature tpt. The resistance of a certain 
platinum resistance thermometer is 10.000 ohms at the ice point, 13.861 ohms 
at the steam point, and 26.270 ohms at the sulfur point (where t = 444.6°C on 
the International scale), (a) Find the platinum temperature of the sulfur 
point, (b) Find the platinum temperature at which the resistance is 21.000 
ohms, (c) Find to the nearest 1/10 degree the International temperature at 
which the resistance is 21.000 ohms. IVote: To obtain International tempera¬ 
ture t from Eq. (1-18), one must first determine A and B and then solve a quad¬ 
ratic equation for t. It was shown by Callendar that the calculations could be 
simplified if Eq. (1-18) were put in the form 


I — fpt + 5 



( 1 - 22 ) 


which expresses t as the sum of the platinum temperature (pt (which is easily 
computed) and a small correction term. The Callendar equation is solved by 
successive approximations. One first computes tpt, which is the first approxi¬ 
mation to t. Inserting tp^ instead of t in the correction term gives a second 
approximation, and so on. The coefficient 5 can be expressed in terms of the 
constants A and B in Eq. (1-18), but it is simpler to find it tlirectly from 
Eq. (1-22), using the values of t and (pt at the sulfur point. 



CHAPTER 2 


EQUATIONS OF STATE 

2-1 Equations of state. It is found by expei’iment that only a certain 
minimum number of the properties of a pure substance can be given arbi¬ 
trary values. The values of the remaining properties are then determined 
by the nature of the substance. For example, suppose that oxygen gas is 
allowed to flow into an evacuated tank, the tank and its contents being 
kept at a temperature T. The volume V of the gas admitted is then fixed 
by the volume of the tank and the mass rn of gas is fixed by the amount 
which we allow to enter. Once T, V, and m ha\'e been fixed, the pressure p 
is determined by the nature of oxygen and cannot be given any arbitrary 
value. It follows that there exists a certain relation between the properties 
p, V, T, and m which can be expressed in general as 

/(p,r,r,m) = 0. (2-1) 

This relation is known as the e(p.iation of state of the substaiK'e. If any 
three of the properties are fixed, the fourth is determined. 

In some instances, properties in addition to those listed above are nec¬ 
essary to completely describe the state of a system and these properties 
must be included in the e(|uation of state. Examples are the area and sur¬ 
face tension of a liquid-vapor surface, the magnetization and flux density 
m a magnetic material, and the state of charge of an electrolytic cell. For 
the present, however, we shall consider only systems whose state can be 
completely described by the properties p, F, T, and yn. 

The ec^uation of state can be written in a form which depends only on 
the nature of a substance, and not on how much of the substance is present, 
if all extensive properties are replaced by their corresponding specific 
values, per unit mass or per mole. Thus if the properties and m are 
combined in the single intensive property v = F/w, the ecpiation of state 
becomes 

/(p,r,r) = 0. (2-2) 

The equation of state varies from one substance to another. In general 
it is an extremely complicated relation and is often expressed as a converg¬ 
ing power series. A general idea of the nature of the function is often better 
conveyed by presenting the data in graphical form. 

2-2 Equation of state of an ideal gas. Suppose one has measured the 
pressure, volume, temperature, and mass of a certain gas, over wide ranges 
of these variables. Instead of the actual volume F, we shall use the molal 
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Fig. 2-1. The limiting value of pv*;T is independent of T. 


specific volume, v* — \ /n. Let us take all data collected at a given 
temperature T, calculate for each individual measurement the ratio pv*/T, 
and plot these ratios as ordinates against the pressure p as abscissas. 
It is found experimentally that these ratios all lie on a smooth curve, 
whatever the temperature, but that the ratios at different temperatures 
lie on different curves. The data for carbon dioxide are plotted in Fig. 2-1, 
for a number of different temperatures. (The region in the lower left 
corner can be disregarded for the present. It corresponds to values of 
pressure and temperature where the gas condenses to a liquid.) The 
remarkable feature of these curves is (a) that they all converge to exactly 
the same point on the vertical axis, whatever the temperature, and (b) that 
the curves for all other gases converge to exactly the same point. This 

limit of the ratio pv*/T, common to all gases, is called the universal gas 
constant and is denoted by 

In engineering units, pressure is expressed in Ib/ft^ and molal specific 
volume in ft^/lbm-mole. The units of pv/T are therefore 

lb ft^ 

— X _ 

ft^ Ibm-mole ftlb 

°R lbm-mole °R ’ 

and when these units are used the value of is found to be 

31 = 1545.33 -—- 

lbm-mole®R 
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Table 2-1 


VALUES OF R FOR COMMON GASES 


Gas 

R (ft-lb Ibm-'^R) 

Air 

53.35 

Carbon dioxide 

35.12 

Hydrogen 

76(5.53 

Nitrogen 

55.12 

Oxygen 

48.29 

Steam 

85.8 


It follows that at low pressures wo can write, for all gases, 


pv* 

~¥ 




It is convenient to postulate an ideal gas for which, by definition, the 
ratio pv*IT is exactly ecjual to 91 at all pressures and temperatures. The 
equation of state of an ideal gas is therefore 

pv* = 91T, (2-3) 


and for such a gas the curves in Fig. 2-1 all coales(*e into a single horizontal 
straight line at a height above the pressure axis. 

Using the relations v* — V/n and n = in/M, the equation of state of 
an ideal gas can be written 



or 



The ratio V/m is the (mass) specific volume v. The ratio 9{/M, while 
different for different gases, is a constant for any one gas and will be 
denoted by R. Thus the gas constant for oxygen is 

P _ _ 1545.33 ft lb/lbm-mole-°R ^ ^ ft-lb 

M 32.00 Ibm/lbm-mole ‘18.29 


The equation of state of an ideal gas can therefore also be written in 
the following three useful forms: 
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pV = mRT, 

pv = RTj 

p = pRT. 


(2-4) 

(2-5) 

( 2 - 6 ) 


In these equations, p is in Ib/ft^, V in ft*, v in ft*/lbm, m in Ibm, 
p in Ibm/ft*, R in ft lb/lbm °R, and T in °R. 

Values of R for a number of common gases are listed in Table 2-1. 


Example 1. A classroom measures 30 f t. v 9Q 

of air in the room when the pressure is 1 5 Ib/ in^ and the temperature is 70° F, 
assuming that air is an ideal gas. 

Solution. We have 


lb in^ 

P = 15 — X 144 — - 2160 


in‘ lb 


m 


ftl 


ft2 ’ 


V = 30 ft X 20 ft X 10 ft = 9000 ft^ 


T = yO^^F -f 460'’F = 530°R. 


R = 53.35 ft-lb/lbm-^R. 


Therefore, from the equation of state of an ideal gas, 


m = 


RT 


2160-1^ X 9000 ft^ 
fb^ _ 

ft-lb 

53.35 --— X 530°R 

lbm-®R 


= 689 Ibrn. 


Example 2 . Find the specific volume and density of steam at a pressure of 
100 IbAn^ and a temperature of 7 00°F. assuming steam to be an ideal gas. 
Solution. We have 


lb 


in 


Hence, 


p = 100 — X 144 — = 14,400 

in2 ft2 

T - 700°F -I- 460°F = 1160°R, 
R = 85.8 ft-lb/Ibm-°R. 


lb 
ft- ’ 


V = 


RT 

P 


oj, o R’lb 

X 1160 °R 

Ibm-^'R 
14,400 lb/ft2 


= 6.90 


ft" 

Ibm ’ 


_ 1 _ 1 
^ ~ v~ 6.90 ft"/lbm 


= 0.145 


Ibm 

1^ 


The actual specific volume as found from Table 3 of the steam tables is 
6.835 ftVlbm and the corresponding density is 0.147 Ibm/ft". 
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2-3 p-v~T surface of an ideal gas. The equation of state of a substance 
is a relation between the three variables p, v, and T. If these variables are 
plotted along three mutually perpendicular axes the equation defines a 
surface called the p-v-T surface. A portion of this surface for an ideal gas 
is shown in Fig. 2-2. Every possible equilibrium state of an ideal gas is 
represented by a point on its p-v-T surface, and every point on the surface 
represents a possible equilibrium state. A quasistatic process, that is, 
a succession of equilibrium states, is represented by a line on the surface. 
The lines on the surface in Fig. 2-2 
are the intersections with the surface 
of planes perpendicular to the three 
axes. The full lines are intersections 
with planes perpendicular to the tem¬ 
perature axis and represent processes 
at constant temperature or isothermal 
processes. The dotted lines repre¬ 
sent isometric processes and the 
dashed lines, isobaric processes. 

Figures 2-3 (a) and 2-3 (b) are 
projections of the lines in Fig. 2-2 
onto the p-v and p-T planes. 

In an isothermal process, for a 
fixed mass of an ideal gas, 

Fig. 2-2. A portion of the p-v-T 
pv = RT = constant. (2-7) surface of an ideal gas. 





Fig 2-3. Projections of ideal gas p-v-T surface on (a) the p-v plane (b) the 
P-i plane. 
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Robert Boyle, in 1660, discovered experimentally that the product of 
the pressure and volume is very nearly constant for a fixed mass of a real 
gas at constant temperature, and Eq. (2-7) is known as Boyle's law. It is, 
of course, exactly true for an ideal gas, by definition. The curves in 
Fig. 2-3 (a) are graphs of Eq. (2-7) for different temperatures and hence 
different values of the constant. They are equilateral hyperbolas. 

In a process at constant volume, for a fixed mass of an ideal gas. 



const X T. 


( 2 - 8 ) 


That is, the pressure is a linear function of the temperature T. (This 
is not a surprising result, since T is defined by Eq. (1-11) as a linear 
function of the pressure of a gas at low pressure and at constant volume.) 
The dotted lines in Fig. 2-3 (b) are graphs of Eq. (2-8) for different 
volumes and hence different values of the constant. 

If the pressure of a fixed mass of an ideal gas is constant, 


V = ^ T = const X 


(2-9) 


and the volume is a linear function of the temperature at constant pressure. 


2-4 Coefficient of expansion and compressibility. The coefficient of 
expansion of a substance, and its compressibility, can be computed from 
its equation of state and interpreted geometrically in terms of its p-v-T 
surface. Other properties are related in a similar way to other surfaces 
and will be discussed later. 

The mem coefficient of volume expansion, is defined as the fractional 
change in volume of a substance, per unit change in temperature.* That 
is, 

V 2 - F. AV 


0 = 


Vi(T2 - T,) V,AT 


where Fi and V 2 are the volumes of a specimen of the substance at the 
temperatures T\ and T 2 . The volume of an object, however, depends on 
the pressure exerted on it as well as on its temperature, and it is implied 
in the definition above that the pressure is to be kept constant. We should 
therefore write 



* Tables of properties of materials usually list the mean coefficient of linear 
expansion a, which is related to the coefficient of volume expansion /3 by the 
equation ^ — 3a. 
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where the subscript p means that the initial and final volumes are to be 
measured at the same pressure. 

The true coefficient of volume expansion, at any temperature T and 
pressure p, is defined as the limiting value of the expression above when 
the increase in temperature and the corresponding volume change become 
infinitesimal. 




1 /dV 


T' \dT 


V 


1 


where V is the volume at the temperature T and pressure p. The units of 
both and /3 are reciprocal degrees, or deg~^ Since only temperature 
differences are involved, these can be considered either as degrees Rankine 
or degrees Fahrenheit, in the engineering system, or as degrees Kelvin or 
degrees Centigrade in the metric system. 

The volume V of a fixed mass of a pure substance is a function of two 
independent variables, T and p. The functional relationship is given by 
the equation of state. The meaning of (dV/dT)p is the rate of change of V 
with respect to the independent variable T, when the other variable, p, is 
constant. It is therefore the partial derivative of V with respect to T. 
In mathematics, if a quantity V is a function of two independent variables 
T and p, that is, if V = f{T,p), the partial derivative of with respect 
to T is written 

df dV 

— or — 

dT dT' 


it being understood that the other variable, p, is to be considered constant 
when performing the differentiation. In thermodynamics, this is indicated 
explicitly by adding the subscript p and writing the partial derivative as 



There are two reasons for the use of a subscript on partial derivatives 
in thermodynamics. One is to call attention to the fact that the quantity 
represented by the subscript is to be kept constant. More important, 
however, is the following. As we shall see later, there are a large number 
of thermodynamic properties of a system other than p, T, and F, and any 
one of these properties can be expressed in terms of any two of the others. 
(In some cases, a total of more than three variables may be required, but 
the general idea is the same.) Thus the volume, for example, may be 
expressed as a function not only of T and p but of T and some other vari¬ 
able, say X. The notation 
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means not only that p is to be kept constant hut that V is to be expressed 
as a function of T and p. The notation 



would mean that T" was to be expressed as a function of T and .r, and that 
■T was to be kept constant. In general, (dV/dT)„ is not equal to (dV/dT),, 
so the necessity of the thermodynamic notation is evident. 

1 he coefficient of volume expansion is therefore written 


d = 


1 /ai 


r \dT 


( 2 - 10 ) 


In terms of the ma.ss m and the specific volume i\ the actual \-olume V is 


= mv , (J) 

and for a system of constant mass 


Pt/ I . 

’b-rj “ 




^ 6^ 


dV 


= }n 


]> 


dv 


p 


Hence we can also write 


0 = -(— 

V \dT 


( 2 - 11 ) 


p 


Furthermore, since v = 1/p, we have 



Or 


/3 = -p 


dp 

dT 


( 2 - 12 ) 


If the equation of state of a substance is known, then {d v/dT )r,, and 
hence d, can be computed. As a simple example, we have for aifTdeal gas 


V = 


RT 
V 




(2-13) 



The coefficient of volume expansion of an ideal gas is therefore not a 

constant but varies with the temperature. At any given temperature it 

equa s t e reciprocal of the temperature. It is, however, independent of 
the pressure or the volume. 

If the coefficient of expansion of a substance has been measured ex¬ 
perimentally, and if the density is known, then {dv/dT)j, can be computed 
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0 1000 2000 

Temperature (°H) 


Fig. 2-4. C’oinpressibility k and eoetficient of volume exi)ansion 0 of copper, 
as functions of temperature, at a constant j)ressure of 1 atm. 


for the substance even though the complete e(|uation of state is unknown or 
cannot be expressed in any simple form. For example, the coefficient of 
expansion of copper at a temperature of 20°C is /? = 2.67 X 10“^ “F"”* 
and the density of copper under these conditions is p = 558 Ibm/ft^. 
It follows from Ftp (2-11) that 


^ _ /3 _ 2.67 X 10’^ °F“* 
\d77^ ^ p 558 Ibm/ft'^ 


= 4.80 X 10-« 

°F 


Coefficients of expansion of real substances \'ary both with temperature 
and with pressure. Figure 2-4 shows how the coefficient of expansion of 
copper varies with temperature (the pressure being held constant at 
1 atm), and Fig. 2-5 shows how the coefficient of expansion of mercury 
varies with pressure (the temperature being held constant at 32°F). It 
will be seen that to list a single value of the coefficient of expansion of a 
substance, as is often done in elementary texts, is very far from presenting 
the true picture of the behavior of this property of matter. 

The mean compressibility of a substance, k, is defined as the negative 
of the fractional change in volume, per unit change in pressure. Since the 
volume depends on the temperature as well as the pressure, it is stipulated 
that the initial and final temperatures shall be the same, and the compres¬ 
sibility thus defined is the isothermal compressibility. The negative sign 
IS included in order that the compressibility shall be a positive quantity, 
since for all known substances an increase in pressure, at constant tempera- 
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ture, results in a decrease in volume. 


We therefore ha\'e 



The true isothermal eompressibility, k, at any pressure and temperature, 

is defined as the limit of the expression above when Ap becomes infinitesimal. 
That is, 



where V is the volume at pressure p and temperature 
are the reciprocal of those of pressure. If p is in lb ft^ 
If p is in atmospheres, then k is in atm 
Evidently wo can also write 


T, The units of k 
then K is in ft^/lb. 


and 



(2-14) 



(2-15^ 


If the ecpiation of state is known, the compressibility can be computed. 
Conversely, if the compressibility has l)een measured experimentally, and 
if the density is known, we can compute (dv/dp)r. 

Thus the compressibility of an ideal gas is 



(2-U>) 


The compressibility, at any pressure, eciuals the reciprocal of the 
pressure. 

Ihe compressibility of copper, at a temperature of 80()°R and a pressure 
of I atm, is 0.81 X 10“*'’ atm“‘. From Eep (2-14), then, 


dv 

dp/r 


K 

P 


0.81 X 10 atm 


—i 


558 Ibm/ft'^ 


= 1.45 X 10 


ft^/lbm 


atm 


Figure 2-4 shows the temperature dependence of the compressibility of 
copper, at a constant pressure of 1 atm, and Fig. 2—5 the pressure depend¬ 
ence of the compressibility of mercury, at a constant temperature of 32°F. 

The partial derivatives (dv/dT)j, and (dv/dp)T describe the rate of 
change of volume with temperature and pressure respectively, the other 
variable being kept constant. Suppose we wish to find the rate of increase 
of pressure with temperature when the volume of a substance is kept con¬ 
stant. In elementary courses in physics, this problem is solved by first 
computing the increase in volume, assuming the substance free to expand, 



2-4] 


COEFFICIENT OF EXPANSION AND COMPRESSIBILITY 


33 



0 


2000 4000 

Pressure (atm) 


6000 


11 X lO-"' 


10 


-y-' 

O 


9 


S 


Fig. 2-0. ('oiupressibilit^' k ami (*ul>i(*al (■(jedicient of e.xpansion (3 of inerciii-y, 
as functions of pressure, at a constant temperature of 32°F. 


and then finding the pressure necessary to compress it to its original volume. 
From the thermodynamic viewpoint, however, the (piantity desired is the 
partial derivative (dp/dT)r. This derivative can he found from those 
above as follows. 

Suppose we liave any three varial)les satisfying the eiiuation 

F(x,y,z) = 0. 


Solving this etpiation, first for x and then for //, we obtain 


Then 






Let us now eliminate dy l)etween the latter two eipiations and collect 
the (‘oefTicients of dx and dz. The result is 



But the changes dx and dz are independent, that is, we can assign 
any value to dz and any other value to dx. Suppose we let dz = 0, dx 0. 
1 hen to satisfy the etpiation above we must have 
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or 



(2-17) 


Similarly, since we can set dz = 0, dx 9 ^ 0, it must be true that 




(2-18) 


By combining Eqs. (2-17) and (2-18), the latter may be put in the 
more symmetrical cyclical form 



It follows from Pajs. (2-17) and (2-18) that 

/^\ ^ _ {dv/dT)^ 

KdT/^ {dv/d-pYr^ 

or 



(2-19) 


( 2 - 20 ) 

( 2 - 21 ) 


It is left for the reader to show that this is the same as the result ob¬ 
tained by the elementary method described above. Thus the methods 
of thermodynamics do not involve any new principles or physical concepts 
but they enable problems such as this to be handled in a more systematic 
manner and with greater “economy of thought." 

Partial derivatives such as {dv/dp)T, {dp/dv)T, and {dv/dT)p, can be 
interpreted geometrically as the slopes of lines on a p-v-T surface. Consider, 
for example, (dp/dv)T- Figure 2-6 shows the intersection with the p-v-T 
surface of an ideal gas, of planes at constant values of T, p, and v. The 
isothermal plane intersects the surface in the hyperbola gah. The partial 
derivative {dp/dv)T, at any point of this hyperbola such as a, is the slope 
of the tangent to the hyperbola at point a. It is therefore proportional to 
the slope of the line bac or to tan a. At other points on the hyperbola the 
slope is different and the partial derivative has a different value. Evaluating 
the derivative from the equation of state, we get 

(?) 

\dV/T V 

Thus at any one temperature T the slope is inversely proportional to 
as is seen by comparing the slopes at points j, a, and k. On the other hand. 
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Fig. 2-6. Geometrical meaning of partial derivatives {dp dv)T = tan a 
(dp/dT),, = tan 0, {dv/dT),, = tan 7 . 

at any given specific volume, the slope is directly proportional to the tem¬ 
perature. Thus {dp/dv)T at point m is proportional to the slope, at this 
point, of the hyperbola mnq. Points m and a are at the same specific volume 
but the temperature at m is greater than that at a and the slope at m is 
proportionally greater. 

Corresponding analyses of {dv/dT)p and (dp/dT)^ are left to the reader. 
Note that the partial derivatives represent properties of a surface, or 
better, of the substance for which the surface is constructed, and do not 
depend on any particular process the substance may undergo. 

2-6 p-v-T surfaces for real substances. Real substances can exist in the 

gas phase only at sufficiently high temperatures and low pressures. At low 

temperatures and high pressures transitions occur to the liquid phase and 

the solid phase. The p-v-T surface for a pure substance includes these 
phases as well as the gas phase. 

Figures 2-7 and 2-8 are schematic diagrams of portions of the p-v-T 

surface for a real substance. The former is for a substance like carbon 

dioxide that contracts on freezing, the latter for a substance like water 
that expands on freezing. 
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Fig. 2-7. p-v-T surface for a sub 
stance that contracts on freezing. 



Fig. 2-9. Projections of the surface 




Fig. 2-8. p-v-T surface for a sub¬ 
stance that expands on freezing. 



in Fig. 2-7 on the p^T and p-v planes. 



(a) 

Fig. 2-10. Projections of the surface in Fig. 2-8 on the p-T and p-v planes. 












2-5] 


p-V-T SURFACES FOR REAL SI'RSTAXCES 


37 


Study of the figures shows that there arc certain regions (i.e., certain 
ranges of the variables) in which the substance can exist in a single phase 
only. These are the regions lettered solid, litiuid, and gas or vapor. (The 
distinction between a gas and a vapor will be discussed shortly.) In other 
regions, labelled solid-liquid, solid-vapor, and litiuid-vapor, both phases 
can exist simultaneously in etiuilibrium, and along a line called the triple 
line, all three phases can coexist. As with the p-v-T surface for an ideal gas, 
any line on the surface represents a possible (|uasistatic process, or a suc¬ 
cession of equilibrium states, 'i'he liries in Figs. 2-7 and 2-8 are isothermal 
processes. 

Idiose portions of the sui’faces at which two )‘)hases can coexist are so- 
called ruled surfaces. That is, a straightedge parallel to the c-axis makes 
contact with tlie surface at all points. Hence, when the surfa(*es in Figs. 2-7 
and 2-8 are projectc'd onto the p~T plane these surfaces project as lines. 
The projection of the surface in Fig. 2-7 onto tiie p~T plane is shown in 
Fig. 2 -9 (a), and that of the surface in Fig. 2 8 is shown in Fig. 2-10 (a). 
The lines corresponding to values of pressure' and temperature at which the 
solid and vapor phases, and the liquid and vapor phases, (*an coexist, 
always slope upward to the right, d'he line representing the eeiuilibrium 
between solid and licjuid slopes upward to tlie right in Fig. 2-9, but upward 
to the left in Fig. 2-10. W'e shall sliow in Section 5-7 that the former is 
characteristic of all substance's that e*ontrae‘t on freezing, the latter of sub- 
stane-es (like water) that e'xpanel on freezing. 

The triple line in Figs. 2 7 anel 2 8 pre)j(M-ts as a point in the p-T dia¬ 
gram, called the triple point. Triple jioint elata for a few e*ommon substances 
are given in 9’able 2 2. 


'1\\HLE 2-2 


TieiPLE Pe)INT DAT.\ 


Sul)stance 

1 (°i') 

p (imn of 

mercury) 

(). 

-3()1.1 

2.0 


-345.() 

96.4 

A 

-308.6 

512 

C(h 

-69.9 

3880 

11,0 

+ 0.3376 

4.579 
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The projections of the surfaces in Figs. 2-7 and 2-8 onto the p-v plane 
are shown in Figs. 2-9 (b) and 2-10 (b). The surfaces can also be projected 
onto the v-T plane, but this projection is rarely used, since all the essential 
features of the surface can be shown in the first two projections. 

Let us follow the changes in the state of the substance for which Fig. 2-7 
is the p-v-T surface, in a process that takes us from point a to point / along 
the isothermal line at temperature T 2 . To carry out this process, we 
imagine the substance to be enclosed in a cylinder with a movable piston. 
Starting at the state represented by point a, where the substance is in the 
gas (or vapor) phase, we slowly increase the pressure on the piston. The 
volume decreases at first in a manner approximating that of an ideal gas. 
When the state represented by point h is reached, drops of lic|uid appear in 
the cylinder.* That is, the substance separates into two phases of very 
different densities, although both are at the same temperature and pressure. 
With further decrease in volume, along the line he, the pressure does not 
increase but remains constant. The fraction of the substance in the vapor 
phase continuously decreases and the fraction in the liquid phase contin¬ 
uously increases. In this part of the process, where liquid and vapor can 
exist in etjuilibrium, the vapor is called a saturated vapor and the liquid a 
saturated liquid. (The adjective “saturated’' is an unfortunate one, for it 
brings to mind the concept of a “saturated solution,” that is, one in which 
the concentration of a dissolved substance is a maximum. There is nothing 
dissolved in a saturated vapor; the substance that “precipitates” out with 
decreasing volume is not a solute but the same substance as that of which 
the vapor is composed.) The pressure exerted by a saturated vapor or 
liquid is called the vapor pressure. The vapor pressure is evidently a func¬ 
tion of temperature, increasing as the temperature increases. The curve 
lettered L-V in Fig. 2-9 (a), the projection of the licjuid-vapor surface onto 
the p-T plane, is the vapor pressure curve. The general shape of the vapor 
pressure curve is the same for all substances, but the vapor pressure at a 
given temperature varies widely from one substance to another. Thus at a 
temperature of 70° F, the vapor pressure of mercury is 0.0012 mm of mer¬ 
cury; that of water is 17.535 mm of mercury; and that of CO 2 is 42,959 
mm of mercury. 

Let us now return to the isothermal compression process. At point c 
in Fig. 2-7 the substance is entirely in the liquid phase. To decrease the 
volume from that at point c to that at point d, a very large increase in 
pressure is required since the compressibilities of liquids are small. At 
point d, the substance again separates into two phases. Crystals of the 
solid begin to develop, while the pressure remains constant as the volume 
diminishes. The substance is entirely in the solid phase at point e and the 
volume decreases only slightly with further increase in pressure unless 


* However, see Section 8-11 for a further discussion of this phenomenon. 
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Fig, 2-11. p-r-T surface showiiiK various forms of ice. 


other forms of the solid can exist. Ice is an example of the latter case, 
where at least seven different forms have been observed at extremely high 
pressure, as illustrated in Fig. 2-11. 

If the volume of the system is now slowly increased, all of the changes 
described above proceed in the opposite direction. 

It will be seen from a study of Fig. 2-7 that if a compression process 
like that just described were carried out at a higher temperature such as 
a higher pressure and a smaller specific volume would be required before a 
phase change from vapor to litjuid commenced, and that when the sub¬ 
stance was completely liquefied its specific volume would be somewhat 
larger than at the lower temperature. At the particular temperature 
lettered Tc, called the critical temperature, the specific volumes of saturated 
liquid and vapor become ecjual. Above this temperature, no separation 
into two phases of different densities occurs in an isothermal compression 
from large volumes. (That is, the liquid phase does not separate out. 
Separation into a gas and a solid phase may occur at sufficiently high 
pressures.) The common value of the specific volumes of saturated liquid 
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Table 2-3 


CRITICAL CONSTANTS 


Substance 

Pr 

(lb< in-) 

Vc 

(ft4 Ibm) 

T. 

(°R) 

He 

33.8 

0.231 

9.5 

ih 

188 

0.510 

60.5 

X. 

492.5 

0.052 

227.2 

Air 

547 

0.040 

238.8 

(h 

730.9 

0.037 

278.1 

CO 2 

1 

1071 

0.035 

547.8 

H 2 O 

3200 

0.0503 

1165.4 

Hg 

2040 

0.0034 

2109 


and vapor at the critical temperature is called the critical specific volinne, Vc, 
and the corresponding pressure the critical pressure pr. The point on the 
p-v-T surface whose coordinates are p^, Vc, and Tc is the critical point. The 
critical constants for a number of substances arc given in Table 2-3. 

Suppose that a system originally in the state represented by point a 
in Fig. 2-12 is compressed isothermally. If the compression is carried out 
in a cylinder with transparent walls, we can observe the condensation 
to the liquid phase commence at the point where the isotherm meets the 
lifluid-vapor surface, can see the li(|uid phase grow in amount while the 
vapor phase decreases, and at the state represented by point b we would 
be sure that the substance in the cylinder was wholly in the lif|uid phase. 
On the other hand, we could start with the substance in the same state 
(point a) and carry out the process represented by the line from a to 6 
that curves around the critical point. (This process, of course, is not iso¬ 
thermal.) The end state of the system is the same in both processes but 
at no time in the second process did the substance separate into two phases. 
Nevertheless, it would certainly be described as a litpiid at the end of the 
second process as well as at the end of the first. It has all the properties of 
a liquid, i.e., it is a fluid of high density (small specific volume) and small 
compressibility (the pressure increases rapidly for small decreases in 
volume) but its properties changed coniinuo^ishj from those associated 
with a vapor, at point a, to those associated with a litjuid, at point b. 
It is therefore possible to convert a vapor to a liquid without going through 
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Figure 2-12. Fig. 2-13. Phase changes in an 

isobaric proce.ss. 


the process of “condensation,” hut no sharp dividing line can be drawn 

separating the portion of the p-v-T surface labelled “liquid” from that 
labelled “gas” or “vapor.” 

So far we have used the terms “gas” and “vapor” without distinguish¬ 
ing between them, and the distinction is, in fact, an artificial and unneces¬ 
sary one. The term “vapor” is usually applied to a gas in equilibrium 
with Its liquid (i.e., a saturated vapor) or to a gas at a temperature below 

Its critical temperature, but the properties of a “vapor” differ in no essential 
respect from those of a “gas.^' 

When the temperature of a gas at a given pressure is greater than the 
saturation temperature at that pressure, the gas is said to be “superheated” 
and is called a “superheated vapor.” Thus “superheated” is synonymous 
with “nonsaturated.” Note that the term does not necessarily imply a 
high temperature. The saturation temperature of nitrogen at a pressure of 
0.8 atm (its partial pressure in the earth’s atmosphere) is —424.4°F, so 
that the nitrogen in the earth’s atmosphere is always superheated. 

One may wonder whether or not the edges of the solid-liquid surface 
approach one another as do those of the liquid-vapor surface, and if there 
IS another critical point for the solid-liquid transition. No such point 
has ever been observed, that is, there is always a finite difference in specific 
volume or density between the liquid and solid phases of a substance at 
the same temperature and pressure. This does not exclude the possibility 
ot such critical points existing at extremely high pressures. 

Now consider the phase changes in an isobaric process. Suppose we 
have a vessel of liquid open to the atmosphere at a pressure p,, in^,he state 
lepresented by p„i„, . i„ Fij. 2^3. If the temperature fa iucreal^ « 
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constant pressure, the representative point moves along an isobaric line to 
point b. When point b is reached the system separates into two phases, one 
represented by point b and the other by point c. The specific volume of 
the vapor phase is much greater than that of the liquid, and the volume of 
the system increases greatly. This is the familiar phenomenon of boiling. 
If the vessel is open, the vapor diffuses into the atmosphere. Thus the 
temperature Tf, at which a liquid boils is merely that temperature at which 
its vapor pressure is equal to the external pressure, and the vapor pressure 
curve in Fig. 2-9 (a) can also be considered as the boiling point curve. If 
the substance diagrammed in Fig. 2-13 is water (actually the solid-liquid 
line for water slopes in the opposite direction) and the pressure pi is 
1 atmosphere, the corresponding temperature Tt is 672°R or 212°F. The 
vapor pressure curve always slopes upward to the right, so that an increase 
in external pressure always results in an elevation of the boiling tempera¬ 
ture, and vice versa. 

If, starting with the liquid at point a in Fig. 2-13, the temperature is 
lowered while the pressure is kept constant, the representative point moves 
along the isobaric line to point d. At this point, the system again separates 
into two phases, one represented by point d and the other by point e. For 
a substance like that represented in Fig. 2-13, the specific volume of the 
solid is less than that of the liquid, and the volume decreases. The process 
is that of freezing and evidently the solid-liquid equilibrium line in a p-T 
diagram like Fig. 2-9 (a) is the freezing point curve, and at the pressure pi 
the freezing temperature is T/. If the solid-liquid equilibrium line slopes 
upward to the right as in Fig. 2-13, an increase in pressure raises the 
freezing point and vice versa. 

It is evident from a study of Fig. 2-13 that the liquid phase cannot exist 
at a temperature lower than that of the triple point, or at a pressure less 
than that at the triple point. If the pressure is less than that at the triple 
point, say the value p 2 , the substance can exist in the solid and vapor phases 
only, or both can exist in equilibrium. The transition from one to the 
other takes place at the temperature of sublimation Tg. Thus the solid- 
vapor equilibrium curve is also the sublimation point curve. 

For example, the triple-point temperature of CO 2 is ~G9.9°F and the 
corresponding pressure is 5.1 atm. Liquid CO 2 therefore cannot exist 
at atmospheric pressure. When heat is supplied to solid CO 2 (dry ice) at 
atmospheric pressure, it sublimes and changes directly to the vapor phase. 
Liquid CO 2 can, of course, exist at room temperature, provided the pressure 
is sufficiently high. This material is commonly stored in steel tanks which 
when “full” contain mostly liquid and a small amount of vapor (both, of 
course, saturated). The temperature is room temperature if the tank 
has been standing in the room and the pressure is that of the ordinate 
of the vapor pressure curve at room temperature. 
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Fig. 2-14. p-v-T surface of helium. 


P 



h'lG. 2-15. Li(iuHl-\’ai)or e(|uilif)rium. 


Figure 2-14 is a schematic diagram of the p-v-T surface of helium. This 
substance exhibits a unique behavior at low temperatures, in the neigh- 
t)orhood of 7.2°R. The critical temperature and pressure are 9.5°R and 
2.2() atm respecti\'ely. \\'hen helium in the vapor phase is compressed 
isothermally at temperatures between 9.5°R and 3.9°R, it condenses to a 
litluid phase called Helium T. When the vapor is compressed at tempera¬ 
tures below 3.9°R, a litiuid phase called Helium II results. As is evident 
from the diagram, He I and He II can coexist in e(|uilibrium over a range 
of temperatures and pressures, and He I can be converted to Fie II either 
by lowering the temperature, pro\'ided the pressure is not too great, or by 
reducing the pressure, provided the temperature is below 3.9°R. He II 
remains a li(|uid down to the lowest temperatures that have thus far been 
attained, and presumably does so all the way down to absolute zero. 

Solid helium cannot exist at pressures lower than about 25 atm, nor 
can it exist in ecjuilibrium with its vapor at any temperature or pressure. 
Helium has two triple points, at one of which the two forms of the liquid 
are in ecjuilibrium with the vapor, while at the other they are in equilibrium 
with the solid. It is intere.sting to note that the solid phase can exist at 
temperatures greater than the critical temperature. 

As pointed out earlier in this section, the state of a system consisting of 
two phases in eciuilibrium is not represented on a p-v-T surface by a single 
point such as b in Fig. 2-15 but rather by the two points a and c. Whatever 
the relative masses of the two phases, the slate of the licjuid phase is repre- 
Kented by point a and the state of the vapor phase by point c. In a con¬ 
densation process, starting with the system wholly in the vapor phase, the 
mass of the substance in state r decreases while the mass of that in state a 
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increases, but the points representing the states (i.e., the pressure, density, 

and temperature) of the phases remain fixed. The abscissa of point a is the 

specific volume of the saturated liquid (represented in the steam tables by 

Vf) and that of point c is the specific volume of the saturated vapor (repre- 
sented in the steam tables by Vg). 

T-he great distortion in scale of the p-v-T surface as drawn in Figs. 2-7 

and 2-8 is evident from the fact that, for example, the specific volume of 

saturated liquid water at 70°F is 0.016 ftVlbm, while that of saturated 
water vapor is 868 ft®/lbm. 


2-6 Other equations of state. Many eciuations have been proposed 
which describe the p-v-T relations of real gases more accurately than does 
the equation of state of an ideal gas. Some of these are frankly empirical 
while others are dori^•ed from assumptions regarding molecular properties 
The Dutch physicist van der W'aals, in 1873, derived the following ec,nation ; 

(p + ys) (*' - >>) = (2-22) 

Ihe ((uantities a and b are constants for any one gas but differ for dif- 

feient gases. In the form given above, v represents the mass specific 

volume. The equation in terms of the molal specific volume has the same 

form except that R is replaced by the universal gas constant 9^. Table 2-4 

lists some values of the constants a and b, in a set of units in which p is 

expressed in atmospheres, in ftVlbm-moie, and the gas constant 9. in 
atmff^/lbm-mole-^R. 

The term in van der Waals' e(juation, arises from the existence of 

intermolecular forces, and the term b is proportional to the volume occupied 

by the molecules them.selves, but we .shall consider the eciuation simply as 
an empirical one. 

Table 2-4 


Constants a and b in van der \\ aals’etjuation. 

pisinatm, rinfCdbm-mole, Tin°R,gi = 0.730 
atm-ft^/lhm-mole*®R. 


Substance 

a 

atm-ft® 

b 

ft’^ 

(Ibm-mole)^ 

Ibm-mole 

He 

8.57 

0.372 

H2 

62.8 

0.427 

Air 

344 

0.587 

O 2 

350 

0.510 

CO 2 

926 

0.686 

H 2 O 

1400 

0.488 

Hg 

5100 

1.070 
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At siifficientlj' large .specific \ olume.s, the term a/v^ becomes negligible 

m comparison with p, and b becomes negligible in comparison with v. 

I he \'an der Waals equation then reduces to the equation of state of an 

ideal gas, which any eiiuation of state must do at large specific volumes 

Figure 2-1 (i is a diagram of a portion of the p-v-T surface of a van der 

W aals gas, and Fig. 2-17 is a projection of a number of isotherms onto the 

p-v plane. When expanded in powers of c, \-an der Waals’ eiiuation takes 
the form 

pv^ - (pb + Rr)v^ + av ~ ab = 0. 


It is therefore a cubic in v and for given values of p and T has three 
I'oots of which only one need be real. For low temperatures, such as 
that lettered r,, three positive real roots exist over a certain range of 
values of p. As the temperature increases the three real roots approach 
one another and at the temperature they become equal. Above this 
temperature only one real root exists for all values of p. 

The point of coincidence of the three real roots of van der Waals’ equa¬ 
tion is the critical point of a van der Waals gas (see Fig. 2-17). The critical 

isotherm at this point not only has a horizontal tangent but a point of 
uinection as well. That is, at this point, 

( 2 ),=($).=«■ 


One of the useful features of the van der Waals 

he solved for p, and hence partial derivatives of 
We find 


equation is that it may 
V easily calculated. 





» 
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Hence 



When T - 7V, the critical temperature, and v = tv, the critical volume 
each of the expressions above is zero. Solving the two equations simul¬ 
taneously for tv and 7V, and inserting these \'alues in the original equation 
we get ’ 




8a 

21 Rb ‘ 


(2-23) 


These eciuations are commonly used to determine the \ alues of a and b 

for a particular gas, in terms of measured values of the critical constants. 

However, there are three eciuations for the two unknowns a and b and 

hence these are overdetermined. 'I'hat is, we find from the second of the 
equations above that 



while from simultaneous solution of the first and third eciuations, 

, R Tr 

b = - • 

Spr 


When experimental values of cv, and T, are inserted in the two pre¬ 
ceding equations, we do not obtain the same value for b. In other words, 
it is not possible to fit a van der Waals p-v-T surface to that of a real sub¬ 
stance at the critical point. Any two of the variables may be made to 
coincide but not all three. Since the critical volume is more difficult to 
measure accurately than the critical pressure and temperature, the latter 
two are used to determine the values of a and b in Table 2-4. 

Another way of comparing the van der Waals eciuation with the ecpia- 
tion of state of a real substance is to compare the values of the quantity 
RT/pu at the critical point. For a van der Waals gas, 

RT, 8 

- = - = 2.67, 

Pc^c 3 


and according to the van der Waals equation this ratio should have the 
value 8/3 for all substances at the critical point. (For an ideal gas, of 
course, the ratio equals unity.) Actual values are given in Table 2-5. 
The two are not equal, although the discrepancies are not large. 

The van der Waals equation can be put in a form that is applicable to 
any substance by introducing the so-called reduced pressure, volume, and 
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Table 2-5 


experimental values of RTc PcVc 


Substance 


He 

3.06 

Ho 

3.27 

Oo 

3.42 

C'bo 

3.61 

Hob 

4.30 

Hr 

1.10 


temperature, i.e., the ratios of the pressure, v 
the critical pressure, volume, and temperature. 


Vr = 


Pc 


Vr = 


Tr = 


c 


r 

Tc 


Combining these eciuations with E(,s. (2-23) and the van der Waals 
equation, we get 

3 

Pr + (3i-V — 1) = STr. (2-24) 

1 he quantities a and b have disappeared and the same equation applies 

to any substance. The critical point has the coordinates 1 1 1 in a 
Pr-Cr-T, diagram. ’ ’ 

Equation (2-24) is sometimes called the “law of corresponding states ” 

It IS a law, of course, only to the e.xtent that real gases obey the van der 

aals equation. Two different substances are considered in “corresoond 

mg states’’ if their pressures, volumes, and temperatures are the same 

ract.on (or multiple) of the critical pressure, volume, and temperature 
01 tne two substances. 

Another useful form of the equation of state of a real gas is 

. B C 

py = A+ - + - + 


• • • 


(2-25) 

where A,B, C, etc. are functions of the temperature and are called thn 

..ml coeMci^U Theoretical deriv.tio.rs of the equatioo tat" 'ha 

on an assumed law of force between the molecules of a gas usually lead 
to an equation in virial form. ’ ^ 

eoeta attfo’' “ “ ^ ■*" 


pv 


V 
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By the binomial theorem, 


Hence 


(■ - r'= 


^ b 

1 + - 4 —^ • 


V V 


. «r + 


V 


V 


(2-26) 


and for a van der W'aals gas 


.4 = nr, B = RTb - a, C = RTIr, etc 


d'he Bcattie-Bruhjeman equation 
well over a wide range of pressure, 
\'irial ecpiation. Idiis etjuation is 


, which fits experimental data extremely 
volume, and temperature, is a modified 


^^T{\ - o . .. A 

V = --2- (c + B) 

V ir 

where 

A = do(l - a/v), B = /io(l - b/r). 


(2-27) 



and A()y a, /io, b, and c are constants having different 
gases. A few are listed in Table 2 4). 


values for different 


Tahlio 2-() 


(’onstants 

ft'\dbm-nnole, 


in tlie Beattie-Bridgeinan cfiiiation of state. 
T in (leg R. 01 = 0.730 atrn-fH ll)in-inole-^R. 


p in atni, r in 



Aq 


Bo 

h 

10 -+ 

Oas 

/ at!n-ft« \ 

/ ft’ X 

( ") 

( 

« 

0 


\(l!)in-mole)^/ 

\lbrn-rnole/ 

Vlbni-rnole/ 

Vibm-inole/ 

\lbm-inole/ 

He 

5.6 

0.958 

0.224 

0.0 

0.37 

H2 

50.57 

-0.0811 

0.336 

-0.698 

4.7 

Air 

334.1 

+ 0.309 

0.739 

-0.176 

406 

O 2 

382.5 

0.410 

0.741 

+0.0674 

448 

CO 2 

1248.9 

1.143 

1.678 

1.159 

6165 

NH 3 

613.9 

2.729 

0.547 

3.062 

44,560 
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PROBLEMS 

2-1. The purpose of the following prol)lem is to illustrate the relations 
between p, v, and T for a real gas. using steam as an example, and to show how 
the universal gas constant can be obtainerl from measurements on real gases 
(a) Find from the steam tables the specific volume of superheated steam at 
the pressures and temperatures in the table below, (b) At each temperature, 
compute the product pr, in ftdb/lbm, at each pressure, and jdot pr as a function 
of p at each temperatui-e. (For an ideal gas. pv is constant when t is constant.) 
(c) At each temperature, comi)ute the (juantity pv T, in ftdbdbm*°R. and plot 
pv ‘T as a function of p at each tempei’ature. (For an ideal gas, pv T = const 
at all jjressures and temjDeratures.) (d) Ivstimate the common extrapolated 
value of pv T as p —> 0. and find the values of the gas constant R for steam, 
in ft-lb'lbm-°R. and the universal gas constant in ft-lb lbm-mole-°R. 


p 

t = 700°F 

t = 1150°F 

1 

/ = l(i00°F 

(lb in-) 

/'(ft^. Ibm) 

I 

1 riff'* Ibm) 

/’(ft^ Ibm) 

oOO 


1 —- ■ — 


1000 

1 

1 

1 


2000 

^ 



3000 

1 

1 


1 

4000 

1 



5000 

I 

1 

1 




2-2. The law of Charles and Gay-Lussac, discovered expeiimentally by 
tliern in 1802, states that at constant pi-essure the volume of a fixed mass of 

Kus increases by very nearly 1/273 of its volume at ()°C, for each centigrade 
iiegree increase in temperature. Derive 

this law from the equation of state of an 
ideal gas. 

2-3. Lvery student of chemistry re¬ 
members that at a temperatuie of 0°C 
and a pressure of 1 atm, 1 gm-mole of an 
ideal gas occu])ies a volume of 22.4 liters. 

Calculate the number of cubic feet occu¬ 
pied by 1 Ibin-niole of an ideal gas at the 
same temperature and pressure. 

2-4. Figure 2-18 shows five proc¬ 
esses, ah, be, cd, da, and ac, plotted in the 
i>~v plane for an ideal gas. Show the 
same proce.sses (a) in the p-T jdane, (b) in 
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2-19. A cylinder of volume 2 contains saturated water and water vapor 
at a temperature of 600°F. (a) If the masses of liquid and vapor are equal, 

find the volume occupied by each, (b) If the volumes are equal, find the mass 
in each phase, (c) Make a sketch like Fig. 2-15, showing approximately the 
position of point b for each case above. 

2-20. A cylinder provided with a tightly fitting frictionless piston contains 
10 Ibm-mole of a substance occupying a,volume of 200 ft" at a temperature of 
600°R. The specific volumes of saturated vapor and liquid at 600°R are 2200 ftV 
Ibm-mole and 0.35 ft^/lbm-mole. If the vapor phase is an ideal gas and the 
piston is slowly forced into the cylinder until the volume is reduced to 40 ft^ 
(a) at what pressure and volume does condensation begin? (b) Draw a dia- 
giam of the process in the p-v plane, (c) At the end of the process, how many 
moles have condensed to the liquid phase? 



2-21. The volume of the bulb in I'ig. 2-21 is 250 crn^ The capillary is 
10 cm long and its diameter is 1 mm. Mercury is forced into the bottom of 
the bulb and compresses the gas until it occupies a volume 1 cm in length in 
the capillary. What will be the pressure of the gas in the capillary if the tem¬ 
perature is 20°C, the initial pressure was 10“^ inm of mercury, and the gas is 
(a) nitrogen, (b) water vapor? In case (b), how many grams of water vapor 
condense? The vapor pressure of water at 20®C is 17.5 mm of mercury. 

2-22. A vessel contains CO 2 at a temperature of 278°F. The specific volume 
is 112 ft’^/lbm-mole. Compute the pressure in atmospheres, (a) from the ideal 
gas equation, (b) from the van der Waais equation, (c) from the Beattie- 
Bridgeman equation, (d) Calculate the ratio pv/T, for the three pressures 
found above, and compare with the experimental value as read from Fig. 2-1. 

2-23. In all so-called diatomic gases, some of the molecules are dissociated 
into separate atoms, the fraction dissociated increasing with increasing tem¬ 
perature. The gas as a whole thus consists of a diatomic and a monatomic 
portion. Even though each component may act as an ideal gas, the mixture 
does not, because the number of moles varies with the temperature. The degree 
of dissociation 5 of a diatomic gas is defined as the ratio of the mass mi of the 
monatomic portion to the total mass m of the system, 5 — m\/m. (a) Show 

that the equation of state of the gas is 


pV = (5 -f- \){m:M2)RT, 
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where Mi is the molecular “weight” of the diatomic component. Assume that 
the gas obeys Dalton’s law, i.e., the measured pressure p is the sum of the pres¬ 
sures each component would exert if it alone occupied the total volume V. 

(b) The table below lists measured values of the ratio pV/m for iodine 
vapor at three different temperatures. Compute and show in a graph the degree 
of dissociation as a function of temperature. 


TCF) 

“ ' - -1 

1470 

1830 

2190 

pV /ft-lb\ ■ 
m \ Ibni / 

1 

12.5 X 10^ 

17 X 1(F 

24.4 X 10-^ 


2-24. Find the compressibility of a van der Waals gas at the critical point. 

2-25. The Clausius equation of state is pfr - h) = RT. (a) Compute 
the coefficient of cubical expansion, and the compressibility, for a substance 
obeying this eriuation. (b) Show that if a = 0, the corresponding quantities 
for a van der Waals gas reduce to the expressions derived in (a). 

2-26. The Dieterici equation of state is pfc - = RT, where a and 

6 are constants, different for different gases, (a) Making u.se of the cyclic rela¬ 
tion, Eq. (2-19), find the coefficient of cubical ex))ansion of a substance obeying 
this equation, (b) At high temperatures and large specific volumes, all gases 
approximate ideal gases. Verify that for large values of T and v, the Dieterici 

equation and the expression for /3 derived in (a) both go over into the corre¬ 
sponding equations for an ideal gas. 

2-27. Using the critical constants listed in Table 2-3, compute the value of 

h m the van der Waals equation for CO-., (a) from and and (b) from T 
and Pc- 

2-28. The triple point temperature of CO-, is 389°R. The pressure is 
74 Ib/in^, the specific volume of the solid is 0.011 ftVlbm and that of the liquid 
IS 0.014 ftVlbm. At a temperature of 538°R the vapor pressure is 960 Ib/iiU 
and the specific volume of the saturated liquid is 0.032 fC/lbrn. 

(a) From the data above, and the critical constants in Table 2-3 construct 
to^scale as much as you can of the p-v diagram for CO 2 corresponding to Fig. 

(b) One pound mass of CO 2 , at a pressure of 100 \b/m\ is introduced in 
a vessel whose volume varies with pressure according to the relation 
P - 2.5 X 10^F, where p is in Ib/in^ and V is in fC. Describe the changes in 
the contents of the vessel as the temperature is slowly increased to 560°R. 

2-29. (a) Show that the critical constants of a substance obeying the Dieterici 
equation of state, p(v - b) exp (a/vRT) = RT, are 

Pc = a/4f‘b\ Vc = 26, Tc = a/4Rb. 

2-30. Using the reduced form of the van der Waals 
enough values of p, to plot four isotherms of a van der Waals gas at tempera- 
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u e. 0 97,, i on, and 1.2^. over a range of reduced specific volumes 

Vr from O.o to l.o, and of reduced pressure p, between 0 and 1.5. The computa¬ 
tions are simplest if arbitrary values are assigned to iv at each value of T and 
tlie equation is solved for pr. ' 

2-31. (a) Show that the coefficient of volume expansion of a van der Waals 
gas is 

- b) 


0 = 


RTv^ - 2a{v - by 


(b) What is the ex|)ression for /3 if n = 6 = 0 (ideal gas)? 

2-32. (a) Show that the compressibility of a van der Waals gas is 

i’-{v - by 


K ~ 


RTv^ - 2a{v ~ b)'^ 


(b) What is the expression for k ii a = b = 0 (ideal gas)? 

2-33. Taking the necessary data from Table A-4, plot to scale the vapor 
pressure curve of ammonia, over the temperature range from — 63°F to 123°F 
Let 1 inch = 50F° horizontally, and 1 inch = 50 Ib/in- vertically. 

2-34. Taking the necessary data from Table A-4, plot the following graphs 
for ammonia at the constant temperatures of 100°F and 200°F, over a pressure 
range from 10 Ib/in^ to 300 Ib/in^ (a) p vs. c; (b) pr vs. p; (c) pv/T vs. p. 
AMiat would be the nature of these graphs if ammonia were an ideal gas? 

2-35. (a) Taking the necessary data from the steam tables, plot to scale 
graplis of V vs. t for superheated steam, at the constant pressures of 400 Ib/iiF, 
500 Ib/in^, 700 Ib/in^, and 1000 Ib/in^, from the saturation line up to a tem¬ 
perature of 1600°F. Let 1 inch = 250F° horizontally, and 1 inch = 0.5 ftVlbm 
vertically, jb) Plot on the same diagram the graph of v vs. t, at a constant 
pressure of 700 Ib/in-, if superheated steam behaved like an ideal gas. 

2-36. (a) Taking the necessary data from the steam tables, plot to scale 
the boundary of the liquid-vapor region in the p-v diagram of water in the 
neighborhood of the critical point. Let 1 inch = 0.05 ftVlbm horizontally, 
and 1 inch = 500 Ib/in^ vertically. Let the diagram cover a pressure range 
from 1000 Ib/in* to 3500 Ib/in* vertically, and from zero to 0.40 ft^/lbrn hori¬ 
zontally. (b) Plot on the same diagram as much as you can of the isotherms 
at temperatures of 680°F, 700°F, 800°F, and 900°F. 



CHAPTER 3 



THE FIRST LAW OF THERMODYNAMICS 

Work. A concept of primary importance in thermodynamics is 
that of the work done on or by a system. Thus the function of a stea.n 
turbine or an internal combustion engine is to do work in dri\ ing a gen¬ 
erator or propelling a vehicle, ^^'ork must be done to pump natural gas 
through a long pipe line, to compress the \-apor in a refrigeration plant, or 

to circulate a fluid through the heat exchangers and process e(|uipment 
of a refinery. 

The work done on or by a system may be of a purely mechanical na¬ 
ture, or It may be of electrical, magnetic, or other origin. Consider first 
mechanical work. In mechanics, the work d'W done l)y a force E, when 

the point of application of the force undergoes a displacement ds. is de- 
fined as 

d'W = h\ds. 

where is the component of F in the direction of the disi)lacement. 

1 he total work done in a finite displacement is 

ir = fd'w = I k\ds. 

(The rea.son for writing the differential as d']V rather than d\V will be 
explained shortly.) 

The forces exerted by a .system on its surroundings are called external 
forces and the forces exerted by parts of a system on other parts of the 
same system are called internal forces. When the state of a system changes 
work IS done, in general, by both the external and the internal forces’ 

1 he work done by the former is called external work and that done by the 
latter is called internal work. Whether the work done by a given force is 
external” or “internal” evidently depends on the choice of a .system 
Ihe equations of thermodynamics are conventionally written in a form 
that includes only external work. If it is necessary to consider the work 
done by some specihT forcejhis can always be done by selecting a system 

r.T a’"'' an external force. In the future, then, we shall omit 

the term e xterna l with the under.standing that the word “work” alwavs 
implies ‘^externaTwork.” ^ 

When mechanical work is done by a thermodynamic system the alae 
hiaic sign of the work is determined by the directions of the external forces 
exerted by the system on its surroundings, and the directions of the dis 
placements of the points of application of thc.se forces. If a force and it« 
displacement are in the .same direction, the work is positive and we say 
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that work is done by the system. If a force and its displacement are in 
opposite directions, the work is negative and we say that work is done on 
the system. Thus when a gas expands in a cylinder against a piston, the 
external force is in the same direction as the displacement of its point of 
application, the work is positive, and work is done by the expanding gas. 

\Mien the work done on or by a system is not of a purely mechanical 
nature, as when electrical or magnetic effects are involved, it is not always 
possible to correlate the woik directly with an external force and a dis¬ 
placement. For example, suj)po.se that a storage battery sends a current 
thiough a resistor, as in Fig. 3 1 (a). I>et us consider the battery as the 
system. Has an}^ work been done, and has it been done on or by the sys¬ 
tem? To answer these (piestions, we must replace the surroundings of 

the system by an erjuivalent device which can be correlated with a force 
and a displacement. 

Let us replace the resistor by an electric motor designed to draw the 
same current, as in F'ig. 3 1 (b). Hy attaching a drum to the motor shaft 
and wrapping a cord around the drum, the motor can be made to wind up 
the cord and exert a force F on a body attached to the cord, such as the 
weight shown, or on a coil spring whose other end is fixed. The force F 
and the displacement of its point of application are in the same direction 
and the work is positive. We therefore conclude that work was done by 
the battery in the original process. 

If the battery and resistor together arc considered as a system, there 
are no interactions between the system and its surroundings and the work 
is zero. 

In certain special cases, it is convenient to express the work done hy a 
system in terms of other variables than force and distance. When a 
tor(jue T acts on a system pi\'oted about a fixed axis, the work done in an 
angular displacement dS is 
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When a quantity of electricity clQ flows from a point where the po¬ 
tential is ^ to a second point where the potential is 1 ^, the work done is 

d'W = dQ{V2 - Vj ) = f/Q , 

where V is the potential differen(*e or “voltage,” T ’2 — T 1 . If the flow of 
electricity results from a current /, the (piantity of electricity transferred 
in time dt is dQ = I dt, and 

d'W - VI dt. 

If the potential difference V is maintained a generator, the elec¬ 
trical work ecjuals the mechanical work necessary to drive the generator, 
in the absence of electrical resistance in the circuit. 

The work necessary to produce an increase I'/.t in tlie aiea of a surface 
film of surface tension 7 is 

d'W = ydA. 




The work necessary to produce a change dB in the flux density in a 
rod of magnetic materia! of volume \\ witliin which the magnetic intensity 
is //, is 

f/'W = VH riB. - 

An important special case of common occurrence is that of a system 
which undergoes a change of \'olume. Examples are the expanding steam 
in the cylinder of a reciprocating steam engine, or the expanding gas in 
the cylinder of an internal combustion engine. Thus in Fig. 3-2 a fluid in 
a cylinder exerts a force F against a piston. The vector F' represents the 
force exerted against the piston by the apparatus or machinery to which 
it is connected. When the piston moves a small distance ds to the right, 
the work d'W done by the force F is 


d'W = Fd.s. 


(3-1) 


If variations of pressure with el¬ 
evation are neglected, the pressure p 
at the piston face ecjuals the force F 
divided by the area .1 of the piston. 
Hence 

F = pA 

and 

dUV = pA ds. 

But the product A ds equals the in¬ 
crease in volume of the system, dV, 
so finally, 

(3-2) 



Imo. 3-2. The work done l)y tlie 
force F is the displacement d'W = F ds 
= p dV. 


d'W = p dW 
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This expression correctly gives the work done by the system, regard¬ 
less of the nature of the p^cess, provided p is interpreted as the pressure 
at the face of the piston. If tKe process is carried out rapidly, this may not 
be the same as the pressure at other points within the system, since the 
system will not then pass through a series of equilibrium states. In the 
special case of a quasistatic process, however, the pressure is the same at all 
points of the system (variations of pressure with elevation being neglected). 
Using the ecjuation of state of the system, the pressure p can then be ex¬ 
pressed in terms of the volume V and the temperature 1\ hut it is impor¬ 
tant to remember that this can be done only if the process is quasistatic. 

The total work H done by a system in a change in volume from T'l to 
V'i 

\V=i p<IV. (3^3) 

Again, this ecjuation applies to any process provided p is the pressure 
at the piston face. Only if the process is (piasistatic, however, can p lie 
expressed as a function of I through the e(|uation of state 

If the pressure is constant, 



(3-4) 


Although derived only for the special case of expansion against a pis¬ 
ton, Ecp (3-3) is correct for a system of any arbitrary shape in which the 
pressure is the same at all points of any moving surface. If the pressure 
\’aries from point to point, as it will when variations of pressure with 
elevation are taken into account, the procedure above can be applied to a 
small element of the surface and a second integration performed o\'er the 
entire boundary surface. 

If the pressure is expressed in lb fU and the volume in ft'*, the work is 
in foot pounds (ft lb), since 


lb 

f? 


X ft'* = ft lb. 




Figure 3-3. 




WORK 




V 


Fig. 3-4. Indicator diagram of a steam engine. 

Suppose that we construct a graph of p vs. V, as in Fig. 3-3 (a). Then 



equals the area under the graph, bounded by vertical lines at Vi and V 2 . 
Hence the work done by a system in a quasistatic volume change is rep¬ 
resented by the area under a graph of p vs. V. If the volume increases 
as shown, the work W is positive. If the volume decreases, W is negative. 

Figure 3-3 (b) illustrates a qu asistatic cyclic process, that is, one in 
which a system undergoes a series of changes but returns to its initial 
state. The graph of p vs, V is then a closed curve. If the curve is trav¬ 
ersed clockwise, as in the figure, the positive work done by the system, 
from state 1 to state 2, exceeds the negative work done on the system from 
state 2 back to state 1 and the net work is positive. If the curve is trav¬ 
ersed in a counterclockwise direction the net work is negative. ^ 

In many practical problems experimental data on p vs. F can be ob¬ 
tained even though the mathematical relation between them is unknown. 
Figure 3-4 is a so-called indicator diagram, showing the relation between 
pressure and volume in one cycle of operation of a steam engine. By 
plotting the curve on cross-section paper and counting squares, the area 

and hence the net work can be computed. Alternatively, the area can be 
measured with a planimeter. 


Example. When an ideal gas expands quasistatically, the pressure at every 

point and at every instant is related to the volume and temperature through the 
equation of state, 

mRT . ^ 


The work done in an .expansion, in which the volume increases 

from Fi to F 2 , is therefore 
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Thus if a mass of 10 Ibm of air expands quasistatically from a volume of 
150 ft^ to a volume of 300 ft^ at a constant temperature of 500°R, the work done 

is 



10 Ibm X 53.4 


ft-lb 


lbm'°R 


X 500°R X In 


300 ft^ 
200 ft^ 


= 185,000 ft-lb. 


It in sometimes eoiivenient to express the work in terms of the differ 
entials dT and dp. Since 




dT 


p 


dp 


dp, 


the work done in an infinitesimal process can be written as 


= pT'/3 dr - pVk dp. 


dp 


(3-5) 


Example. For an ideal gas, ^ = l/T and k = 1/p. Hence for an ideal gas, 
in a quasistatio proces s. 

d'lr = Pi dT - V dp 

T 


= mR dT — 1' dy. 
In an isobaric process, dp = 0 and 

rfTTp - mRdT . 

In an isothermal process, dT = 0 and 



For a finite isothermal process, 

Wr = -mffiT = m/erin^, 

Jpi P P‘1 

and since pi/p 2 = 1 2 /lb when T is constant, this agrees with the result of the 
preceding example. 

in a free expansion. In Fig. 3-5, a vessel is divided into two 
parts by a diaphragm. The space above the diaphragm is evacuated and 
that below the diaphragm contains a gas. The diaphragm is punctured 
and the gas expands into the evacuated region. Such a process is called 
free expansion. How much work is done in the process? 
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A free expansion is necessarily nonciuasistati c and the pressure and 
volume during the expansion are not relayed through the eciuation of 
state. 'Therefore let us return to the original definition of the work done 
by a system as the total work done by the external forces which the sys¬ 
tem exerts on its surroundings. Let us take as the boundary of the system 
the inner surface of the vessel. The external forces are then the forces 
exerted by the gas against this boundary and since the.boundary does not 
move no work is done. We therefore conclude that the work done in a free 
expansion is zero. 

Of course, as the gas expands, one portion of it does work on another, 
but this is internal work and does not constitute work done by the system. 


lioundary 
of system 



Fig. 3-5. When the diaphragm is P^iG. 3-6. 
punctured, the gas performs a free path, 
expansion. ]V = 0. 


Work depends on the 



ork_deDends_Qn. the oath. Suppose that a system is taken from an 
initial equilibrium state 1 to a final equilibrium state 2 by two different 
(juasistatic processes represented by the two curves I and II in Fig. 3-6. 
The areas under the curves are different and hence the quantities of work 
are different. In other words, 



IS different for different processes between the two states and the work 
cannot be expressed as the difference between the valu es of some prooei^ 
of the system in the final and initial state s. When we write 

\V =J^ (HV, 


the “limits” 1 and 2 are simply symbols specifying the initial and final 

states of the system and cannot be interpreted as the values of W in these 
states. That is, we cannot write 
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since It IS impossible to assign any unique values to Wi and W 2 In other 
words, it is meaningless to speak of “the work in a system,” or “the w'ork 
of a system,” in the same way that we can speak of the pressure or tem¬ 
perature of a system. Suppose we were to select some arbitrary state of 
a system and assign some value to W in that state. The value of W in 
some other state would then equal its value in the reference state, plus 
the work done in going from the reference state to the second state.’ But 
the work done is different for different paths and there would be an in¬ 
finite number of possible values of W in the second state. 

In the language of mathematics, the quantity d'W is an inexacl differ¬ 
ential, which IS another way of saying that W is not a property of the 
system and that the integral of d'W cannot be expressed as the difference 
between two quantities which depend only on the end points of the path 

of integration. It is for this reason that we have written this differential 
as d W rather than 


We say that work is a path function, meaning that it depends on the 

piocess, in contrast to a point function or a property of a system such as 
its pressure or temperature. 

✓ 

✓ 

Work done in a volume change of a liquid or solid. The work done 

111 a volume change of a liciuid or solid is most conveniently expressed in 

terms of the coefficient of expansion and the compressibility. From 
Kq. (3-5), we have 


d'W = pV^dT - pWdp. 

It can be seen from Figs. 2-4 and 2-5 that for moderate changes of 
pressure and temperature, and at temperatures that are not too low, the 
values of /3 and k are nearly constant. Furthermore, since both of these 
quantities are very small, the volume of a liquid or solid changes only 
slightly with changes in temperature and pressure and V can be consid¬ 
ered constant when integrating the eiiuations above. Hence approxi- 
mately, for a Ii(|uid or solid, 





(3-6) 


1 he nature of the process must, of course, be specified before the 
ef(uation above can he evaluated. In an isobaric process p = constant and 


^Vp - (^Vp{T2 - 7 ’:). 




which is ecjuivalent to 
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since 



if p is constant. 

In an isothermal process, dT = 0 and 


(pi - V\)- 

L-S-S Energy of a system. There are many different processes by which 
a system may be taken from one equilibrium state to another. Out of 
all possible processes, let us select those for which the system is thermally 
insulated from its surroundings. That is, we consider only adiabatic proc¬ 
esses (see Section 1-4). Many different adiabatic processes between the 
same pair of end states are possible, but in all of these the work done by 
the system, which we shall represent by \\ is found by experiment to 
be the same. In other words, although in general work is a path function, 
whose value depends on the process as well as on the end states, the work 
done in an adiabatic process between a given pair of end states depends only 
on the end states and not on the particular adiabatic process. > 

As an example, consider two possible adiabatic processes by which a 
gas can be taken from the equilibrium state 1 in Fig. 3-7 to the second 
equilibrium state 2. In one process we first carry out a quasistatic adia¬ 
batic expansion from point 1 to point 3, followed by an adiabatic free 
expansion from point 3 to point 2. In the other, we first carry out an 
adiabatic free expansion from point 1 to point 4, followed by a quasistatic 
adiabatic expansion to point 2. The free expansions, which are not a 
succession of equilibrium states, are represented by crosshatching. 

As explained in Section 3-2, no 


work is done in the free expansions. 
In the quasistatic expansions, the gas 
expands slowly against a piston and 
the work done is represented by the 
shaded areas under the corresponding 
curves. These areas therefore repre¬ 
sent the total work done in the respec¬ 
tive processes, and they are found by 
experiment to be equal. 

Many other adiabatic processes 
between the same pair of end states 
are possible. For example, a free ex¬ 
pansion could be carried out to a point 
intermediate between 1 and 4, fol¬ 
lowed by a quasistatic expansion to a 
point between 3 and 2 and a free 



Fig. 3-7. The same amount of work 

is done in all adiabatic processes be¬ 
tween the same pair of equilibrium 
states. 
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expaiLsioii to point 2. It would be found that the work done by the system 
was the same in all of these processes. 

It should not be inferred that a series of experiments as described above 
las actually been performed with sufficient precision to justify these state¬ 
ments. Rather, their truth rests on the fact that conclusions drawn from 
thern ha^'e been found in every case to agree with experimental results. 

Since the work done by a system is the same in all adiabatic processes 
between the same pair of eciuilibrium states, it follows that a property of 
the system can be defined whose change between any tw'o equilibrium 
states is equal to the adiabatic work* (For reasons w’hich will be evident 
later, we define the decrease in this property as equal to the adiabatic 
work.) That is, if wo arbitrarily assign a value /i, to this property in 
state 1, its value A 2 in state 2 is uniquely defined by the equation 


(hy — (definition of A’l — E 2 )- 

If states I and 2 differ only infinitesimally. 


(3-7) 


~dK = 



'rhe property represented hy K is called the e nerau of the system and 

Kq. (3-7) defines the decrease in the energy of a system between two 

equilibrium states as the w ork done hy the system in any adiabatic process 
between these states.* 

We shall show in C’hapter (i that not all states can be reached from a 
given state by an adialiatic process. However, if a final state 2 cannot be 
reached by an adiabatic process from an initial state 1, it is always true 
that state 1 can be reached from state 2 by an infinite number of adia¬ 
batic processes in all of which the work n',,., is the same. The adiabatic 
work then defines the energy difference K 2 — A’l. 

Because of unavoidalile experimental errors, experimental measure¬ 
ments, direct or indirect, can never pro\*T-that the work done by a system 
is exactly the same in all adiabatic processes between the same pair of end 
states, the postulate that the work actually is the same is called the Jirst 
principle, or the first law, of therniodynamics. If the postulate is correct, 
the change in energy of a system between any two states can he unicjuely 
defined. Ihe absolute magnitude of the energy is indeterminate, since any 
arbitrary value can be assigned to the energy in some arbitrary state, but 
this is not of importance since only changes in energy have experimental 
significance. It follows, then, that energy is a property of a system and the 
entire structure of thermodynamics is de\'eIoped mathematically from the 
fact tha^his property (together with another called entropy) exists.'^ 


-6 Heat. In elementary courses in physics, the concept of heat is 
Asually introduced in connection with the experimental procedures of cal¬ 
orimetry. When two substances at different temperatures are brought in 
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contact in a calorimeter their temperatures approach each other and even¬ 
tually become equal. The phenomenon is explained by saying- that there 
is a flow of heat out of the body at higher temperature aiid a flow of an 
equal quantity of heat into the body at lower temperature. Units of heat 
are arbitrarily defined in terms of the temperature change of a specified 
mass of water. Specifically, the (>0° British thermal unit ((30° Btu) is de¬ 
fined as the quantity of heat flowing into 1 Ibm of water when its temper¬ 
ature increases at atmospheric pressure from 59.5°F to (i0.5°F, and the 
15° calorie is defined as the heat flowing into 1 gm of water when its tem¬ 
perature increases at atmospheric pressure from 14.5°C’ to 15.5°C'. 

Then it is shown that heat can be caused to flow out of a body indef¬ 
initely if mechanical work is done on the body and is “converted to heat” 
by friction. The mechanical equivalent of heat is defined as the ratio of the 
work, expressed in mechanical units such as ft lb or joules, to the heat 
expressed in Btu or calories. 

Essentially the same procedure was followed in thermodynamics until 

1929, when new units of heat, of practically the same magnitude as the 

old, were defined by assigning an arbitrary value to the mechanical e(iuiva- 

lent of heat. We shall follow the more modern procedure and show how 
heat is defined in terms of work. 

Let us consider those processes, between a pair of eciuilibrium states 
'of a system, which are not adiabatic. That is, the system is not thermally 
insulated in these processes but makes contact with one or more other 
systems whos(^ temperature differs from that of the system under consid¬ 
eration. The work done in these processes, except in special cases, differs 
from one process to another and differs also from the work dorie in an adia¬ 
batic process l)etween the same pair of end states. Let W represent the 
actual work done by a system in a nonadiabatic process, and W,,a the 
work done in (any) adiabatic process between the same end states. We 
diflne the (piantity of heat Q flowing into the system, in a nonadiabatic 
process, as proportional to the difference between the work IT and the 
adiabatic work That is, the heat equals this difference multiplied 

by a proportionality constant. To conform to the usual notation of ther- 
Hiodynamics, we write the constant as 1/./. Thus 


Q = j (IT - If',.,) 


(definition of Q). 


(3-8) 


Replacing - IT„, by h'o - A’l, and clearing of fractions, we get 

A 2 = JQ — IT. (3-9) 

If we „ow interpret JQ as a flow of energy into the system, E(, (3-<)) 
Mmply states that the merease in the energy of a system in any process 

the wo^-k IT heat, minu,; 

woik done by the system m the process. This relation is therefore a 
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statement of the principle of conservation of energy, recognizing that a flow 
of heat into a system means there has been a flow of energy into the sys¬ 
tem. Equation (3-9) is usually referred to as the analytical expression 
of the^rs< law of thermodynamics. It should be noted, however, that the 
equation as such is merely the definition of E 2 — Ei (since this equation 
contains Eq. (3-7) as a special case) and of Q. The first law consists of the 
postulate that has the same value for all adiabatic paths between the same 
pair of end states. 




i:^XAMPLE. Figure 3-8 shows three quasistatic processes by which a gas 
v/s^y be taken from an equilibrium state 1 to a second equilibrium state 2. 
Path I is an adiabatic process. Path II consists of a process at constant volume 
followed by one at constant pressure, and path III consists of a process at con¬ 
stant pressure followed by one at constant volume. To carry out processes II 
and III, the gas must make thermal contact with other systems at temperatures 
different from that of the gas. 

Let W{1) = IPad = 10 ft-lb, Will) = 8 ft-lb, ir(III) = 13 ft-lb, and let 
us arbitrarily set Ei = 50 ft-lb. Compute E 2 , and the quantities of energy 
./Q(II) and JQ(III) flowing into the system as heat in processes II and III. 

In process I, Q = 0 and from Eq. (3-7) or Eq. (3-9), 

E2 = E,- ir(I) = E,- IPad 

= 50 ft-lb - 10 ft-lb = 40 ft-lb. 

In process II, 

./Q(II) = {E 2 - E,) + Will) 

= (40 ft-lb - 50 ft-lb) -h 8 ft-lb 
= -2 ft-lb. 

Since JQ{ll) is negative, 2 ft-lb of energy flow out of the system into the other 
systems with which it makes contact during the process. The energy of the 
system decreases by 10 ft-lb, of which 8 ft-lb are accounted for by the work done 
by the system, and 2 ft-lb by the flow of heat from the system to its surroundings. 



Figure 3-8. 
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In process III, 

JQ(III) = (En - El) + ir(III) 

= (40 ft-lb - 50 ft*lb) + 13 ft-lb 
= -1-3 ft-lb. 

That is, 3 ft-lb of energy flow into the system as heat from the other systems 
with which it makes contact. Of the 13 ft-lb of work done in the process, 10 ft-lb 
are provided by the decrease in energy of the system and 3 ft-lb by the flow of 
heat from the surroundings. 

Note that JQ — W is the net amount of energy flowing into a system in a 
process. We are not yet in a position to determine the quantity of energy flowing 
into the system at each stage of the process, and it is entirely possible that 
energy may flow in at some points and out at others. 


An important special case is that of a process for which the end states 
are the same. That is, either the state of a system does not change at all 
during the process, or the system undergoes a cyclic process which returns 
it to its original state. In either case, E 2 = Ei and E([. (3-9) reduces to 

JQ = \V 
or 

Q = j W. (3-10) 

The (juantity of heat flowing into the system in such a process is there¬ 
fore proportional to the work done by the system or, reversing the sign of 
both sides of the ecjuation, the heat flowing out of the system is propor¬ 
tional to the work done on it. 


Example. Suppose the gas in Fig. 3-8 is taken from state 1 to state 2 by 
path III and returned from state 2 to state 1 by path 11. Find the net energy 
flowing into the system as heat from the surroundings. 

Solution. The net work W done in the process is 

W = IF(III) -H Will) 

= 13 ft-lb - 8 ft-lb = 5 ft-lb. 

Therefore 

JQ = IF = 5 ft-lb. 

The system therefore receives a net flow of 5 ft-lb of energy as heat from 
its surroundings. An equal quantity of work is done, and the energy of the 
system is unchanged. 


Nothing has been said thus far regarding the magnitude of the pro¬ 
portionality constant J. Consider an experiment in which a current- 
carrying resistor is kept at constant temperature by a stream of cooling 
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\\atei. If 11 is the electrical work done on the resistor in any time in- 

terval, the ciuantity of heat Q flowing out of it (and into the cooling water) 

can be computed from Eq. (3-10), since the state of the resistor does not 

change. The numerical value of Q depends, of course, on the value as¬ 
signed to ./. 

On the other hand, the (piantity of heat flowing into the cooling water 
can be computed in Btu or calories from a knowledge of the mass of cool¬ 
ing watei and its rise in temperature, hor simplicity, suppose that condi¬ 
tions are adjusted so that the water enters at 59.5°F and leaves at ()0.5°F, 
or so that it enters at 14.5°0 and lea\-es at 15.5°C. In the first case, the 
heat flowing into the water, in (>0° Btu, is numerically ecpial to the mass 
of water, in pounds ma.ss, flowing through the system. In the second case, 
the heat in 15° calories is ecpial to the mass of water in grams. 

If we wish to obtain the same numerical value of Q from both methods 
of computation, the \'aluc to be assigned to ./ must be found experimentally 
by measuiing the work H in ft*lb or joules, and by measuring the heat Q 
in 60° Btu or in calories. The \'alue of ./ is then .set equal to ratio of IF 
to Q. Of course, this is simply one method of determining the mechanical 
equivalent of heat. Many careful experiments have been made to deter¬ 
mine this (juantity. 1 he best experimental \'alue, in engineering units, is 

(Mr Htu 

If the work is expres.sed in joules and the heat in 15° calories, the best 
value of J is 



4.1858 


joules 
15^^ calorie 


One disadvantage of determining the v'alue of ./ in this way is that the 
best value of J changes slightly as experimental techniques improve, 
with the consequence that experimental results which involve calculations 
in which J is a factor must be recomputed. More fundamentally, the 
procedure is undesirable since we now recognize that the Btu and the 
calorie are both units of energy, and it is obviously preferable that all 
units of the same physical (juantity shall be defined in terms of the same 
standard or standards. 

It was therefore decided by an international commission meeting in 
1929 that there should be assigned to J a value of such a magnitude that 
the ([uantity of heat flowing into a system, as computed from the definition 

Q = y (IF - IF,,.i) = y [IF + (A’2 - A’,)], 


should agree within the limits of experimental error with the heat as com¬ 
puted from the definitions of the 60° Btu and of the 15° calorie. Essen- 
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tially, this amounted to defining new units of heat as arbitrary multiples 

of the foot pound and of the joule. It was found that this result could be 

attained by defining a so-called International Steam Table calorie (IT 
calorie) by the relation 


J = 


1 International watt-hour 


860 


IT calorie 


(exactly) 


_ 3600 International joules 


860 


IT calorie 


(e.xactly) 


( io/-nr joules 

4.1»(h) 5 (to six significajit figures) 


'I'he corresponding value of ./ in engineering units is 


./ = 778.28 


ftlb 


IT Btu 


In the future, the terms “calorie” and “Btu" will he understood to 
mean the units defined above. 

A more rational procedure, if the value of .7 is to be assigned arbitrarily 

IS to let ./ ecpial unity, that is, to express both work and heat in the same 

units Ihen ./ need not appear explicitly in Ec,. (3-9), which takes the 
simpler torm 


Ih - /i’l = Q - IF. w 


(3-11) 


From now on, we shall consider that this has been done and shall 

«iite all our equations on the assumption that./ = 1. Note that Eq (3-11) 

IS correct whatever units are used for E, IF, and Q, as long as they'are the 

same foi all three. I hus all can be expressed in foot pounds, all in Btu etc 
Foi an infinitesimal process, Eq. (3-11) becomes 

flE = d'Q - d'W. 



rs'/ r ““eit 

tween° the valueVrsomTpio'^enr'^^^^ 

states. In the equation "* ""d initial 

Q=J^' d'Q, 
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That is, we cannot write 



d'Q ^Q2~ (h- 


The (juantity d'Q, like d'W, is an inexact differential and Q is a path 
function, not a property of a system. It is therefore meaningless to speak 
of “the heat in a system" or “the heat of a system." 

Suppose we were to select some reference state such as absolute zero 
and say that at this temperature the heat in a system is zero. Then at 
some other temperature the heat in the system would be the heat which 
flowed into it when it was brought from absolute zero to this temperature. 
But the heat flowing into the system is different for different processes, 
so no one value could be assigned to the heat in the system. 

In thermodynamics, the term heat is always associated with a process, 
not with the state of a system, and it means the ciuantity of energy flow¬ 
ing across the boundary of a system in the process, as a result of tempera¬ 
ture diff^’ences between the system and its surroundings. 



;-8 Internal energy. In Kq. (3-11), the symbol E denotes the total 
energy of a system. However, E includes among other things the kinetic 
energy of the system, as well as the potential energy associated with ex¬ 
ternal conservative forces such as the force of gravity and which we shall 
call the external potential energy. The energy E can also include other 
forms of potential energy, such as elastic potential energy, which depend 
on the internal state of the system and which we shall call the internal 
potential energy. 

Consider, for example, a system consisting of a coil spring of mass m 
and force constant k\ Suppose the spring is moving with a velocity v at 
a height y above some reference level, and that it has been stretched an 
amount x above its no-load length. Its kinetic energy is its gravi¬ 

tational (external) potential energy is mgy, and its elastic (internal) po¬ 
tential energy is \kx'^. 

It is useful to consider a change in the total energy E of a system as made 
up of three parts. The first is the change in kinetic energy {KE 2 — KEi). 
The second is the change in external potential energy only (PE 2 — PEi). 
All other energy changes are lumped together in the third term, which is 
called the change in the internal energy of tlie system. Internal energy is 
represented by the symbol U, and its change in any process is f '2 — f i- 
We therefore write 

{E 2 - El) = (KE 2 - KEi) -f- (PE 2 - PEi) -h {U 2 - Cl). (3-12) 

The kinetic energy and the external potential energy of a system de¬ 
pend on its mechanical coordinates, such as the position and velocity of its 
center of gravity. The internal energy is that part of the total energy 
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which depends only on the internal state of a system, that is, on its thermo¬ 
dynamic coordinates. Combining Eqs. (3-11) and (3-12), and rearrang¬ 
ing terms, we get 

U 2 - = Q - W - iKE2 - KEi) - (PE 2 - P/i’i). (3-13) 

Since the difference Q — W depends only on the end points of a process, 
as do the kinetic and potential energies, the change in internal energy de¬ 
pends only on the end points also. Any quantity for which this is true is 
called a properly of a system. That is, if the change in the value of a quantity 
between two equilibrium states of a system is the same for all paths, the quantity 

is called a property of the system. Thus internal energy is a property of a 
system. 

We now consider some special cases. For a completely isolated sys¬ 
tem, Q = IF = 0 and 


I 


f’l = -{KE 2 - KE,) - (PE 2 - PE^). 


(3-14) 


h 01 example, suppose that a flywheel is set rotating inside an enclosure 
with rigid nonheat-conducting walls, and is brought to rest by friction in 
its bearings. Let the wheel and its bearings constitute the system. There 
is no change in e.xternal potential energy. The final kinetic energy KE 2 
IS zero, so the internal energy of the system increases by an amount equal 
to Its original kinetic energy. Note that although the temperature of the 
system increases, no heat flows into the system. 

For a system which is not isolated but whose kinetic energy and ex¬ 
ternal potential energy are constant. 


U 2 - Ih = Q - IF. 


(3-15) 


For example, suppose that a flywheel is forced to rotate with constant 
angular velocity by the application of an external torque, and that the 
ternperature of wheel and bearings is kept constant by a stream of cooling 
water which removes the heat developed. There is no change in the ki¬ 
netic energy or the external potential energy, nor is there any change in 
inteinal energy, since the thermodynamic properties of the system remain 

constant. Hence the work -IF done on the system equals the heat -O 
flowing out of the system. ‘ ^ 

thisMlegoiw "" The°^ problems encountered in thermodynamics fall into 
IS (ategoiy. 1 he chemist, for example, usually works with systems 

which remain at rest at the same elevation. On the other hand in the 
Nv ide g, oup of problems involving the flow of fluids, there are often changes 

Fof an''isora?er^"'’t"”"'®^L 

energy “ P°*-tial 


t'2 - U, = 0, 


and the internal energy of such a system is constant 


(3-16) 
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For two states which differ only infinitesimally, Eqs. (3-13) to (3-16) 
l)ecome 

du = d'Q - d'W - d{KE) - d{PE), 
dU = -d{KE) - d{PE), 
dr = d'Q - d'W, 
dU = 0 . 

w 3—9 Heat capacity. Ihe heal capacity of a system, C, in any process in 
which the temperature of the system changes by dT, is defined as the ratio 
of the tjuantity of heat d'Q flowing into the system to the change in tem¬ 
perature. It suffices to consider only systems whose kinetic energy and 
external potential energy remain constant. Then 

dE = dr, d'Q = dr + d'W, 

and 


d'Q dr + d'W 
dT ~ dT 


(3-17) 


If d'Q is in Btu, (’ is in Btu/°R. If d'Q is expres.sed in ft lh, C is in 
ftlb/°R. 


However, a process is not completely specified by the temperature 
change in the process. Figure 3-9 (a) shows two isotherms of a system at 
temperatures T and T + dT, projected on the p-V plane, and a number 


of different processes in all of which the temperature of the system changes 
from T" to 7’ -f- dT. The work d'W done by the system, represented by 
the areas under the respective paths, is evidently different for each proc¬ 
ess. Although we have not as yet discussed in detail the dependence of 



Fig. 3-9. (a) The temperature increases from T io T dT in all four 

processes, (b) Three different isobaric processes in which the temi)erature 
increases by dT. 
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the internal energy of a system on its pressure and temperature, it is a 
fact that the change in internal energy, dV, except in special cases, is also 
different in each process and that the quantity of heat d'Q flowing into 
the system is different also. Since dT is the same in all processes, it fol¬ 
lows that the heat capacity is, in general, different in each process. 

The heat capacity of a system cannot be computed from the equation 
of state of the substance (or substances) composing the system. It must 
be measured experimentally, or computed from a molecular theory of 
matter. Most experimental measurements of heat capacity are made with 
a system subjected to a constant external pressure. This may be atmos¬ 
pheric pressure, or the experiments may be carried out in an enclosure 
where the pressure is greater or less than atmospheric. The corresponding 

value of the heat capacity is called the heat capacity at constant pressure 
and is represented by Cp. 

Except in special cases, the value of Cp, for a given system, is itself a 
function of both p and T. Figure 3-9 (b) shows three different processes, 
each at constant pressure, in which a system undergoes the same tempera¬ 
ture increase dl. In processes 1-2 and 3-4 the initial temperature is the 
same but the pressures are different. In processes 1-2 and 5-6 the pressure 
is the same but the initial temperatures are different. Except in special 
cases, the sum of the work done and the change in internal energy is different 
in all three processes and hence the heat flowing into the system, and its 

heat capacity, are different also, even though all three processes are at 
constant pressure. 

If the volume of a system remains constant during a process in which 
the temperature changes, the corresponding heat capacity is called the 
heat capacity at constant volume and is represented by C„. The work done 
in a constant volume process is zero (if electrical and other forms of work 
are excluded) so from Eq. (3-17) the heat flowing into the system equals 
the change in its internal energy. As for Cp, the value of (except in 
special cases) is a function of both temperature and pressure. Also, at a 
given temperature and pressure, the values of Cp and C„ for a given sys¬ 
tem are different from each other, again with a few exceptions. 

For a system composed of a pure substance, we define the specific heat 
capacity of the substance, at constant pressure or at constant volume, as 
the ratio of the corresponding heat capacity to the mass of the system. 

— , Cy = - • 

m m 


Btu/°R, then Cp and c„ are in Btu/lbm-°R 

its ^ substance in a process in which 

Its temperature changes by dT is 


d'q = c dT, 

where c is the specific heat capacity for the 


process. The total heat per 
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unit mass in a finite temperature change is 

rn 

7 = / c dT, 

JTi 

and for a mass m, 

r T 

Q = m \dT. 

JT\ 

Of course, c must be known as a function of T in order to carry out the 
integration. Thus although the heat flowing into a system is defined by 
Eq. (3-8), it can be compided for any given process once the heat capacity 
for that process has been determined experimentally. 

It is also useful to define the molal specific heat capacity of a pure sub¬ 
stance as the ratio of the heat capacity of a system composed of that 
substance to the number of moles. 


While it is possible to define a heat capacity for any process whatever, 
we shall see later that if either Cp or c^ is known, the heat capacity in any 
specified process whatever can he computed provided we know in addi¬ 
tion the equation of state, or the compressibility, the coefficient of expan¬ 
sion, and the density. 

Figure 3-10 shows the variation with temperature of the specific heat 
capacities of copper, at a constant pressure of 1 atm. At low tempera¬ 
tures they are nearly equal to each other and near absolute zero both 
decrease to zero. This behavior is characteristic of most solid substances, 
although the temperature at which the sharp drop occurs varies widely 
from one substance to another. 

At high temperatures, c* continues to increase while c* becomes nearly 
constant and equal to about 0 Btu/lbm-mole °R. It is found that the 
same value of c* is approached by many solids at high temperatures and 
it is called the Dulong and Petit value, after the two men who first observed 
this fact. This is a very remarkable result. One pound-mole of lead has 
a mass of 207 Ibm, while the mass of one pound-mole of aluminum is only 
27 Ibm. Nevertheless, the same quantity of heat, about 6 Btu, is re- 
((uired to raise the temperature of 27 Ibm of aluminum through one degree 
as is required to raise the temperature of 207 Ibm of lead by the same 
amount. We know, however, that these quantities of aluminum and of 
lead contain equal numbers of atoms. Apparently, then, the quantity of 
heat required to raise the temperature of a solid depends only on how many 
atoms it contains and not on the mass of the individual atom. 

It will be recalled that the univ^ersal gas constant 9? equals 1545 ft- 
lb/lbm-mole'°R, or very nearly 2 Btu/lbm-mole-°R. Although there 
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Temperature (°H) 


Fig. 3-10. Giaplus of Cp and c,. for copper, as functions of temjjerature, at a 
constant pressure of 1 atm. (Scale of Cp and c,. at left; scale of c* and c? at right.) 


.seems little connection between the specific heat capacity of a solid and 
the properties of gases at low pressures, the molecular theory of heat 
capacity does in fact predict that the value of c* for a solid at high tem¬ 
perature approaches or f) Btu/lbm-mole °R, the Dulong and Petit 
value. I hus the gas constant 91 has a wider significance than might be 
expected from the way in which its value is determined. Molecular theory 
also predicts the observed variation of specific heat capacity with temper¬ 
ature, but the theory is based on the methods of quantum statistics and 
lies outside the scope of thermodynamics. 

Figure 3-11 shows the variation with pressure of the specific heat 
capacities of mercury at a constant temperature of 32°F. It will be seen 
that very large changes in pressure have only a small effect on the heat 


I he specific heat capacities of gases display some interesting features 

and Jo ’ gases such as helium, argon 

and mercury vapor, the molal values of c? are all very nearly equS to 

Suture For f are practically independent of tem- 

^ i permanent diatomic gases, such as Ha, O, N, NO 

mole R. The value of c, increases with increasing temperature For 

polyatomic gases such as XH-t CUa and PO tho , i t * ' 

.n 114 , ana the values of c* are greater 
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Tig. 3 11 . Graphs of Cp and c,. for inercurv, as functions of pressui'C, at a 

constant temperature of 32^F. (Scale of and c,. at left; scale of cf and c* 
at rij^ht.) 


than and vary with temperature in a way that is different for differ- 
ent gases. 

Second, the difTerence between c* and c*, for all gases, is very nearly 
eciual to 91 over wide ranges of temperature and pressure. Hence for 
monatomic ga.ses c* is nearly eriual to ^91, at all temperatures, and for di¬ 
atomic gases c* is nearly equal to ^91, increasing with increasing temper- 
aturo. 

1 bird, both c* and c*, for all gases, are very nearly independent of 
pressure or specific volume. 

I he molecular theory of gases is very completely developed and leads 
to re.sults in excellent agreement with experiment. According to this the¬ 
ory, the temperature of ani/ gas is proportional to the random trandntional 
kinetic enereju of its molecules. There are the same number oe molecules 
in one mole of any gas. Therefore a given rise in temperature of one mole 
o any gas corresponds to the same increase in random molecular kinetic 
energy. I he molecules of a monatomic gas can be considered as point 
nasses, and their kinetic energy is purely translational. The molecules of 

a e^^ iTr’ dumbbell type or may 

luu e a tedragonal or pyramidal form, and such molecules can have kinetic 

a 'ld both kinetic 

r; inLl '^V^'•’“ Hito a polyatomic gas, all of these forms"f en;: ; 

reirrlnim is le kinetic energy, and hence!: 

peraturt, is less for a polyatomic gas than it is for a monatomic eas 

tion sp'eZr of*: r ^bsorp- 

clctumined rery accurately and, in fact, it is po.ssible to compute the 
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Lig. 3 12 . Teniperuture \'ai‘iution of Cp for watci' \'apor, h\'flrogen, and 
helium, at atmospheric pressure. 


specific heat capacity of 
experimentally. 


a gas more precisely than it can he measured 


Table 3-1 lists the specific heat capacities of some common gases, per 
mole and per unit mass, at ordinary temperatures. 

The theoretical expressions for the variation of specific heat capacity 
with temperature are quite complicated and over temperature ranges 
which are not too great an empirical ecpiation of the form 


c* = a + 6T + cT'^ (3-18) 

is often used. The quantities a, />, and c are different for different gases 
and are selected to give the best fit with experimental data. Some rep¬ 
resentative values are given in Table 3-2, and graphs of c* vs. T for a few 
gases are shown in Fig. 3-12. 


Table 3-2 


TEMPERATURE VARIATION OF C* OF SOME COMMON 

GASES. (500°R TO 2700°R.) 
cj = a -h -f cT~ 


Gas 

1 

1 

1 

a 

(Btu/'lbm-mole’°R) 

b 

(Btu lbm-mole*°R^) 

c 

(Btu/lbm-mole-°R^; 

He, A, Ne 

4.96 

0 

0 

H2 

6.50 

0.50 X 10-^ 

0 

O 2 , N 2 , NO, CO 

6.50 

0.55 

0 

H 2 O 

8.81 

-1.05 

0.69 X 10'« 

CO 2 

7.00 

3.9 

0.58 

NH3 

8.04 

0.39 

1.6 

CH4 

7.50 

2.8 

0 
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Internal energy of gases. In principle, the change in internal 
energy of a system between two equilibrium states can be determined by 
measuring the heat flowing into the system and the work done by the sys¬ 
tem in a process in which there is no change in kinetic and potential en- 

ergy of the system as a whole. 1 he internal energy change can then be 
found from the first law, 

('2 ~~ r, = Q ~ W. 

W e shall show in Chapter 4 how the change in internal energy can be 
computed if the heat capacity of the system and its coefficient of expansion 
and compressibility are known as functions of the thermodynamic coordi¬ 
nates of the system. For the special case of a gas, there are two direct 
experimental methods of measuring changes in internal energy which we 
shall describe here. The earliest, historically, is a method used first by 

Gay-Lussac and later by Joule, the experiments being performed about 
the middle of the last century. 

The apparatus used is shown in 
principle in Fig. 3-13. Vessel A, con¬ 
taining a sample of the gas to be in¬ 
vestigated, is connected to an evacu¬ 
ated vessel .S by a tube in which there 
is a stopcock, initially closed. The 
vessels are immersed in a tank of 
water of known mass, whose tem¬ 
perature can be measured by a ther¬ 
mometer. Heat losses from the tank 
to its surroundings will be assumed to 

be negligible, or to be allowed for. n • ■ , . , ^ 

Ihe entire system is first allowed Lussac-Joule e.xperiniLt. 
to come to thermal equilibrium and 

the thermometer reading is noted. The stopcock is then opened and gas 
flows from vessel A into vessel B until the pressure is the same in both 
vessels 1 he temperature of the gas remaining in A drops below the in- 

frolTh f ""i ^ increases. There ensues a flow of heat 

the water into the gas in and a flow of heat from the gas in B into 

the vater In this process there is an additional flow of gas from A into 

. Eventually a new equilibrium state is reached in which the entire sys 

em IS at a unflorm temperature and the pressure is the same in bl S- 

flowing ouTonL t T*"® ^ the heat 

oiMiig out of the water from vessel A, there will be a net flow of heat into 

or out of the water and its temperature will change. Let the initial and 
final equilibrium temperatures be Ti and T 2 . 

Let us take the inner walls of the two vessels and the connectine tube 
.. tb. bound.,, „t . the .hen being the grunTe, i^e'e^,! 
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gation. 'rhc surroundings consist of the vessels themselves, the tube, and 
the tank of water. The external work done in the expansion is zero, since 
the boundary of the system is fixed and there is no motion of the points of 
application of the external forces exerted by the system. (The fact that 
internal work may be done on one part of the gas by another part does 
not come into consideration.) A process of this sort, in which a substance 
expands into an evacuated enclosure and does no external work, is called 
a free expansion. 

The c|uantity of heat Q flowing into the system is ecjual in magnitude 
to the heat flowing out of the surroundings. If T is the total heat capacity 
of the tiurroumlings, 

Q = ra\ - t.2). 


'rhen from th(* fiist law, 


(’■2 - r, = Q ~ ir, 


and since 11' = 0, 


( ■2 - = ra\ - T2), 


where C is the heat capacity of the surroundings. Since (\ T 2 , and Ti 
can be measured, the change in internal energy of the gas can be computed. 

Both (lay-Lussac and Joule found that the temperature change in the 
water bath, if any, was too small to be detected. Similar experiments 
have since been performed with modified apparatus, but the experimental 
techni(jues are difficult and the results are not of great precisioti. All 
experiments show, however, that the temperature change is extremely 
small and we may postulate as an additional property of an ideal gas that 
for such a gas it would be zero. (Actually, we shall show in C^hapter 7 
that it is strictly zero for an ideal gas, so the postulate is really unneces¬ 
sary. At this point, however, we give merely the experimental approach 
to the problem.) But if the temperature change is zero, no heat flows 
into the gas and, since it does no external work, the internal energy of the 
gas is constant, in spite of the fact that its volume has changed. Hence 
the internal energy of an ideal gas, at constant temperature, does not depend 
on its volume. In mathematical language, considering the specific internal 
energy u as a function of v and T, this is equivalent to 


du 

dv 


— 0 (ideal gas). 


The internal energy of an ideal gas is therefore a function only of its 
temperature. 

Figure 3-14 shows two isotherms of an ideal gas at temperatures T 
and T T dT. Since the internal energy is a function of temperature only, 
it is constant at constant temperature. Let u and u + be the internal 
energies at temperatures T and T + dT. To find the internal energy dif- 
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ference du, consider the process 1-2 at p 
constant volume. The heat absorbed 
is 

d'q — Cv dT. 

Since no work is done in the proc¬ 
ess, the heat absorbed equals the 
change in internal energy and hence 

du = c,, dT. (3-19) 

This equals the change in internal 
energy between any two points on the Figure 3-14. 

two curves, such as 3 and 4, since the curves have a constant energy dif¬ 
ference. 

The energy difference between two states at temperatures Tj and T 2 is 

rn 

W2 - Wi = / C,,dl\ (3-20) 

Jt, 

and if can be considered constant, 

^^2 - = c ,( T 2 - 1 \). (3-21) 



PROBLEMS 

.. ful' , initially at a pressure of 

in iw'^ *®™Pe‘ature of 45°F experience an increase of pressure to 

bO Ib/in while the volume remains constant? Is work done on or by the air’ 

3-2. If 20 Ibm of air initially at a pressure of 250 Ib/in’ experience a decrease 

o volume from 60 ft’ to 20 ft’ while the pressure remains constant, how much 
work IS done? Is work done on or by the air? 

3-3. If 6 Ibm of air experience a quasistatic isothermal proce.ss, what is the 
hnal pressure when the initial pressure and volume are 75 Ib/in’ and 10 ft’ 
respectively and 23,000 ft-lb of work are done on the air? 

quasistatically from a pressure of 100 Ib/in’ to 25 Ib/in’ 
Ihe initial volume and temperature are 1.3 ft’ and 80°F respectively dL, ’ 
mine the work done if the expansion follows the path = constai. 

sure of 30oTb/in' ^ ^ I the cyi j ^ ^ 

'“'FH ~ 

..wet r' 

3 7. 2.5 Ibrn of oxygen occupy a v’^oluine of 0 f+s .,f .. i. 

find ,1,. ,v„,t i„ .he vXt. ,1 0 15 W T'lT , 

»ne, (1.) I,,, * ‘ . <«) •* ~™taM 

'Miat IS the temperature at the end 
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of process (a)? (d) What is the pressure at the end of process (b)? (e) Show 

both processes in a p~V diagram. 

3-8. An ideal gas originally at a temperature T\ and pressure p\ expands 
reversibly against a piston to a volume equal to one-half its original volume. 
The temperature of the gas is varied during the expansion so that at each instant 
the relation p = kV is satisfied, where k is a constant, (a) Draw a diagram of 
the process in the p-V plane, (b) Find the work done by the gas, in terms of 
m, R, T\, and p\. 

3-9. An ideal gas at an initial pressure pi and volume Vi is heated at con¬ 
stant volume until the pressure is doubled, allowed to expand isothermally until 
the pressure drops to its original value, and then compressed at constant pres¬ 
sure until the volume returns to its initial value, (a) Sketch the process in the 
p-V plane and in the p-T plane, (b) Compute the net work done in the process, 
if n = 2 Ibm-moles, pi = 2 atm, T'l = 4 ft^. 

3-10. Compute the work flone by the expanding air in the left side of the 
U-tube in problem 2-13. Assume the process to be quasistatic. 

3-11. Compute the work done by the expanding gas in the left side of the 
U-tube in problem 2-14. The process is quasistatic. Explain why the work 
is not merely that required to raise the center of gravity of the mercury. 

3-12. (a) Derive the general expression for the work done per mole by a 
van der Waals gas in expanding quasistatically and at a constant temperature 
T from a specific volume vi to a specific volume ro. (1)) Using the constants in 
Table 2-4, find the work done when 2 moles of steam expand from a volume of 
30 ft^ to a volume of 60 ft”^ at a temperature of 215°F. (c) Find the work done 

l)y an ideal gas in the same expansion. 

3-13. (a) Compute the work done in compressing 1 ft^ of mercury at a 
constant temperature of 32°F from a pressure of 1 atm to a pressure of 4000 atm, 
assuming that k is constant and equal to its value at atmospheric pressure. (See 
Fig. 2-5.) (b) Justify the assumption that the volume may be considered 

constant by computing the fractional change in volume. 

3-14. A cylinder provided with a piston contains 1 ft^ of a fluid at a pres¬ 
sure of 1 atm and a temperature of 540°R. The pressure is increased quasi¬ 
statically to 100 atm and the temperature is kept constant. Find the work done 
on the system (a) if the fluid is an ideal gas, (I)) if it is a liciuid of compressi¬ 
bility 3.5 X 10“® (Ib/in^)-', about equal to that of water. (c) P'ind the change 
in volume of each fluid. 

3-15. An inventor claims to have de¬ 
veloped an engine which takes in 100,000 
Btu from its fuel supply, rejects 25.000 
litu in the exhaust, and delivers 25 kwli 
of mechanical work. Do you advise 
investing money to put this engine on 
the market? 

3-16. When a system is taken from 

state a to state b, in Fig. 3-15, along the 

path acb, 80 Btu of heat flow into the 

system, and the system does 30 Btu of 
% 
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work, (a) How much heat flows into the system along path adb, if the work 
done is 10 Btu? (b) The system is returned from state b to state a along the 
curved path. The work done on the system is 20 Btu. Does the system absorb 
or liberate heat and how much? (c) If l\ = 0. Ud = 40 Btu, find the heat 
absorbed in the processes ad and db. 

3-17. (a) How much heat is added to the air in pioblem 3-1? (b) What 

is the change in its internal energy? 

3-18. (a) How much heat is removed from the air in problem 3-2? 
(b) What is the change in its internal energy? 

3-19. A tank contains 80 ft^ of air at a pressure of 350 lb;in-, (a) If the 
air is cooled until its pressure and temperature decrease to 200 lb in- and 70°F 
respectively, what is the decrease of internal energy? 

3-20. A mixture of hydrogen and oxygen is enclosed in a rigid insulating 
container and exploded by a spark. The temperature and pressure both increase. 
Neglecting the small amount of energy provided by the spark itself, (a) has 
there been a flow of heat into the system? (b) Has any work been done by 
the system? (c) Has there been any change in internal energy T of the system? 
(d) Has there been any change in the total energy E? 

3-21. The water in a rigid, insulating cylindrical tank is set in rotation 
and left to itself. It is eventually brought to rest by viscous forces. The tank 
and water constitute the system, (a) Is any work done during the process in 
which the water is brought to rest? (b) Is there a flow of heat? (c) Is there 
any change in the internal energy U? (d) Is there any change in the total 
energy E? 

3-22. 20 Ibm of air are initially at a pressure of 200 Ib/in^ and a tempera¬ 
ture of 500°R (point a, Fig. 3-16). The pressure at point c is 100 Ib/in^ and 
the temperature is 500°R. Find the work done by the air, the heat flowing into 
the air, and its change in internal energy (a) in the process abc, (b) in the process 
adc, (c) in the isothermal process ac. Assume that air is an ideal gas. 

3-23. An ideal gas for which c* = 591/2 is taken from point a to point b in 

Fig. 3-17 along the three paths acb, adb, and ab. Let = 2pi, C 2 = 2i’i. 

1 
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(a) Compute the heat supplied to the gas, per mole, in each of the three processes. 
Kxpress the answer in terms of and T\. (b) Compute the iMolal specific heat 
capacity of the gas, in terms of for the process ab. 

3-24. Show that for a system consisting of two phases in equilibrium, the 
specific heat capacity at constant pressure, the coefficient of volume expansion, 
and the isothermal compressibility are all infinite. 

3-25. The true rnolal specific heat capacity c* of most substances (except 

at very low temperatures) can be satisfactorily expressed by the empirical 
formula 

c* = a 2bT - cT-% 

where o, b, and c are constants and T is tlie Kelvin temperature, (a) In terms 
of 0 , b, and c, find the heat recpiired to raise the temperature of n moles of the 
substance at constant pressure from Ti to To. (b) Find the mean specific heat 
capacity between Ti and To. (c) For magnesium, the numerical values of the 
constants are a = 25.7 X \0\ b = 3.13, c = 3.27 X 10® when c* is in joules/ 
kgm-mole‘°K. Find the true specific heat capacity of magnesium at 300°K, 
and the mean specific heat capacity between 300°K and 500°K. (d) Find the 

true specific heat capacity of rnagne.sium at 600°F in Btu Ibrn-^R, using the 
data of part (c). 

3-26. The specific heat capacity c* of solids at low temperatures is given by 
the equation 



a relation know n as Debye’s law. The quantity A: is a constant ecpial to 19.4 X 10^ 
joules/kgm-mole-°K and 6 is the “characteristic temperature,” equal to 281°K 
for NaCl. 

What is the true rnolal specific heat capacity at constant volume of NaCl 
(a) at 10°K, (b) at 50°K? (c) How much heat is required to raise the temper¬ 

ature of 2 moles of rock salt from 10°K to 50°K, at constant volume? (d) What 
is the mean specific heat capacity at constant volume over this temperature 
range? (e) Solve parts (a) through (d) when the specific heat capacity is to 
be expressed in units of Btu/lbm-°R. 

3-27. The Handbook of Chemistry and Physics lists the following values of 
the specific heat capacity of aluminum at constant pressure: 


tcc) 

-240.6 

-233 

-190 

-190 to -82 
-76 to -1 
17 to 100 
15 to 435 
500 


rp(c^/_gm-°C) 

0.0092 

0.0165 

0.0889 

0.1466 

0.1962 

0.217 

0.236 

0.274 
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(a) From these values, construct a graph of Cp as a function of temperature, and 
estimate the number of calories required to raise the temperature of 1 gm of 
aluminum at constant pressure from 0°K to 800°K. 

3-28. Electrical energy is supplied to a thermally insulated resistor at the 
constant rate of P watts, and the temperature T of the resistor is measured as 
a function of time r. (a) Derive an expression for the true heat capacity of the 
resistor in terms of the slope of the temperature-time graph, (b) By means of 
a heating coil, heat is supplied at a constant rate of 31.2 watts to a block of 
cadmium of mass 500 gm. The temperature is recorded at certain intervals as 
follows: 

r (sec) 0 15 45 105 165 225 285 345 405 465 525 

T(°K) 34 45 57 80 100 118 137 155 172 191 208 

Construct a graph of T vs. t, and measure the slopes at a sufficient number of 

points to plot a graph of the true molal specific heat capacity of cadmium, at 

constant pressure, as a function of temperature. The atomic weight of cadmium 
is 112. 
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SOME CONSEQUENCES OF THE FIRST LAW 

energy equation. The .specific internal energy u of a pure 
substance, in a state of thermodynamic equilibrium, is a function only 
of its thermodynamic properties. We shall restrict the discussion to 
substances whose state is defined by the properties p, v, and T. Since 
these are related through the equation of state, any two of them suffice to 
determine the state. 

The equation which expresses the internal energy of a pure substance 
as a function of any pair of its thermodynamic properties is called the 
energy equation of the substance. The equation of state and the energy 
equation together completely determine all of the thermodynamic proper¬ 
ties of the substance. 

As with the equation of state, it may not be possible to write the 
energy equation explicitly for a real substance; the important thing is 
that such an equation exists, and that u is a property and du an exact 
differential. Also, although the analytic expression for u may not be 
known, it is possible to write expressions for the rate of change of u with 
respect to some one of a pair of properties, the other being held constant. 
In other words, expressions for the partial derivatives of w, in terms of 
known properties of a substance, can be found and it is often sufficient 
to know the values of these derivatives. Since u can be considered a 
function of any pair of the three variables p, c, and there are evidently 

p«.., 

4-2 T and v independent. The first law states that for any infini¬ 
tesimal process, 



dll + d'w. 


(4-1) 


We first consider w as a function of T and v. Then in any process in 
which a system goes from one equilibrium state to another in which the 
temperature and specific volume change by dT and dv respectively, the 
change in internal energy can be written as 



For a system whose state is completely determined by p, c, and 1\ 
the work d'w done in a quasistatic process is 

d'w = p dv. 

86 
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Inserting these expressions for du and d'w in Kq. (4-1), we get 


d'q = 



<rr-\- 


V 





(h 


(4-2) 


This equation applies to any pure substance and to any (|Uasistatic 
process. We now examine the special form it takes in certain specific 
processes, (’onsider first a jirocess at constant xolurne. fn such a proce.ss, 

dv = 0 

and by definition of tlie specific heat capacity- al constant volume, 

d'q = c,. dT,.. 

where the subscript v indicates that the corre.spondinfi; temperature change 
is at constant volume. Iviuation (4 2) therefore becomes 


c, d'r, = 



dT,.. 


r 


and h('n('( 



= ('r. 


(4-3) 


Now both (dii/dT), and <■,. are propeities of the substance Since 
they have been shown to be e.,ual in an infinitesimal .|Uasistatic proce.ss, 
they must be eciual m all cases, reKardh'ss of the type of proce.ss a system 
undergoes. Hence (du/OT),. may be rf>plaeed by c„ in any equation in 
w iich It occurs, even though the e(|uation refers to a proce.ss in which 
t le volume is not constant, or to a proce.ss which is not (|Uasistatic Note 
however, that both c,. and (du/dT),. are functions of the .state of the 
system, and although they are always e(,ual to each other, in general 
they will change in value with changes in temperature or pressure. 

IU|uation (4 2) can now be written for any (,uasi,static process as 


d'q = c,, dT + 1^ 


P + 



r\ 


di 


(4-4) 


( onsider next a proce.ss at constant pre.s.sitre. 'Fhen 


and I'^q. (4 4) becomes 


'I'q = (■„ dT 


<TT,. = r„ dT„ + 


P + 



7’J 


dv„. 


Divi.ling through by dT„ an,l rearranging terms, w 


WO g(*t 


r 


da 


dv 
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Th(‘ ratio of differentials, (Iv^/dTp, is equal to {dv/dT)p. 
that tliis is so, we make use of the fact that is a funetion of 
and hen(‘(' 


To show 
p and 7’ 



This 

\-alues. 


relation applies to any process in which dT and dp have arbitrary 
If the pressure is constant, then dp = 0 and 



where the subscript p on tlu^ symbols dr and dT indicates that tlie re¬ 
spect i\'(' chanties in r and 7’ are at constant pressure. Idierefore 




1 


which was to be shown. WC shall 
of similar relations betw(‘(‘n othei’ 
can now be written 


have fr(‘(juent occasion to mak(‘ us(' 
pairs of \ariabi('s. iMpiation (4 5) 



(4 -(>} 


For a pi‘oc(‘ss at constant 


tcmp(‘rature. dl' — 0 and Im|. 


comes 


(12) bc- 



/ ^//\ 

= p di'r -f { — I d/'r- (4-7) 

\(9c/ 7 ’ 


ddhs e(piation merely states that the heat supplied to a .system in an 
isothermal (piasistatic process etjuals the sum of the work doiu* l>y the 
system and the increase in its internal enerj^y. Note that it serves no 
useful purpose to define a specific heat ('apacity at constant temperature, 
ct, by the equation = Ct dT, because d'q is not zero while dT = 0. 

Hence cy = ^ (since d'qr ran b(* positi\e or negati\'e). In other 

words, a system behaves in an isothermal process as if it had an infinite 
heat capacity, since any amount of heat can flow into or out of it w ithout 
producing a change in temperature. 

Finally, we consider a (juasistatic ofliahatic process, that is, one in 
which the system is thermally insulated and d'q = 0. The changes in the 
properties of the system in such a process will be designated by the sub¬ 
script s, the reason being that the entropy .s (.see Section (i 3) remains 
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constant in such a process. Equation (4—2) becomes 


^1’ — V 


du 

dv 


TJ 


dvs, 


(4-8) 


giving the relations between the changes in temperature and \'olume in 

a quasistatic adiabatic pro(*ess. Di\’iding through by dvg, and replacing 
dug/dTs by {dv/d7')g, we get 




P + 


du 

dv 


TJ 


(4-9.) 


The coefficient of volume expansion. (3, is defined as 


d = -(^' 

V Vdr 


/> 


Ihe rosult.s (k'lived al)Ove can therefore he put in the following form 


du 

du 
dv / 7 


= 


('p ~ Cr 




d'(jr = 


d7 

di 


('p ~ Cr 

dv 


(’p - ('r 


dvCr 



(4-10) 

r 

' - Pi 

(4-11) 

• dvr, 

(4-12) 

^ ft 

(4-13) 


he expeimients of Cay-Iaissae and Joule, described in Section 3-tO 
■show that idu/dv)r is certainly very small for a real gas and on the basis 
of these experiments we may set it eip.al to zero for an ideal gas (We 
shall show m Section 7-1 that this is a necessary consequence of tL 

defhdbor'«,nation of state of an ideal gas, and the thermodynamic 
definition of temperature.) Also, for an ideal gas, 

P=\'T, K=\/p. 

Hence for an ideal gas Iv,. (-f-i i, .oduces to 


0 = 


Vp c,. 








^ pv 

Cp - c,. = ^ 


(4 14) 


W'hen both 
weight, we get 


«idos of this equation are multiplied by the molecular 
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The \'alues of c* in Table 3-1 are computed from the measured values 
of c* and from experimental values of the ratio c*/c*, which, as we show 
in Chapter 8, can be found from measurements of the velocity of sound 
in the gas. The difference c* — c*, for the real gases listed, agrees closely 
with that found above for an ideal gas. 


4-3 T and p independent. Let us next consider T and p as independent 
\ ariables and write 

(hh 


dJ 


p 


\dp/ 


, dv\ ( dv 


Vhv first law then becomes 


r/V/ == 


dii 


+ P 


p 


dv 

Vr 


/j-j 


(IT + 


dll 

LVdp/r 


-b P 


dv 

Sp/rA 


(Ip. (4 K)) 


In a process at constant pressure, 

(ip = 0, f/V/ = Cj, (IT,„ 


and 


^■/> == 


dll 


+ P 


p 


dv 


p-i 


(4-17) 


Note that while r,. is e(iual to (dii/d'J'),., it is not true that ecpials 
{du/dT)p. 

The general expression for c,, in Ivj. (4 17) can lx* inserted in Iv|. (4-lG) 
to gi\’e 

+ [Or + " (f[/r J 

which is the analogue of K(i. (4-4). 

In a constant \'olumc process, (I'q = c, f/7',. and 


f,, ,n\. = c, <IT,. + 


(Ip, 


(4-18) 



or 


c,. = Cp + 


du\ (dv 

dp/T ^ ^ VP 


Drl G-r), ■ 


a relation analogous to E(|. (4-5) and which expresses (du/dp)T in terms of 
Cp, Cv, and state variables. 

If the temperature is constant. 


, .r/ du\ / dv 


dp/Tj 


dpT, 


(4-19) 
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which, like Eq. (4-6), states (in terms of different variables) that tlie heat 

supplied equals the sum of the increase in internal energy and the work 
done. 

In an adiabatic process, 


Cn dr* = — 


c 


dT 

dp 


du 

LKdp/r 

du 


+ P 


$ 


-\dp/T 


+ P 


dv 

dph^ 

dv 


dps. 


(4-20) 


dp/rJ 


(4-21) 


Again using the definitions of (3 and k, we obtain 


du 

dT 


= Cp - P0V, 


(4-22) 


du\ K 

ip)r ■ 

d'</T = - (c,. — Cp) dpT, 


(4-23) 


(4-24) 


dp 


= 1 ~~ 

« 0 Cry 


(4-25) 


The special form which these ecpiations take for an ideal gas is readily 
obtained from the relations 


Cp - Cp = /(*, 0 = i/r, 


K 


1/p. 


4-4 More relations between partial derivatives. The specific internal 

energy of a system, u, is one of a number of quantities of importance in 

thermodynamics which are functions of the state of a system. If the 

system can be completely specified by the three variables p, v and T then 

M IS a function of these variables. But the equation of state imposes a 

eitain relation between the variables, so that the state can be specified 

by values of any two of them. Hence the internal energy can be expressed 

as a function of any two of the properties p, v, and T, and in generaHt is a 
di fferent function of each pair of properties 

As an example, let the equation of state be that of an ideal gas, pr = RT 
and consider an arbitrary property X given by ^ , 

X = ar + bv, 

» i.ere . ,.„d d a,e ^ 

X = aT + bu = ar+~^^ 


P 


R 


-|- bv. 
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The first of these expressions is an explicit function of T and v, the sec¬ 
ond is a function of T and p, and the third is a function of p and v. The 
forms of the functions are all different, although, of course, each has the 
same value for any given set of values of p, v, and T. 

In mathematics, the three functions would ordinarily be distinguished 
by different symbols and we would write, say, 

-iVj = -f- 



aT + 


bRT 

♦ 

P 


apv 

A.3 = ^ (4-2G) 

In thermodynamics, it is customary to use the same symbol for each 

function, regardless of the variables in terms of which it is expressed, and 
we write 


.V = gT -f- bv, 


X = aT + 


bRT 

P 


,, avv 

+ bv. (4-27) 

In mathematics, the six partial derivatives of the three functions are 
written 

dX\ dXi 0 X 2 ^^2 

dT dv dT dp dp dv 

To carry out these dilTerentiations, say to obtain dXi/dl\ we look at 
the definition of Xi, observe that it is a function of T and realize that 
V is to be kept constant, and obtain 


ax, 

dT 



{aT + bv) 



The derivative dX 2 /dT, on the other hand, is 



There is no ambiguity as to the different meanings of dX\/dT and 
dX 2 /dT, since X, and X 2 are explicitly defined in equations (4-26) as 
different functions of different pairs of variables. On the other hand, to 
write merely dX/dT does not indicate which of the partial derivatives 
above is meant, since the same symbol X is used for the function expressed 
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in terms of any pair of variables. It is here that the thermodynamic 
notation, 


serves its most useful purpose, since it is evident that the first implies 
that X is to be expressed as a function of T and v, and the second that X 
is expressed as a function of T and p. The mathematical notation, 
^ 1 , X 2 , etc., does not give this information directly unless some convention 
is adopted for the order in which pairs of variables are to be selected. 
1 hus {dX/dT)y indicates both that (a) X is to be expressed as a function 
of T and v (in other words, Z = ZJ and (b) that we are to differentiate 
keeping c constant. On the other hand, {dX/dT)„ means that (a) Z is to 
be expressed as a function of T and p (that is, Z = Z 2 ) and (b) that we 
are to differentiate, keeping p constant. Of course, 

/dX\ dXi 

[dTj, “ ~ dr ’ 



In thermodynamics, the six partial derivatives of Z are written 



W e now derive some useful relations between these partial derivatives 
and the partial derivatives of the state variables with respect to one 
anothei. If we consider Z expressed as a function of T and c,-then 



Hut since T is a function of p and v 



Substituting this expression for dT 


in the preceding equation 



gives 


the,?'* ^ as a function of p and 
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1 he differentials dp and dv are independent, and the two preceding 

equations can always be satisfied only if the coefficients of d-p and dv are 
etjual. Hence 



Had we started with X as a function of T and p, we would have obtained 

dX\ /dX\ /dT\ /dX\ 


dp 


dT 



+ 



Equations (4-28) and (4-30) are special cases of two alternate ex¬ 
pressions for the partial derivati\'e of any function of the state of the 
system, with respect to any one of the properties with any other property 
constant. To put these in general form let us change the notation and 
let X, y, and 2 represent the properties while w (not to he confused with 
work) represents any function of the state of the system. Then 



(4-31) 



(4-32) 


4-6 p and v independent. Ecpiations similar to those obtained in 
Sections 4-2 and 4-3 can be derived by expressing ii as a function of 
p and y, combining with the first law, and applying the result to the 
special cases of isometric, isobaric, isothermal, and adiabatic processes. 
The same equations can also be derived from those obtained in Sections 
4-2 and 4-3, making use of E(}s. (4-31) and (4-32). For example, suppose 
we wish to obtain {du/dp)^. From Eq. (4-31), 


But 


so 



(4-33) 
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Alternatelj'^, from Eq. (4-32), 






and again we haA-o 



It is left to the reader to show that; 




(4-34) 



I I j 

dp-/- + — dvT, 

(3 dr 



KVC„ 


(4-35) 


(4-3()) 


We have therefore expressed all six of the partial deii\-atives of u 
in terms of the experimentally measurable properties of a substance, 
Cp, c„, d, and k, together with the properties p and v. tVe have also ob¬ 
tained three expressions for the heat flowing into a system in an isothermal 
process, and three forms of the differential etpiation of an adiabatic process. 
All of the equations above apply to any pure substance. The expressions 
for d qr are limited to quasistatic processes. The expressions for the 
partial derivatives, however, do not have this restriction, since they do 
not refer to a process at all. That is, if we think of u as a function of 
p and V, this function defines an energy surface in a three-dimensional 
rectangular coordinate system and the partial derivatives give the slopes 
of curves lying in this surface along which v and p are respectively constant. 
1 he shape of this surface is determined by the nature of the particular 
substance for which it is constructed, and the partial derivatiA-es geo¬ 
metrically speaking, represent properties of the surface 



'uasistatic adiabatic processes. The relations between pressure 
voimae, and temperature in a quasistatic adiabatic process can be derived 
by integration of the expressions for (dT/dv)„ {dT/dp)„ and (dp/dc)., 
piovided we know the equation of state and the expressions for c„ c B 
and . in terms of p, c, and T. We shall return to this question in Chapter 
7 lifter we have derived from the second law the relation between c, and 
c.. for any real substance. To illustrate the method, let us at this point 
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work out these relations for an ideal gas for which vv = RT c — c = 7? 
(3 - 1/7’and « = 1/p. > ^ 

Jiom Ec|. (4-3()), we ha\'e for any substance in a quasistatic adiabatic 

process, 



Let us represent the ratio Cp/c,. by y. 



Replacing {dp/dv)s by fips/dvs. 
plicity, we have for an ideal gas 


and omitting the subscript s for sim- 


fjv ^ _yp 

dv V 

or 



dp dv 

- V y — 

p V 



In a range in which y can be considered constant, this integrates to 

In p + 7 In V = in C 


pc> = r, 


(4-37) 


where C is a constant of integration. That is, when an ideal gas for which 
7 = constant performs a (luasistatic adiabatic process, the (|uantity 
pv‘^ has the same value at all points of the process. For any two states 
1 and 2, 

Pi/.j = p2P>. 

Since the gas necessarily obeys its equation of state in any quasistatic 
process, the relations between T and p, and between T and p, can be 
found from the equation above by eliminating v or p between it and the 
equation of state. They can also be found by integrating Eqs. (4-25) 
and (4-13). The results are 


1+7 

Tp = constant, 
Tv''~^ = constant. 


(4-38) 

(4-39) 


It was stated in Section 3-9 that the value of Cp for monatomic gases 
is very nearly equal to bR/2 and that for diatomic gases it is nearly equal 
to 7R/2. Since the difference Cp — Cy is equal to R for an ideal gas and 
is very nearly equal to R for all gases, we can write for a monatomic gas 



4-6) 


quasistatic adiabatic processes 


97 




(a) 


iIm 


/. f n’ Adiabatic iJi-ocesses (full lines) on the ideal sas n-r-T surface 

(t)) 1 rojection of miiabatic processes in (a) on the p-v plane. 


7 = — = -^- 

Cp /t* 


5/?/2 _ 5 _ 

(5/f/2) - ~ 3 ~ 


and for a diatomic gas 


lR/2 

7 = - = 1 40 

{lR/2) - R 


lable 3-1 mcludes the experimental values of y for a number of 
common gases. 

Ihe curves representing adiabatic processes are shown on the ideal gas 

alT P™jeftions on the p-v plane in Fig 

-1 1 (b). The adiabatic curves projected onto the p-v plane have at every 

point a somewhat steeper slope than the isotherms. The temperature 

01 an Ideal gas increases in a (,uasistatic adiabatic compression, as will be 

heen from an examination of Fig. 4-1, or from Eqs. (4-39) or (4-38) This 

increase in temperature may be very large and it is utilized in the diesel 

ype of internal combustion engine, where, on the compression stroke air 

prSsrr'l h'” l/15th of its volume at atmospheric 

pressuie. The air temperature at the top of the compression stroke is 

high that fuel oil injected into the heated air burns without the necessity 
of a spark to initiate the combustion process. ^ 

1 he work done in a (juasistatic adiabatic expansion of an ideal gas is 


w= pdv = C \ i-y (p, 

*^^1 Vr , 


(4-40) 
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where C is the constant in Eq. (4-37). But to state that = const = C 

means that 'piv'l = p 2^2 — const = C. Hence when inserting the upper 

limit in Eq. (4-40) we let C = P 2 *^’ 2 j while at the lower limit we let C = p\v\. 
Then 


-(P2t'2 - V\V\). 

1 - 7 


(4-41) 


The work can also be found by realizing that since no heat flows into 
or out of a system in an adiabatic process the work is done wholly at the 
expense of the internal energy of the system. Hence 


W = — 7(2y 


and for an ideal gas for which is constant, 
^ = c,(T, - T2) 


(4-42) 


^4-7 Jhe Carnot cycle. The French engineer Sadi Carnot, in 1824, 
firsflntroduced into the theory of thermodynamics a simple cyclic process 
now known as a Carnot cycle. Although actual heat engines have been 
constructed which carry a system through essentially the same secpience of 
processes as in a Carnot cycle, the chief utility of the cycle is as an aid to 
thermodynamic reasoning. The Carnot cycle consists of the following four 
processes: 

1. A system at a temperature T 2 is placed in contact with a heat reser¬ 
voir at this temperature and allowed to perform a quasistatic isothermal 
process in which it absorbs heat Q 2 from the reservoir and does a (piantity 
of work 1^2 on a work reservoir. 

2. The system is thermally insulated and carried through a (juasistatic 
adiabatic process, in which it does work while its temperature decreases 
to Ti. 



Fig. 4-2. The Carnot cvcle. 

•/ 
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3. The system is placed in contact with a heat reservoir at temperature 
Ti and allowed to perform a quasistatic isothermal process, in which it 
rejects heat Qi to the reservoir and work Wi is done on it by a work 
reservoir. 


4. The system is thermally insulated and carried through a quasistatic 
adiabatic process in which work 11^" is done on it while it returns to its 
original state. 

The magnitudes of processes 1 and 2 are arbitrary. Process 3 must 
terminate at such a point that the original state of the system can be 
restored by a (juasistatic adiabatic process. 

The working substan(*e may be a solid, li(|uid, or gas (ideal or not) and 
it may even undergo a change of phase during the cycle. The diagram of a 
Carnot cycle in the p-V plane is an area bounded by two isothermals and 
two adiabatics. If the working substance is a gas, the cycle has the general 
appearance of Fig. 4-2. 


As a concrete example of a C’arnot cycle, consider the Carnot engine 
illustrated in Fig. 4-3. The working substance is a fluid enclosed in a 


(cylinder provided with a tightly fitting frictionless piston. The cylinder 
walls and the piston are perfect heat insulators and the base is a heat 


(conductor. Two heat reservoirs at temperatures T 2 and Ti are provided, 
together with a heat insulating stand and a work reservoir. Let the cycle be 
started with the fluid at temperature T 2 , corresponding to point a in 
Fig. 4-2. The cylinder is placed on the reservoir at temperature T 2 
and the fluid is allowed to expand slowly. In this process some work is 
delivered to the work reservoir (not shown in the figure) and a quantity 
of heat Q 2 is absorbed from the heat reservoir. The amount of expansion 
m this stage is arbitrary. The cylinder is next placed on the insulating 
stand, so that it is completely thermally insulated. The fluid is allowed 


to expand still further adiabatically until its temperature drops to Ti. 
More work is done by the fluid in this stage but no heat is absorbed. The 
cylinder is then placed on the reservoir at temperature Ti and the fluid is 
slowly compressed. Work must be provided by the work reservoir and 
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heat Qi is delivered to the heat reservoir. This process is carried to such 
a state that if the cylinder is placed on the insulating stand and the fluid 
is compressed adiabatically, the S 3 ^stem returns to its original state. 

It will be seen from the diagram in Fig. 4-2 that the work done by the 
system in the two expansion stages, a to 6 to c, is greater than the work 
done on the system in the two compression stages, c to d to a. Let W 
represent the net work done by the system. 

The system absorbs heat Q 2 from the reservoir at temperature T 2 and 
rejects heat Qi to the reservoir at temperature T^. The net heat absorbed 
by the system is therefore Q 2 — Q[. (If we were to adhere strictly to our 
convention of signs for Q, the net heat absorbed would be written Q 2 + Qi. 
where Qi is a negative (piantity. Instead of doing this, we shall consider 
that Q\ and Q 2 represent the magnitudes of the quantities of heat rejected 
and absorbed.) 


Since the system is carried through a cycle there is no change in its 
interna] energy. We can therefore write from the first law, 


^2 - (h 





(4-43) 


and the net work \V done b^^ the system ecpials the difference between the 
heat absorbed from the high temperature reservoir and the heat rejected to 
the low temperature reser\'oir. These processes are common to all heat 
engines; heat is absorbed from a high temperature source, a part is con¬ 
verted to mechanical work, and the remainder is rejected as heat at a lower 
temperature. 


It is helpful to represent the operation of an^^ heat engine by a sche¬ 
matic flow diagram like that in Fig. 4-4. The width of the *‘pipe line” 
from the high temperature reservoir is proportional to the heat Qz* the 
width of the line to the low temperature reservoir is proportional to Qi, 
and the width of the line leading out from the side of the engine is propor¬ 
tional to the mechanical work output IF. The circle is merely a schematic 
way of indicating the engine. 

The efficiency" of a heat engine, ??, is defined as the ratio of the worJ: 
outpid, ir, to the heat inpal, Qz- Making use of Ecj. (4-43), we can write 


\ 



(4-44) 


The work output is “what you get,” the heat input is “what you pay 
for.” Of course, the heat Qi is in a sense a part of the “output” of the 
engine but ordinarily this is wasted (as in the hot exhaust gases of an 
automobile engine) and has no economic value. If the rejected heat were 
included as a part of its output, the efficiency of every engine would be 

100% 
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(h 



Fig. 4^. Scheiniitic flow Oiaj^iain 
Heat Qi is removed from of a heat engine. 


The definition of efficiency as work 
output divided by heat input applies 
to every type of heat engine and is not 
restricted to a Carnot engine. 

If the Carnot cycle is traversed in 
a counterclockwise rather than a 
clockwise direction, the directions of 
all arrows in Figs. 4-3 and 4-4 are 
reversed, but there is no change in the 
magnitudes of Q 2 , Q\, and I!'. (The 
sequence of operations in Fig. 4-4 
should he evident and will not be de¬ 
scribed. ) 

the low temperature source, work IF 
is given up by the work reser\'oir, and heat Q 2 ecpial to IF -f- Ci is deli\'ered 
to the high temperature reser\'oir. We now have a (’arnot refrigerator, 
rather than a (,'arnot engine. That is, heat is pumped out of a system at 
low temperature (the interior of a household refrigerator, for example), 
mechanical work is done (by the motor), and heat etjual to the sum of the 
mechanical work and the heat removed from the low temperature reservoir 
is liberated at a high temperature (and is absorbed by the air in the room). 

The useful i-esult of operating a refrigerator is the heat Qi removed 
from the low temperature reservoir; this is “what you get.” What you 
have to pay for is the work input, 11'. The greater the ratio of what you 
get to what you pay for, the better the refrigerator. A refrigerator is there¬ 
fore rated by its coefficient of perfonnance, E, defined as the ratio of Qx to ]V. 
Again making use of I'kp (4-43), we can write 


E = 


Q 


Q 


II Qo ~~ Cl 


(4-45) 


The coefficient of performance of a refrigerator, unlike the efficiency of 
a heat engine, (*an be much larger than 100%. 

^ To calculate the efficiency of a Carnot engine (or coefficient of per¬ 
formance of a Carnot refrigerator) the equation of state of the working 
substance must be known. At least, it must be known at this stage of 
our development of the principles of thermodynamics. We shall show 
later that as a matter of fact the efficiencies of all Carnot engines operating 
between the same two temperatures are the same, whatever the working 
substance. Let us assume that the working substance is an ideal gas 
1 he work done in the isothermal expansion from n to h in Fig. 4 2 is then 
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The work done in the adiabatic expansion from 6 to c is 

W' = mCv(T2 - Ti). 

The work done in the isothermal compression from c to r/ is 

Wi = niRTi In , 

^ c 

and the work in the final adiabatic compression from d to a is 

IV" = mc„(Ti - T 2 ). 

If the working substance is an ideal gas, there is no change in internal 
energy in the isothermal processes and the heat absorbed is equal to the 
work done. That is, 



The efficiency of the cycle is 

w n\ + w' + M's + w" 

~ Q2~ (h 

..It 1., + -/■, In 0 

mRT2 In -- 

^ r r 


(4-40) 


But points b and c lie on the same adiabatic, as do poi?its d and a. 
Hence 



1 




Wheti one of these e(|uations is divided by the other, we obtain 




4 


E(iuation (4-40) therefore reduces to 



(4-47) 
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If the cycle is operated in the reverse direction, so that we have a 
Carnot refrigerator, the coefficient of performance is 



(4-48) 


Combining the equations abo\'e with the definitions of efficiency and 
coefficient of performance in terms of Qx and Q 2 , we obtain for either cycle, 

(h Qx 

^ = (4-49) 

The (absolute magnitudes of the) (juantities of heat absorbed and 

rejected are therefore proportional to the temperatures of the heat reser¬ 
voirs in either cycle. 


4-8 The Joule-Kelvin or porous plug experiment. Because of the 
difficulty of measuring precisely the extremely small temperature changes 
in a free expansion, Joule and Thomson (who later became Lord Kelvin) 
devised another experiment in which the temperature change of an ex¬ 
panding gas would not be masked by the relatively large heat capacity 
of its surroundings. Many gases have been carefully investigated in this 
way. Not only do the results provide information about intermolecular 
forces, but they can be used to reduce gas thermometer temperatures to 
the thermodynamic scale, and the temperature drop produced in the process 
is used in the liquefaction of hydrogen and helium. 

The apparatus used by Joule and Kelvin is shown schematically in 
l^ig. 4-5. A continuous stream of gas at a pressure and temperature 
IS forced through a porous plug in a tube, from which it emerges at a lower 
pressure p 2 and at a temperature T 2 . The device is thermally insulated, 
and after it has operated for a long enough time for the steady state to 
become established, the only heat lost or gained by the gas stream is the 
small amount flowing through the insulation. That is, in the steady state, 
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no heat flows from the gas to change the temperature of the walls and the 

large heat capaeity of the walls does not mask the temperature change of 

the gas, which is practically what it would he were the system truly an 
isolated one. 

Let us imagine that at some instant pistons are inserted in the tube 
at each side of the plug, as in Fig. 4-5 (b), trapping a certain mass of 
gas between them. Let the gas outside the pistons be removed and forces 
/' 1 and F 2 exerted on the pistons etjual respectively to piA and p 2 d, where 
.1 is the piston area. If the pistons are now moved to the right with 
velocities ecjual to those with which the gas is flowing, the conditions at the 
plug will be unaltered. 

In a time interx al during which a mass m of gas is forced through the 
plug, the volume of gas on the left decreases by an amount T'l = mci, and 
that on the right increases by I 2 = WC 2 , where Ci and t ’2 are the specific 
\'olumes of the gas on the left and the right. The net work done by the 
system, i.e., the gas between the pistons, is 

IF = P 2 F 2 — PiLi = yn(p2i'2 — PP’i). 


The change in internal energy of the system ecjuals the change in 
internal energy of the mass m that has passed through the plug, or 



Hecause of the tlunmal insulation, the net heat Q flowing into the sys¬ 
tem is essentially zero. Hence from the first law. 



) = d “ ynipzVo — pi/’i), 




= PP'i - P2V2. 


+ PP’l = + VA'2’ 


(4-50) 


The change in internal energy is therefore not zero, as it is in a free 
expansion, but is ef|ual to the change in the pv product. Hence the results 
of the experimeiit cannot be interpreted as simply as those of the Joule 
experiment. On the other hand, the temperature difference between the 
entering and emerging gas is, in general, very much greater. 

The combinatio!! of (juantities 


or 


u -b p}\ 

r + p\\ 


occurs frequently in thermodynamic equations. The sum U + pV is 
called the enthalpy (accent on the second syllable) and is represented by H. 
The specific enthalpy, or the enthalpy per unit mass, is represented by h, 
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and the molal specific enthalpy by h*: 

_ 

H = U + pV, h — - = ?/ + pv, h* = - ~ n* + pv*. 

m n 

Since u and pv are functions of the state of a system only, the same is 
true of the enthalpy, and hence dH and dh are exact differentials. In 
terms of enthalpy’', Eq. (4-50) becomes simply 

h\ = h2. 

Suppose that a series of Joule-Kelvin experiments are performed on 
the same gas, keeping the initial pressure px and temperature 7h the same 
in each experiment, but varying the pumping rate so that the pressure on 
the downstream side of the plug is made to take on a series of values p 2 , 
P 3 , etc. Let the temperatures T^y Ts, etc., be measured in each experi¬ 
ment. (Note that once the pressure on the downstream side is fixed, 
nothing can be done about the temperature. The properties of the gas 
determine what the temperature will be.) The corresponding pairs of 
values of p 2 and T 2 , ps and etc., determine a number of points in a 
pressure-temperature diagram as in Fig. 4-() (a), and since /q = /12 = ^ 3 , 
etc., the enthalpy is the same at all of these points and a smooth curve 
drawn through the points is a curve of constant enthalpy. Note carefully 
that this curve does not represent the process executed by the gas in passing 
through the plug, since the process is not fjuasistatic and the gas does not 
pass through a series of equilibrium states. The final pressure and tem¬ 
perature must be measured at a sufficient distance from the plug for local 
nonuniformities in the stream to die out, and the gas passes by a noiuiuasi- 
static process from one point on the curve to another. 


T 





h, P\ 


p 



in) 

Fio. 4-6. (a) Points of etiual enthaljjy. (I,) Lsentlialpic curves and the 

inversion curve. 
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By performing other series of experiments, again keeping the initial 
pressure and temperature the same in each series but varying them from 

or/crV° "I"®* ^ corresponding to different values 

of h can be obtained. Such a family is shown in Fig. 4-6 (b) which is 

great the cur\'es 

pass through a maximum called the mpersmn poinL The locus of the 
inversion points is the inversion curve. 

The slope of mi isenthalpic curve at any point, or (dT/dp)j„ is called the 
JotUe-Kelvtn coefficient and is represented by m- 


M = 


dp 


At the maximum of the curio in Fig. 4-6, or the invers 


Sion point, 


n = 0 . 


It will be shown in Section 7-3 how the Joule-Keh in coefficient can be 
computed if the equation of state is known. 

When the Joulo-Kelviii effect is to be used in the li(,uefaction of gases. 
It IS evident that the initial temperature and pressure, and the final pres¬ 
sure, must be so cho.sen that the temperature decreases. 'I'his is possible 
only if the pressure and temperature lie on a curve having a maximum 
Thus a drop in temperature would be produced by an expansion from 

point a or point b to point r, hut a temperature rise would result in an 
expansion from d to e. 

\\c conclude this section by deriving some other important properties 
of the enthalpy function, h = u + pv. We can write for any infinitesimal 
process between two e(]uilibrium states, 

dh = d{u + pv) = du + p dv + vdp. 

Ihit from the first law, for a (piasistatic process, 


du + p dr = d'q. 


so in a (juasistatic pro{*ess 


dh — d'q + V dp. 


so 


4 

In a ([uasistatic process at constant pressure, d'q = Cp dTp and dp = 0, 

dhp = Cp dTp, 


and 


dh 


) = C/>- 

/ P 


(4-51) 


This equation expresses a relation between the properties of a substance, 
and is not restricted to a f|uasistatic process. 
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For any finite process between two equilibrium states at the same 
pressure p, 

(^2 — hi)p = {U2 — Wi)p + p(v2 — Vi)p. 

If the process is quasistatie, the right side of this ecjuation, from the 
first law, equals the heat qp absorbed by the system, so 


{ho hi) p Qp. 


(4-52) 


The heat absorbed in any ([uasistatic isobaric process is therefore equal 
to the difference between the enthalpies of the system in the end states 
of the process. We have seen that “heat” is not a property of a system 
and one cannot draw up a table listing the “heat in a system” as a function 
of the state of the system and use such a table to find the heat absorbed 
by the system in any given process. Enthalpy, howe\'er, is a property 
of a system and can be tabulated. Given such a talde, one can look up 
the values of the enthalpy at the end states of any quasistatic isoharic 
process and by subtraction find the heat absorbed in such a process. 

It is seen that enthalpy plays the same role in isobaric processes that 
niternal energy does in isometric processes. That is, 




Cv = 


dh 

du 

Jf 


Qv = ^2 - /q, 


p 


(Iv = ^2 — ?/i, 


i' 


wher^he expressions for qp and q, are restricted to (juasistatic proce.sses. 

^ V_^ '^Grgy equation of steady flow. The large rectangle in Fig 4-7 

represents a device through which there is a flow of fluid. Heat is sup- 
plied to the device and mechanical work is done by it, as represented sche¬ 
matically m the diagram. The device might be a steam engine, a turbine 
or a refrigerator. We shall assume that a steadij state exists That is' 

ho ^sorption of heat and the rate of doing work are constant! 

he mass of fluid entering per unit time is constant and is equal to that 
leaving, and the state of the fluid at any point does not change with time 
(or .t returns periodically to the .am. atate). The fluid enters at an de! 
vation e,, with a velocity T3, and under a pressure pi, and it leaves at an 
elevation 22 with a velocity °D 2 and at a pressure p^ 

Let us imagine that at a certain instant, pistons are inserted in the 
P pes thiough which the fluid enters and leaves and that these are moved 

such that a mass m of fluid passes into and out of the device Tho 
stances moved by the pistons during this time are respectively x, I^d 
2 . arrows F, and F, represent the forties exerted on the fluid between 
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Fig. 4-7. Steacly-flo\v process. 


the pistons by the adjacent fluid. Let Q represent the heat absorbed and 
\V the work output (the so-called “shaft work”). 

The net work done by the system, while a mass m flows into and out 
of the device, is 

Xet work = \V + F 2-*'2 ~ 


If .li and .I 2 are the piston areas, then 




= pidi.ri = pi\ 

Xet work = 


1, F 2*'2 — P ‘ 2 ‘^ 2-^'2 

b + />2^ 2 ~ pl ^ 1» 



where Vi and T '2 the volumes occupied by a mavss m on entering and on 
leaving. 

The state of the fluid at all points within the device does not change 
with time, so that in effect a mass m of fluid has been brought from its 
state at the entrance of the device to its state at the exit. The in(*rease 
in internal energy of this mass is 

m{n2 — ), 


where Ui and U 2 are the specific internal energies at entrance and exit. In 
addition to the change in internal energy, the kinetic energy of the fluid 
has increased by 


and its potential energy by 

mg(z2 - zi), 

where g is the local acceleration of gravity. Erjuating the net energy 
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supplied to the increase in the total energy of the fluid, we get 

Q ~ (W + P 2 V 2 - piV'i) = w[(n2 - wi) + §(1^1 - ‘T')i) + g(z2 - ^l)], 

or, dividing through by rn and rearranging terms, 

{ui + PiVi + gzi) - ((/o + P 2 V 2 + + gzo) ~ w + q = 0. 

But {ill + and {uo + ^ 2 ^* 2 ) are respectively the enthalpies hi and 

^2 at the entrance and exit, so finallv 

% 



(4-53) 


1 Ins relation is the e/ie/Y/// cqudUoyi for atcadij flow. We now apply it 
to some special cases. 

1 he Joulc-Kelvin experiment. In this experiment the system is ther- 

mally insulated so that the heat flow in or out is negligible, no shaft work 

IS done, there is no change in elevation, and the velocities are small enough 

tor the difference in their s(,uares to be negligible. Then Eq. (4-53) reduces 
to 

//] = hi, 

as pr(‘\'iously (l(‘ri\ c(l. 

77,c In,■bine. 'I'he temperature in a steam turbine is higher than that 
ol Its surroundings but the (low of fluid through it is, in general, so rapid 
lhat only a small (luantity ol heat is lost per unit mass of steam. The shaft 
work IS, of course, not zero in this device but differences in elexation be¬ 
tween inlet and outlet can usually be neglected. Hence for a turbine the 
(MU'igy e,Illation becomes 


»’ = fi I ~ Il2 + 


-Vi - I3i 


(4-54) 


1 he Shalt work obtained Irom the turbine, per unit mass of steam 
herefore depends on the enthalpy difference between inlet and outlet’ 
aiHl on the difference between the squares of the inlet and e.xhaust velocities’ 
low ihrouqb a nozzle. 4'he steam entering a turbine comes from a 
-here Its xelocity ,s small, and before it impinges on the turlhne 
l.lades It IS given a high x-elocity by flowing through a nozzle Figure 4-8 
I'v.s a nozzle in which steam enters at a velocity and leaves at a 


X') 




Kio. 4-S. Flow through a nozzle. 
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higher velocity 'D 2 . The shaft work is zero, the heat flow is small and can 
be assumed zero, and differences in elevation are small. Hence for a nozzle, 

T)i = T)? + 2{h, - h2). (4-55) 

Bernoulli's equation. As a final example, we consider the flow of an 
incompressible fluid along a pipe of varying cross section and elevation. 
No shaft work is done and we assume the flow to be adiabatic. Then 

+ gzx = /i 2 + + gz 2 = const, 

or, writing out the expression for the enthalpy, 

+ gz = const. (4-56) 

From the first law, 

(hi = (Iq ~ p dv. 

We have assumed no heat flow, so dq = 0, and if the fluid is incompres¬ 
sible dv = 0. Hence u is constant, and Fa^ (4-56) reduces to 

pv + -f- gz = const, 

or, replacing v by 1/p, 

p + + pgz = const. 

which will be recognized as Bernoulli's etiuation for the steady flow of an 
incompressible fluid of zero viscosity. Bernoulli’s efjuation is thus a special 
case oT^he general energy etjuation for steady flow. 

^ Change of phase. In Section 2 5, the changes of phase of a pure 
substance were described but no reference was made to the work or heat 
accompanying these changes. We now consider this (piestion. 

To be specific, suppose that a liquid and vapor are in equilibrium, in a 
cylinder provided with a movable piston, as in Fig. 4-0 (a). If the tem- 



Fig. 4-9. 
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perature is specified, there is only one pressure (the vapor pressure corre- 
spending to the given temperature) at which both phases can exist in 
equilibrium. Similarljq if the pressure is specified there is only one tem¬ 
perature at which equilibrium is possible. Hence as long as both phases 
are present any quasistatic process carried out at constant temperature is 
necessarily at constant pressure also, and any (juasistatic process at constant 

pressure is also at constant temperature. In other words, such a process is 
both isothermal and isobaric. 

Figure 4-9 (b) is a portion of the p-v diagram of the substance in the 

cylinder, showing the boundary separating the licjuid, liquid-vapor, and 

vapor regions, and a portion of an isotherm at the temperature T of the 
system. 

The state of that portion of the system which is in the liquid phase is 
represented by point a, where the pressure is p, the temperature is T, and 
the specific volume is ly. Similarly, the state of the \'apor phase is repre¬ 
sented by point c, where the pressure and temperature are also p and T 
and the specific volume is Let mf and m„ represent the masses of the 
iHluid and vapor phases respectively. The total mass m of the system is 

rn = mf + m„. ( 4 _ 57 ) 

1 he volumes of the licjuid and vapor phases are 

Vf = m/Vf, r„ = mgv„, 

and the total v'olume F of the system is 


F = Vf + 


0 


= 7niV/ H- m2Vg 




tnf J'."" the ratio of its 

total \olume V to its total mass m. 


. ^ F ^ mfVf + mgv„ 


m 


mf -)- mg 


(4-59) 


F9 ?br " represented by point b in Fig. 

9 (bh If the substance is entirely in the liquid phase m =05-,, 

^hIrr - o'^--t’irei; m ILIZ 
pnase, mf - 0, v = and point b coincides with point c. 

l<or the specific case of water, the fraction of the total mass whiph ; • 
the vapor phase is called the quality and is represented bv ? Thl ^ 

... the p,..e ie e.n«l tKe 


X = 


m 


0 


yrig + lYlf ’ 


U = 


rrif 


^0 + W/ 


(4-60) 
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Kviclentlv, 

« y 


T + /y — 1. 


Xow the lengths of the line segments ab, be, and ac in Fig. 4-9 (b) are 


ab = r — Vf, be = I'g - r, 


flC = Vg — i'/. 


Hence 


ah 


ac 


r — Vf 
^'o - ^7 


be 


ac 


f'o - f 


- ^7 


ab 

be 


V — Vf 


Vg - V 


Inserting the exprc.ssion for v from E(|. (4-59) and simplifying, these 
ratios reduce to 


^ _ ^ 7 / _ ^^b iTig X 

ac nig + JUf dc iiig + yuf he ntf ij 

Thus the (luality .r and moisture fraction ij are etiual respectively to 
the ratios of the lengths of the line segments ab and be to that of the line Tie, 
and the ratio of the mass of the \apor phase to that of the liciuid phase 
e(juals the ratio of the length ab to the length be. 

We now consider a cpiasistatic process in which the temperature and 
pressure remain constant at T and p, while the \'olume 1' of the system 
changes. vSince t' is proportional to r, point b moves to the right or left 
along the line Tic during the process and the propoitions of li(juid and vapor 
change. In other words, there is a transfer of mass from one phase to the 
other. Work will he done in tlie process, there will l)e flow of heat from the 
heat reservoir, and the internal energy of the system will change. 

Let the volume of the system he changed by dW Then since Vg and Vf 
are constants, we ha\'e from E((. (4-58), 

r/r = Vgdnig + Vf (hrtf. (4-61) 


From Ef|. (4-57), since the total mass is constant, 

0 = (hrig + dtrif. (4-62) 

(’ombining Ef|S. (4-61) and (4-62), we get 

dV == (Vg — Vf) druf. (4-63) 

The work d'W done in the process is therefore given by 

d'W = p dV = p{vg — Vf) dirif. (4-64) 

Let Ug and Uf be respectively the specific internal energies of the vapor 
and liquid phases. The internal energy of the system is then 

V = agTrig + afTTif (4-()5) 
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and the change in internal energy in the process is 

dU = Ug diUg + Uf druf 

= {ug - Uf) druf. ( 4 - 66 ) 

From the first law, the heat d'Q flowing into the system is 

d'Q = dU + d'W 

— ~ Uf) dm/ + vivg Vf) dirif 

~ ~ — Vf)] drrif. 

^'^*1 within the square brackets are constants, so the heat 

Q flowing into the system for a finite transfer of mass w is 

Q = m[{ug - Uf) + p{vg - Vf)] 

and the heat flowing per unit mass, g, is 

Q 

That is, when a change of phase takes place at constant temperature 
and pressure, the heat reservoir must supply energy not only to increase 
the internal energy of the mass transferring, but also to push back the 
feuiioundings and make room for the increase in volume. 

1 he preceding equation can be written 

9 + pVg) — (Uf + pVf). 


Therefore 


h = u pv. 

(J = hg - hf 


( 4 - 67 ) 


V X v/| y 

Hence the heal flowing into the system per unit mass equals the difference 

pe” iTa ; “'i”'”” f denve^t Z 

for a transfol ^ obtained 

or a transformation between any two phases. 

^ special case of the more general result derived in Section 4-8 

n any quasistatic process at constant pressure the heat fln * 
uito a system equals the change in enthalpy. ’ 

.■...raLttp.*:;! rrpreZwe hVZ""z'**"*' “ 

would be the specific heat of transformation, since a heat of tr^nsf"^^ 

IS not heat, but heat ner unit \ vt ^ ^ of transformation 

without a change of temperature a he^Tr f" 

of as a “latent” heat. ' I'ansformation is often spoken 
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Heat is absorbed by a system when solid transforms to liquid, when 
liquid transforms to vapor, and when solid transforms to vapor. The 
corresponding quantities of heat absorbed, per unit mass, are called 
respectively the (latent) heat of fusion, the (latent) heat of vaporization 
or evaporation, and the (latent) heat of sublimation. An equal quantity 
of heat, unit mass, is rejected in the converse transformations. 


^ ^Example. Tables 1 and 2 of the Steam Tables list the specific enthalpies of 
saturated liquid water and water vapor, hf and hg, and the enthalpy difference 
— hg — hf. (The enthalpy is arbitrarily set equal to zero for the saturated 
liquid at 32°F and at the corresponding vapor pressure of 0.08854 Ib/in^.) For 
example, we find from Table 1 that at a temperature of 212°F the vapor pressure 
is 14.696 Ib/in^ and that the specific enthalpy difference h/g = 970.3 Btu/lbm. 
This is therefore equal to the (latent) heat of vaporization (or of evaporation) 
of water at this temperature. 

h/g = 970.3 Btu/lbm (at 212°F). 

It is of interest to see how this heat is divided between the increase of internal 
energy and the work done. From Table 1, we find that the change in specific 
volume, v/g = Vg — v/, is 26.78 ft^/lbm. The work per unit mass is therefore 


IV = p{vg - Vf) 


= 14.696 X 144 


in 


ft2 


X 26.78 


ft^ 

Ibm 


= 56,670 ftdb/lbm. 


Since the energy unit used in the tables is tlie Btu, we convert this to Btu 


w = 56,670 - X 


1 


Ibm 778 ftdb/Btu 


= 72.8 Btu/lbm. 


The change in specific internal energy is therefore 




= 970.3 


Btu 

Ibm 


72.8 


Btu 

Ibm 


= 897.5 Btu/lbm. 


Specific internal energies are not given in Table 1 but they are given in 
Table 2. From this table, at a pressure of 14.696 Ib/in^ we find 


u/g = Ug ~ Uf = 897.5 Btu/lbm, 

in agreement with the result above. Thus when 1 Ibm of water evaporates at 
a temperature of 212°F, a quantity of heat equal to 970.3 Btu must be supplied 
by a heat reservoir. Of this, 897.5 Btu, or about 92%, are required because of 
the increase in internal energy, and 72.8 Btu, or about 8%, because of the work 
that must be done to provide for the increase in volume. 
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PROBLEMS 


4-1. Complete the derivations of Eqs. (4-34) to (4-36). 

4-2. The specific internal energy of a van der Waals gas is given bv 


a 


w — CvT - 1 - constant. 

r 


Show that for a van der Waals gas, 


Cp c,, — 


1 


1 - 


2a{v - b)- 

RTv^ 


‘ by the 

L = oT ~~ bp, 

pressibUitTlrt rllprcUvdy'l/T expansion and com- 

The equation of state of the gas is not given ) ^ 

ene:; ^ hy means of the 

(0) foran'ide^rgl fotUfch^C = sl/s! 

fraction goes in'to^r^ increasThi 'fnttSf eL!g7'TdrX"n 

point t th^pCp^llXtXr^TanX^ curve for an ideal gas, at any 
same point. ^ isothermal curve through the 

Assume the compression to be quasistatic and adiabati Com‘"r 7 “T' 
final pressure, (b) the final temperature (c) the work ' the 

of air. See Table 3-1. ’ ^ required per pound mass 

4-8. One pound-mole of air at atmospheric pressure ami 7 fl°P • 
isothermally and quasistatically to one half Z 1 ^ '® ‘=°"'Pcessed 

expanded adiabatically and quasistaticallvtn^ T volume, and is then 

net work done by the air. (Jr^e net the 

in internal energy, and (d) the final temperature."^ *" " change 

4 9. An ideal gas for which r — /o 

sure of 8 atm and a temperature of 5 m4 ^ P-'^^' 

of 1 atm. Compute the final volume anrl f expands to a final pressure 

absorbed, and the change in internal energy'ZrTa^h of tt To^ 

(a) the expansion is quasistatic and isothermal {U\ fi, following processes: 
and adiabatic, (c) the expansion takes place into ^ vacuu!^’'"""" '' ‘t"^®‘«tatic 
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4-10. Fif^ure 4-10 represents a cylin¬ 
der with thermally insulated walls, con¬ 
taining a movable frictionless thermally 
insulated piston. On each side of the 
piston are n moles of an ideal gas. The 
initial pressure po. volume Fo, and tem¬ 
perature 7*0 are the same on both sides of 
the piston. The value of y for the gas 
is 1.50. and c, is independent of temperature. By means of a heating coil 
in the gas on the left side of the piston, heat is slowly supplied to the gas on this 
side. It expands and compresses the gas on the right side until its pressure has 
increased to 27po,''8. In terms of n, c,. and To, 

(a) How much work is done on the gas on the right side? 

(b) What is the final temperature of the gas on the right? 

(c) What is the final temperature of the gas on the left? 

(d) How much heat flows into the gas on the left? 

4-11. In the M.I.T. transonic wind tunnel, air is stored in a tank of volume 
40,800 ft^ at an absolute pressure of 45 Ib/in^ and a temperature of 70°F. The air 
is released through a pressure-regulating valve which maintains a constant pres¬ 
sure of 23 Ib/in" in the test section where measurements are made. The Alach 
number (ratio of velocity of air stream to velocity of sound) at the test section 
is 1.3. (a) Starting with air at a pressure of 15 Ib/in^, how much work is neces¬ 

sary to increase the pressure in the tank from 23 to 45 Ib/in^, the temperature 
being kept constant at 70°F? Express the answer in horsepower-hours, (b) How 
much heat, in Btu. must be removed? How many pounds of ice would this 
quantity of heat melt? (c) What would be the temperature, in degrees Fahren¬ 
heit, of the air in the tank if it expanded reversibly and adiabatically from a 
pressure of 45 Ib/in^ to 23 lb/in“, the initial temperature being 70°F? (d) Dur¬ 

ing blowdown, air flows out of the tank at the rate of 305 Ibm/sec. For how 
long a time can this flow be maintained? 

4-12. The Clausius equation of state is 

p{v — b) = RT, 

where 6 is a constant. The specific internal energy of a gas obeying this equa¬ 
tion of state is 

a = CvT -h constant. 

(a) Show that the compressibility of a Clausius gas is 

V — h 

K — -• 

pv 

(b) Show that the equation of a quasistatic adiabatic process is 

p(v — h)'^ = constant. 

(c) Show that the efficiency of a Carnot cycle using a Clausius gas as the 
working substance is the same as that for an ideal gas. 
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4-13. Superheated steam at a temperature of 1000°F and a pressure of 
500 Ib/m^ performs a Joule-Kelvin expansion. The pressure on the downstream 
side of the porous plug is 20 Ib/in^. Find the drop in temperature of the steam. 
Values of h will be found in Table 3 of the Steam Tables. 

4-14. The specific internal energy of a van der Waals gas is 

u = CrT - 1 - constant. 

V 

(a) Find the expression for the enthalpy of a van der Waals gas, as a function 

of V and T. (b) Find the expression for the tempeiature change of a van der 

IVaals gas in a .loule-Kelvin expansion, (c) Show that the expression reduces 
to that for an ideal gas if a — 6 = 0. 

4-15. At temperatures above 540‘’R, the value of Cp for copper can be 
approximated by a linear relation of the form 

Cp = a bT. 

(a) Find as accurately as you can from Fig. 3-10 the values of a and b. 

(b) Cominite the change in the specific enthalpy of copper at a pressure of 1 atm 
when the temperature is increased from 540°R to 2200°R. 

4-lh. Table 3 of the steam tables lists values of the sjjecific enthalpy h for 

superheated steam as a function of temperature. Construct graphs of h vs. t 

for superheated steam, at the constant pressures of 250 and 2500 lb in- and in 

the temperature range from 700°F to 1G00°F. Locate the origin of the granh 

at f = 700“F. ;i = 1100 Btu/lb. From inspection of the grapL, complete tlie 
following statements: 

(a) At a temperature of 800“F, for superheated steam (increases) 
(decreases) (remains constant) as the pressure is increased 

(b) At a pressure of 250 lb/in^ (increases) (ilecreases) (remains constant) 
as the temperature is increased. 

(c) Same as (b), but for a pressure of 2500 Ib/in-. 

(d) How many Btu are required to increase the temperature of one pound 

?50oTb/in?" 

an(/im)0°F™ r'' *1’® 7^“®® of for superheated steam at 350 Ib/in^ 

and 1000 F. Compare the value listed in Table 3-1. 

4-17 The molal specific enthalpy of most substances, at temperatures that 
aie not too low, can be expre.ssed by the empirical equation 

h* = qT + 6T2 + cT-' -I- d, 

where a b, c, and d are constants. Find the molal specific heat canacitv at 
constant pressure. (See problem 3-25.) capacity at 

4-18. A steam turbine receives a steam flow of 50 000 Ibm/ln- onrl 

output 1. 500 k,v. 5 .., "’“(I” 

trtecihc enthalpy ol the steam flow.ng through the turbine, (a) if entrance\nd 

b f ‘h" Novation, ami .„„..„e. and .ait vetoeiti . are eg ' ibte 
(b) f the entrance velocity is 250 ft/sec, the exit velocitv is lOOn ft/c a 
the inlet pipe is 10 ft above the exhaust. ' °° 
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4-19. (a) In what units must h be expressed in Eq. (4-55), if 13 is in ft/sec? 
(b) A boiler contains superheated steam at a temperature of 700°F and a pres¬ 
sure of 500 Ib/in^, The velocity of the steam in the boiler can be assumed zero. 
Find the velocity of the steam in a pipe leading from the boiler, at a point where 
the temperature is 600°F and the pressure is 50 Ib/in^. The necessary data 
will be found in Table 3 of the steam tables. 

4-20. Saturated liquid water at a pressure of 500 Ib/in^ is to be converted 
to superheated steam at the same pressure and at a temperature of 1500°F. 
(a) How many Btu must be supplied, per pound mass of water? (b) What is 
the increase in specific internal energy? The necessary data will be found in 
the steam tables. 



CHAPTER 5 


THE SECOND LAW OF THERMODYNAMICS 

L^S-1 The second law of thermodynamics. From the .standpoint of the 
first law of thermodynamics, the consequences of a flow of energy into a 
system from a heat reservoir are identical with those of the performance 
of the same quantity of work on the system by a work reservoir. In both 


cases, the energy of the system is increased by the same amount. Never¬ 
theless, we realize that there is a fundamental distinction between work 
reservoirs on the one hand and heat reservoirs on the other, and also that 
there is a distinction between heat reservoirs at different temperatures. 
Let us consider a number of processes whose only outstanding result is an 
energy interchange between reservoirs. In some of these processes the 
reservoirs can interact directly with one another. In others, a system 
which can do work or absorb heat may be involved, but if this is the case 
the system will be carried through a cyclic process, so that there will be 
no outstanding change in its state. We shall consider the following types 
of energy interchange: (1) between two work reservoirs, (2) between a 
single work reservoir and a single heat reservoir, (3) between two heat 
reservoirs, and (4) between a work reservoir and two or more heat res¬ 
ervoirs. Unless explicitly stated otherwise, the term “heat reservoir’’ shall 
be understood to mean a system of sufficiently large heat capacity so that 
its temperature is unaltered when heat flows into or out of it. 


To begin with, consider two possible work reservoirs, a block and a 
spring. The block can do work or absorb work with corresponding changes 
m its kinetic energy, while the spring can do work or absorb work with 
corresponding changes in its elastic potential energy. 

If the block is attached to the spring and the system is set in motion 
on a level frictionless surface, there is a continual interchange of energy 
between the two reservoirs, but in the absence of friction their total en¬ 
ergy remains constant. At the extreme limits of the motion the energy 
IS all potential; at the mid-point of the motion it is all kinetic. At any 
stage of the motion, by means of a suitable mechanical device the entire 
energy of the reservoirs can be made available for doing work on another 
system. We can thus say that the two work reservoirs are characterized 
by the fact that energy interchange between them can take place in either 
dzreclzonwith no change in the amount of energy available for doing work 
on another system. All zvork reservoirs are therefore eqzzivalent to one an- 
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\ Now consider an energy exchange between a single work reservoir and 
a single heat reservoir. One possible process by which the reservoirs can 
exchange energy is to first allow the work reservoir to do work on a fric¬ 
tion device in some system which is originally at the temperature of the 
heat reservoir. This process will increase the temperature of the system, 
and if the system is now brought in contact with the heat reservoir a flow 
of heat from the system to the reservoir will ensue. When the system 
has returned to its original state, the quantity of heat Q that has flowed 
into the heat reservoir is, by the application of the first law to the system, 
efjual to the work \V done by the work reservoir. This process is illus¬ 
trated schematically in Fig. 5-1 (a), where it is understood that the 
initial and final states of the system are the same. 

The process described above differs in a fundamental way from an 
energy exchange between two work reservoirs, in that it is necessarily a 
“one-way” process. Let us try to conceive of the process proceeding in 
the reversed direction. This would mean that a system originally at the 
temperature of the heat reservoir would be placed in contact with the 
reservoir, would absorb heat from it, and would increase in temperature. 
The system would then do work on the work reservoir and cool down to 
its original temperature. The (piantity of work W done on the work res¬ 
ervoir would e(iual the heat Q flowing out of the heat reservoir. This proc¬ 
ess is illustrated schematically in Fig. 5-1 (b), it being understood again 
that the initial and final states of the system are the same. 

Such a process would not violate the first law pro^•ided the fpiantities 
of energy Q and \V were eciual, but no such piocess has ever been observed.* 
There must therefore be some general principle, in addition to the first 
law, which distinguishes between these two directions of energy transfer 



Work 

reservoir 



(a) 



Fig. 5-1. (a) A work reservoir does work W on a system, and heat Q = W 

flows from the system to a heat reservoir, (b) A hypothetical process in which 
heat Q flows from a heat reservoir to a system, and the system does work W = Q 
on a work reservoir. The second law denies the po.ssibility of process (b). 


* However, see Section 5-3. 
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and states that the first is possible while the second is not, even though 
both are consistent with the first law. This principle is called the second 
law of thermodynamics, and one form of stating it is to say that no process 
is possible whose sole result is the flow of heat from a single heal reservoir and 
the performance of an equivalent amount of work on a work reservoir. This 
is known as the Kelvin-Planck statement of the second law. The fact that 
the process in Fig. 5-1 (b) does not occur is indicated by the dashed arrows. 

A work reservoir and a heat reservoir are therefore not equivalent to 
one another in the sense in which all work reservoirs are equivalent. En¬ 
ergy interchanges can and do take place in either direction between any 
pair of work re.servoirs, but energy exchange between a work reservoir and 
a single heat reservoir, with no outstanding changes in other systems, can 
proceed in one direction only, namely, that in which the work reservoir 
does work and the heat reservoir absorbs heat. Processes in which the 
heat reservoir gives up heat, while work is done on the work reser\-oir, 
with no outstanding changes in other systems, do not occur./ 

/ Next, consider two heat re.sein-oirs. The only fundamental distinction 
one can make between them is a difference in their temperatures; the sub¬ 
stance of which the rc.servoir is composed is a matter of indifference (4 

house can be heated equally well by a flow of heat from pipes containing 
not water, or from ducts containing 

hot air.) Two heat reservoirs can 

exchange energy directly (i.e., by Heat 

conduction or radiation) only if they . r(.•s(Vvoir 

are at different temperatures. When 

two heat reservoirs at different tern- ' 

peratures are brought in contact there ! 

is a flow of heat from the one at 

higher temperature to the one at WM'r'\ ^ 

lower temperature. Such a heat flow 

IS indicated schematically in Fig. Heat 

5-2 (a). The energy flowing out of ipsorvon 

one reservoir e(|uals the energy flow- 

mg into the other, just as in the mo- 5-2. (a) Heat Q flows hv con- 


Hoat 




ilrat 

reservoir 


I Iea1^ 

re.servoii 


17 


(a) 


(b) 


mg into the other, just as in the mo- I’5-2. (a) Heat Q flows by con- 

tion of a spring-mass system the de- or radiation from a reservoir at 

(a-ease in kinetic energy of the mass temperature 

ecjuals the increase in potential energy hild.er temnr.^'nf^ '' 

..r ii ^ • 1 . . 1 JHKnei teiTipeititurc does not ooowv 

of the spring, but in the process of 

heat flow no “oscillations” of temperature are ever observed Tf rL 
reservoirs are of finite heat capacity the flow of hpnt the 

.■om» l„ ,1,„ „ le„pe,«„n/ The ^perLu" rie ' “ 

oiK-w., p,.„„,, ,„e di, 2 ": 
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higher temperature to one at lower temperature, and all heat reservoirs are 

not equivalent to one another in the way that all work reservoirs are 
equivalent. 

The dashed arrow in Fig. 5-2 (h) indicates a hypothetical flow of heat, 

not obser\ed in practice, from a reservoir at a lower temperature to one 
at a higher temperature. 

Note that a flow of heat from a lower to a higher temperature would 
not violate the first law, provided only that the quantity of heat flowing 
out of the low temperature reservoir eriualed that flowing into the other. 
Again we see that there must he some general principle, in addition to the 
first law, which distinguishes between these two directions of heat flow and 
states that one is possible while the other is not. Although the process of 
energy exchange by conduction between two heat reservoirs appears quite 
different from that of energy exchange between a single heat reservoir and 
a work reservoir, the same principle, the second law of thermodynamics, 
governs both. An alternate statement of the second law, due to Clausius, 
is that no process is possible whose sole result is the flow of heat out of a heat 
reservoir at one temperature and the flow of an equal quantity of heat into a 
second reservoir at a higher temperature. 

The Clausius statement of the second law goes beyond the mere asser¬ 
tion that heat will not flow by conduction or radiation from a lower to a 
higher temperature. In fact, this statement by itself can be considered 
simply as a definition of “higher” and “lower” temperature; the numerical 
values assigned to the temperature scale are based on the observed direc¬ 
tion of heat flow. The second law states that no process whatever is pos¬ 
sible whose sole result is the flow of heat out of a reservoir at one tempera¬ 
ture and the flow of an equal quantity of heat into a reservoir at a higher 
temperature. As an example of a process which results in a flow of heat 
out of a reservoir at one temperature and a flow of heat into a reservoir 
at a higher temperature, suppose that two heat reservoirs at temperatures 
Ty and T 2 are utilized as the reservoirs of a Carnot engine, operated as a 
refrigerator or heat pump. Let 
7*2 > Ti, and let Qy be the heat ab¬ 
sorbed from the low temperature 
reservoir and Q 2 the heat delivered to 
the high temperature reservoir. (See 
Fig. 5-3.) As we have shown, a 
certain quantity of work W must be 
done to carry out this cycle and the 
heat Q 2 flowing into the high tempera¬ 
ture reservoir equals in magnitude the 
sum of the heat Qy flowing out of the 
low temperature reservoir, and the 
work W. 

Q2 = Qi + W. 


I loat 
reservoir 


(h - Q\ = 1^' 



Work. 
re.servoir 


Heat 

re.«ervoir 


Fig. 5-3. By means of a Carnot 
refrigerator, heat can be caused to flow 
out of a reservoir at temperature Ty 
and into a reservoir at a higher tem¬ 
perature T 2 . 
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(For simplicity, consider Q,, Q^, and W as all positive quantities, or 
let the equation above refer to their absolute magnitudes.) 

The cycle is therefore a process in which there has been a flow of heat 
out of a reservoir at one temperature and a flow of heat into a reservoir 
at a higher temperature, but the quantities of heat are not equal and the 
transfer of heat has not been the sole result of the process since work W 
has been done by a work reservoir. In order that the sole result of the 
process shall be a transfer of heat Q, from the low to the high temperature 
reservoir, the additional heat Q 2 - Qi delivered to the high temperature 
reservoir, equal in magnitude to IF, must be removed from this reservoir 
and an equal amount of work must be done on the work reservoir. This 
IS indicated by the dashed arrow in Fig. 5-3. But the Kelvin-Planck state¬ 
ment of the second law a.sserts that this process is impossible. The two 
statements of the second law are therefore etjuivalent 

irreversible processes. A process is said to be 
reversible if, after completion of the process, the initial states of all systems 
taking part m the process can be restored (by any means whatever) with¬ 
out any outstanding changes in the slates of other systems. If the initial states 
cannot be restored without outstanding changes in other systems the 
process is irreversible. There is a clo.se relation between the second law of 
thermodynamics and the concepts of reversible and irreversible processes 
in thett^f "’ords m these dehnitions are “without outstanding changes 
svstemft ? ” "^hall see, the initial states of the 

on that determuies whether or not the process was reversible is whether 
systems ""thout changes in the states of other 

iuE tnMlrl e.xamples. Consider first any process iiivolv- 

>ig an interchange of energy between two work reservoirs, such as occurs 

the "" fnctionless spring-mass system. Select any point of 

periodic motion as the beginning of a process and some later point as the 

e tat X" r ■, ' X Tk”* 

the tat, the initial Mate of the syatem has been completely reetored If 
he lime iiiletval „ not exactly one period, a second procL iS fo 

onttandin* ehaii^es in other systems, so the hrst tacess w^iXc^hr: 

iTmpleMAeTir ” »' «» 

.~:il'r atr af a* iZiX'emTnX tX 

-Tir. We hiiow that heat will no. dowty 
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(h = Qi-\- W 


II 



Fig. 5-4. A flow of heat from a 
higher to a lower temperature is an 
irreversible process. 


A quantity of heat Qi can be removed fl 

from the low-temperature reservoir 
by the Carnot refrigerator shown in 
Fig. 5-4, so that this reserv'oir is re¬ 
stored to its original state. In this 
process, however, the heat Q 2 flowing 
into the high-temperature reservoir 
is greater than the heat Qi which 
originally left it, by an amount W 
ecpial to the work done by a work res¬ 
ervoir. In order that there shall be no outstanding changes in the high- 
temperature reservoir and the work reservoir, a (piantity of heat equal to 
IF must flow out of the heat reservoir and an eijuivalent amount of work 
be done on the work reservoir. But the Kelvin-Planck statement of the 
second law asserts that this is not possible as the sole result of a process, 
that is, without producing outstanding changes in still other systems. The 
original process was therefore irreversible. 

Now let the temperatures of the reservoirs approach one another. The 
area bounded by the lines representing the refrigeration cycle in a p-Fdi- 
agram, which equals the work done in the cycle, then becomes smaller and 
smaller. When the temperature difference is infinitesimal the work is in¬ 
finitesimal also, and the heat delivered to the high-temperature reservoir 
differs only infinitesimally from that removed from the low-temperature 
reservoir. Therefore the process of heat flow between two bodies at dif¬ 
ferent temperatures, while always irreversible, approaches reversibility as 
the temperature difference approaches zero. In other words, a quasisiatic 
heat flow process differs only infinitesimally from a reversible process. 

Next, consider a process like that discussed in Section 5-1, in which a 
work reservoir does work W on a friction device, and a quantity of heat 
Q, equal to IF, flows into a heat reservoir. (See Fig. 5-1 (a).] To restore 
the reservoirs to their initial states, the heat reservoir must give up heat 
Q, and a quantit>^ of work IF, equal to Q, must be done on the work reser¬ 
voir. According to the Kelvin-Planck statement of the second law, no 
process is possible whose sole result is the abstraction of heat Q from the 
heat reservoir and the performance of work IF, equal to Q, on a work res¬ 
ervoir. Hence the original process was irreversible. 

As a final example of an irreversible process, consider the free expan¬ 
sion of a gas. If the gas is ideal, there is no change in its temperature or 
internal energy in the process, no work is done, and no heat is absorbed. 
The gas can be restored to its initial state by a quasistatic isothermal com¬ 
pression to its original volume. To perform the compression a work res¬ 
ervoir must do an amount of work IF on the gas and, since the internal 
energy of the gas does not change, a quantity of heat Q, equal to IF, must 
flow out of the gas into a heat reservoir. To restore the reservoirs to their 
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initial states, the heat reservoir must give up heat Q and the work reser¬ 
voir must absorb work W, but from the second law this is impossible 
without outstanding changes in the states of other systems. Hence the 
free expansion of a gas is an irreversible process, even though no work and 
heat reservoirs are involved in the free expansion itself. 

At the opposite extreme to a free expansion is a quasistatic isothermal 
expansion. In this process, work W is done on a work reservoir, heat Q, 
equal to W, is absorbed from a heat reservoir, and a gas occupies a larger 
volume at a lower pressure. All of the systems involved can be restored 
to their initial states by carrying out the process in the reversed direction, 
without producing any outstanding changes in other systems, hlence the 
original process was reversible. 


L.5-S Order and disorder. To help our understanding of the significance 
of the second law of thermodynamics, let us consider briefly the molecular 
nature of matter. As the simplest possible system, we shall take a mon¬ 
atomic gas whose molecules can be considered as perfectly elastic particles, 
exerting no forces on one another except when they collide. The general 
conclusions we shall draw will be valid for any system; a monatomic gas is 

used as an example only because of its relatively simple molecular 
structure. 

Although a sample of such a gas may be “at rest” in the laboratory. 
Its molecules are not at rest but are in a state of continuous random mo¬ 
tion with an average speed of the same order of magnitude as the speed 
of sound waves in the gas. For air, this is about 1100 ft/sec at room tem¬ 
perature. Some of the molecules move more rapidly than this and some 
more slowly, and as a result of collisions with one another and with the 
walls of the containing vessel, the velocity of any one molecule is continu¬ 
ally being changed in magnitude and direction. The number of molecules 
traveling in a given direction with a given .speed, however, remains con- 

stant. 

n the gas as a whole is at rest, the molecular velocities are distributed 

randomly in direction, as indicated in Fig. 5-5 (a), where the molecular 

velocity vectors have all been drawn from a common origin. The fiaure 
IS spherically symmetrical. 

Now let us consider two processes in which the energy of the gas is in¬ 
creased, first from the thermodynamic point of view and then from the 
molecular viewpoint. In the first process, the vessel containing the gas is 
placed on a heat reservoir at a temperature higher than that of the sas 
and a certain quantity of heat Q flows into the gas. In the second process’ 
the vessel containing the gas is accelerated by a force F to such a velocity 
a that the work IF done by the force, and the increase in kinetic energy o^ 
t le gas as a whole, is eiiual to the heat Q in the first process. The temper¬ 
ature of the gas does not change in the second process. At the end of^the 
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V 

(c) 


Fig. 5-5. (a) Schematic diagram of 

the random distribution of velocity 
vectors of the molecules of a gas. (b) 
When the temperature of the gas is 
increased, the average molecular veloc¬ 
ity increases but the distribution 
remains random, (c) When the gas 
as a whole is given kinetic energy, the 
distribution is not completely random. 


first process, the gas can serve as a 
heat reservoir in returning to its 
initial state; at the end of the 

second, it can serve as a work reser¬ 
voir. 

Fi’om the molecular standpoint, 
the energy of the gas is the sum of 
the energies of its molecules. Since 
there are no forces between the mole¬ 
cules, the energy consists of transla¬ 
tional molecular kinetic energy only. 
In both processes, the increase in mo¬ 
lecular kinetic energy is the same. 
The difference between them is illus¬ 
trated in the diagrams of Fig. 5-5 (b) 
and (c). Figure 5-5 (b) represents 
the molecular velocities in the gas that 
gained energy by a flow of heat. The 
velocities are still randomly directed 
but, as compared with those in part 
(a), their average value has increased. 
Figure 5-5 (c) represents the gas that 
gained energy by the performance 
of work. The velocities are no longer 
completely at random but there is a 
preponderance of velocity components 
toward the right. The total molecu¬ 
lar kinetic energy in both (b) and (c) 
has increased by the same amount 
above that in part (a), but in part (b) 
the random or disordered molecular 
kinetic energy has increased, while in 
part (c) the increase takes the form 
of a nonrandom or ordered kinetic 
energy. It is this distinction between 
ordered and disordered molecular 
energy which differentiates between a 
work reservoir and a heat reservoir. 

In a work reservoir the molecular 
energy is, in part at least, ordered, 
while in a heat reservoir it is com¬ 
pletely disordered. 

An ordered component of velocity 
results in a velocity of the gas as a 
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whole, and all of the kinetic energy associated with this ordered component 
can be utilized to do work, as for example in mox'ing the blades of a tur¬ 
bine. The kinetic energy of disordered molecular motion does not make 
Itself evident by a motion of the gas as a whole, and although it is just as 

real as that of ordered motion, it cannot be made completely a\-ailable 
for doing mechanical work. 

All irreversible proce.s.ses are associated with a transition from ordered 
molecular energy to disordered molecular energy, t\ hcn work is done bv 
a work reservoir, it is done at the expense of ordered molecular energv. 

1 tins work is “converted to heat” in an irre\-ersible process, the original 
ordered energy is coin erted to disordered energy. The reason the process 
IS irreversible is that there is no way of controlling the motion of the in¬ 
dividual molecules so as to restore the original .state, without at the .same 
lime increasing the disorder of some other svstem. The first law of ther¬ 
modynamics states only that the total moiecular energy of an isolated 
system remains constant. The second law expresses the fact that a di.s- 
ordered molecular state does not return spoiitaiieouslv to an ordered one 

It seems reasonable that this .should be the ca.se. \\-e would not expect 
the molecules of a gas, flying about in all dire.-tions and with a wide range 
of .speeds, to get together in a cooperative effort and all acipiire simultane¬ 
ously a common velocity component in the .same direction, although .such 
a proce.s.s would be entirely po.ssible from the standpoint of ..onseiwation 
tneigy, that is, from the fir.st law. Xevertheless, the po.ssibilitv cannot be 
excluded that purely as a result of chance such an event miqht occur and 
III spite of what has been said abo^•e such events do occur and are easily 
ob.se.wed. for example, particles of cigarette smoke, when ob.se.wed 
Trough a microscope, can be .seen to be in a (•ontinuous state of random 
mo ion called f rowmayi motion (after the English botanist Brown, who 
list olxserved the phenomenon). The particles continuallv aciuire and 
lose kinetic energy of motion as a whole. They are not veiy large to be 
suie, but they still contain enormous numbers of molecules and when they 
gam kinetu' energy all of these molecules have ac(,uired an ordered com^ 

i • t'h"t Tk ' ^ ‘'Pason for the continuous motion of the particles 

s that the molecules of the gas in which they float bombard them on all 

s de.s, but not always uniformly. The unbalanced molecular impulses re 
hiilt in a transfer of random molecular kinetic enerev of thp o-., i i 

|« o,d.,,C kino,... the tS 

a„d „.e ..ettotot.oee o, ... e„„i,o,e,.. 'Z 

Many other phenomena .similar to Brownian u i 

•sciwed, and are de.se,-ibed by the general term of fluctuations''''’'' 
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Ihe kinetic energy of a smoke particle, while as real as that of the 
water at the foot of Niagara Falls, cannot be utilized for practical pur¬ 
poses such as the operation of a turbine because the individual particles 
are too small to be controlled and directed. For the energy to be of prac¬ 
tical \-alue, it must be associated with an object of reasonable size. The 
theory of fluctuations, well verified by experiment, leads to the result that 
the random kinetic energy of a particle in contact with a heat reservoir 
fluctuates aliout an average value which is independent of the mass of the 
particle and which depends only on the temperature of the reservoir. 
Thus a large lialloon floating in air al.so performs Brownian motion, but 
its average kinetic energy is no greater than that of a smoke particle. 
More significant than the a\-erage energy, however, is the possibility of 
occasional \'alues of energy greatly in excess of the average, which might 
be taken advantage of with a particle sufficiently large to control. Here 
also, however, both theory and experiment show that the occurrence of 
energies appreciably different from the average is .so rare as to be negligible. 
Hence while the flogmatic statement cannot be made that a process never 
occurs whose sole result is the flow of heat from a heat reservoir and the 
performance of an e(|uivalent amount of work, it is a fact that .such proc¬ 
esses do not occur with objects of sufficient size, or with sufficient fre- 
(|uency, to make them of any practical utility. With this reser\ at ion, the 
statement of the .second law in Section .5 1 may be allowed to stand. 

1 his section has pro\'id(*d (.)nl\' a \’ery briel and necessarily incomplete 
glimj).se of the \i('\\ point of slrtlfsltcnl thernw{hjn(iniics, and we shall make 
very little ii.se of the molecular viewpoint from now on. However, it 
should be pointed out that at the pre.sent time the important new devel¬ 
opments in thermodynamics are chiefly tho.se a.s.sociated with a study of 
irreversible proce.sses and noneijnilibriiim states, lasing the methods of 
stati.stifal thormoflviiamics. 


5-4 Efficiencies of reversible engines, 'i'lie second law of thermo¬ 
dynamics is a statement of the experimental fact that heat cannot he 
withdrawn from a single heat reservoir and an e(iuivalent amount of work 
done on a work reservoir, as the sole result of any process. However, if 
tivo or more heat reservoirs at different temperatures are available, it is 
possible to carry out a cyclic process in which heat is withdrawn from the 
reservoir or reseiAoirs at higher temperature while a smaller quantity of 
heat is rejected to the reservoir or reservoirs at low^r temperature. An 
amount of energy eciual to the difference between the heat absorbed and 
the heat rejected is then available for doing work on a work reser\'oir. 
The Carnot cycle is, of course, an example of a proems of this sort. 

Our next problem is to investigate the relation between the tempera¬ 
tures of the reservoirs and the quantities of heat given up or absorbed by 
them. As the first step, we derive from the second law two important 
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properties of heat engines operating between just two reservoirs at differ¬ 
ent temperatures. These are: 

(a) No heat engine operating in cycles between tico reservoirs at different 
temperatures can have a greater efficiency than a reversible engine operating 
between the same two reservoirs. 

(b) All reversible engines operating between two reservoirs at given tem¬ 
peratures have the same efficiency. 

Note that a reversilile engine wliich alisorlis heat at a single tompera- 

tuie and rejects heat at a single (different) temperature is necessarily a 

Clarnot engine and its cycle is bounded by two isothermals and two adia- 
batics. 

The method of proving the .statements above is to show that if they 

were not true, either the Kelvin or the Clausius statement of the second 
law would be violated. 

In Fig. 5-() (a), the circle rcpre.sents a reversible engine operating be¬ 
tween two re.servoirs at temperatures and 7’,, taking in heat Q-, from the 
reservoir at temperature Yb, rejecting heat Qi to the re.serx oir at tempera¬ 
ture 7’,, and doing work W = Q, - Q^. (We are considering both Q.^ 
and Q, a.s po.sitive quantities.) The efficiency of this engine as shown is 
about 50/o. The rectangle at the right of the diagram represents an 
as.sumed engine having a higher efficiency than the reiersible engine 
(about I5^). Me as.sume that the engines are built or operated .so that 
each delivers the same mechanical work IF. (This could be the work per 
cycle or the work in some whole number of cycles.) Since the engine at 
the right IS assumed to have a higher efficiency than the reversible engine 
It take.s in less heat from the high temperature reservoir and rejects le.ss 
to the low temperature reseiwoir. If q!, and QJ reprc.sent the .mantities 
of heat absorbed and rejected by this engine, we have from the first law 

Q'j - Q'l = Qo - Qi = \v. ( 5 _ 1 ) 

Now since the re\-ersible engine is reversible, it can be reversed in the 
leimodynamic as well as the mechanical sense. That is, it can be oper- 
d as a lefngerator with no changes in the magnitudes of Q^, Q, and\ 

.et us therefore couple the assumed high efficiency engine to the other 
engine operated in reverse as a refrigerator, as in Fig. 5 G (b) ft should 
le e\ idcnt from the diagram that the device will run it.self and will result 

of t e t f ^ temperature. The ciuantity 

of heat tiansferrcd can be expressed either as Qi - Q[ or as 0 - O' 

lltHhe (d wSld vio¬ 

late the (Jausius statement of the second law, it follows that the effi ' 
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- Q\ 


(l») 


Fig. 5-6. Xo engine can be more efficient tlian a 
l)etween the same two temperatures. 


reversible engine operating 


efficiency as a refrigerator, '['he diagram is the same as Fig. 5-6 (b) and 
the second law is violated. Hence neither engine can have a higher 
efficiency than the other, which means that their efficiencies are equal. 

Notice carefully that we have not proved that the efficiency of an 
irreversible engine is lower than that of a reversible engine but only that 
no engine, reversible or not, can have a higher efficiency than a reversible 
engine. We shall show, however, that the efficiency of an irreversible 
engine actually is lower than that of a reversible one operating between 
the same two temperatures. 


5-5 The thermodynamic temperature scale. The conclusions drawn in 
the preceding section regarding the efficiencies of reversible engines were 
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used by Kelvin to define a temperature scale that is independent of the 
properties of any particular thermometric material, 

^^ e showed m Section 4-7 that when a Carnot engine using an ideal gas 
as the working substance is operated between two reservoirs at different 
tempeiatures, and when the temperatures of these reservoirs are measured 
by a gas thermometer using an ideal gas, the ratio of the heat absorbed to 
the heat rejected is etiual to the ratios of the temperatures. 


(h 

Qi T, 


(5-2) 


We have shown in Section 5-4 that e\ en if the working substance is 

not an ideal gas, the efficiencies of all Carnot engines operating between the 

same two temperatures are the same. That is, whaterer the nature of 

the fluid in the cylinder in Fig. 4-3, if heat Q-, is taken in at the higher 

temperature, the same amount of heat Qi will be rejected at the lower 

temperature. 77ie ratio Qi/Qi is therefore independent of the nature of the 
u'orly'itKj subfitanre. 

Kelvin proposed that we use a Carnot engine as a thermometer and 
define the ratio of two temijeratures as the ratio of the heat absorbed bv 

the engine to the heat rejected, when the engine is operated between 
re.servoirs at these temperatures. Then the etniality 


(h ^ 'If 

(h I\ 


(5-3) 

l)ecomes a matter of delinition, and the fundamental problem of ther¬ 
mometry, that of establishing a temperature scale, reduces to a problem 
in calorimetry. That is, the experimental <,uantities that are measured 
m determining an unknown temperature are (|uantities of heat rather 
than pressures, volumes, lengths, etc. Temperatures defined in this way 
are called thermodynamic temperatures. Since E<,. (5-3) has been shown 
)e satisfied if temperatures are measured by an ideal gas thermometer 

It follows that the ideal gas temperature scale and the thermodynamic 
.scale are identical. 

As an example, suppose we wish to determine the Rankine temperature 
of a tank of water, using a Carnot engine as the only thermomeS, Z 
auxiliary etjuipment we require a heat reservoir at the steam point (of 
'ouise, no thermometer is needed to ensure that it is at the steam point) 
a heat reservoir at the ice point (again no Aermometer is required) and a 
calorimeter for measuring heats absorbed and liberated by the CaimoTen 
gine. Even the calorimeter does not require the use of a tho 
For example, the heat withdrawn from the eservoir awL s^^^ 

-an be measured by measuring the input of elect ^a ene,l to 'll "r 

.ha, keep, ,he ,eaa,v„„- a. ,he a.aL poi:.thet^'lfh 

». 7 „ and I rcpre.sent, on the Rankine scale, the steam-point temperatme! 
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ice-point temperature, and the temperature of the tank of water. All of 

these, including steam point and ice point, are unknown at the start of 
the experiment. 

^^ e first carry out a Carnot cycle between the reservoirs at the steam 
point and the ice point. Let Qs and Q, represent the quantities of heat 
absoibed and iejected. Then carry out a second cycle between the res¬ 
ervoir at the steam point and the tank of water (we could equally well 
use the tank of water and the reservoir at the ice point) and for simplicity 
let us take in the same amount of heat Qs at the steam point. Let Q be 
the heat rejected at the unknown temperature T. We then have the 
following equations: 

Qs ^ 1\ 

Qi Ti ’ 


(h ^ Ts 

Q T ' 

Ts — Ti = 180 degrees. 


The quantities Qs, Qi, and Q are known from experiment, and we have 
three ecjuations from which to determine the three unknowns 7’s, Ti, and T. 

No one has ever measured a temperature in the manner described 
above. The thermodynamic temperature scale is established by correcting 
the readings of a gas thermometer to what they would be if the gas were 
ideal, or by equivalent procedures for temperatures above and below the 
range accessible to gas thermometry. (By “establishing” the scale is 
meant that a large number of fixed temperatures such as the steam point, 
ice point, freezing point of gold, etc., are carefully measured once and for 
all.) This correction can be made from certain eciuations derived from 
the second law, and the experiments involved in ascertaining the magni¬ 
tudes of the corrections require the measurement of quantities of heat. 
Hence the measurements reduce essentially to problems in calorimetry, 
as stated above, although the calorimetry is less direct than in our idealized 
experiment. 

The efficiency of any Carnot cycle can now be expressed as follows. 
From Eq. (5-2), the ratio of the heat rejected to the heat absorbed is, by 
definition, equal to the corresponding ratio of the thermodynamic tempera¬ 
tures of the reservoirs: 


It follows that 
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and hence that the efficiency rj of any Carnot cycle is 

^ Q2 - Qi ^ T2 - Ti 
’’ Q2 Q2 T2 

A Carnot engine operated in reverse becomes a Carnot refrigerator 

Since all processes are reversible, the ratio of the heat Q, absorbed from 

the reservoir at the lower temperature T,, to the heat Q2 rejected to the 

reservoir at the higher temperature T2, is equal to the ratio of the thermo- 
dynamic temperatures, 

Qi Q2 

Ti~ ¥ 2 ' 

The work W re(,uired to operate the refrigerator, from the first law, is 

= Q 2 - Q,, 

and the coefficient of performance is 


I<J = 9l ^ Qi _ Ti 

(h - T 2 - 7 ’, ■ 

s^bstmi *^''^'** performance is independent of the nature of the working 

It is left as a problem to show by the method used in Section 5-4 that 
no refrigerator operating between two given temperatures can have a 
greater coefficient of performance than a Carnot refrigerator. 


6-6 Absolute zero. It follows from the definition of thermodynamic 

aZoTexist Z temperature of zero degrees or less 

« Consider a Carnot engine operated between a reservoir at 

I eZhe reservoir at a lower temperature T,. 

Let the enpne take m heat Q 2 from the reservoir at temperature T, The 

mechanical work W done by the engine, from the first law, is 

IL = Q2 - Oi, 

and from the definition of thermodynamic temperature 


Hence 





and 


w = Q2 - Q2 






f 


(5^) 
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But from the 


The larger the work W, the lower the temperature Ti. 
second law, 

< Q2, 

since the engine cannot convert to work all of the heat supplied to it 

1 herefore the term in parentheses in Erp (5-4) is always greater than zero, 

and hence the lowest attainable temperature is greater than zero. In 

other words, a thermodynamic temperature of zero or less is unattainable 

and a temperature of zero on the thermodynamic scale can properly be 
called absolute zero. 


5-7 The Clausius-Clapeyron equation. To state the fact that all 

Carnot engines operated between two gi\-en temperatures have the same 

efficiency is one way of stating the .second law of thermodynamics. We 

shall put this law in a more u.seful anal 3 ^tical form in a later section, but 

many of its conse(|uences can be deduced directly from the statement 
above. 

A (^aniot cycle is any reversible cycle bounded by two isotherms and 
two adiabatic.s. The working substance need not be an ideal gas. It 
may be a leal gas, a li(|Uid, a solid, or (*hanges in phase may take place 
during the cyc-Ie. By considering a C’arnot engine operated between two 
reservoirs differing infinitesimally in temjierature, and by letting the 
working substance undergo a change in phase, we can derive an important 
relation known as the (4ausius-(4ape3H'on etiuation, gi\ ing the slope of the 
e(iuilibrium lines in a pressure-temperature diagram. 

We shall describe a cycle in which the phases in ef|uilibrium are liquid 
and vapor, but the .same aigument can be applied to the solid-vapor or 
solid-li(|uid eciuilibrium. The cycle is indicated by shading in Fig. 5-7 (a) 
and the C.’arnot engine is shown in Fig. 5 7 (c). The initial state of the sys¬ 
tem is represented hy point a in Fig. 5-7 (a) and b^' part (a) of Fig. 5 7 (c). 
4'he cjdinder of the (^arnot engine contains a li(|uid and vapor in e(|ui- 
librium at temperature T and pressure p. 4'he specific volumes of the 
liquid and vapor phases are respectively' v/ and Vg. We first carry out 
an isothermal expansion at temperature T until an arbitrary mass m 
has been vaporized, at which time the state of the system is represented 
by' point b in Fig. 5-7 (a) and by part (b) of Fig. 5-7 (c). The pressure 
remains constant in this part of the cycle. The mass m, while in the liquid 
phase, occupied a volume mvf and in the vapor phase it occupies a volume 
mvg. The increase in volume of the system is therefore m{vg — Vf). The 
heat Q absorbed by the system in this part of the cycle is the product of 
the mass m and the latent heat of vaporization 1. 

In the next stage of the cycle, the cylinder at temperature T and pres¬ 
sure p is transferred to an insulating stand, and a very .small adiabatic 
expansion is carried out. The work done is negligible and, of course, no 




{(■) 


equation 'eversible cycle userl to derive the Clausi 


iis-Clapeyron 


heat IS absorbed, but the temperature drops to T - dT and the pressure 
Fig 5-7 (a) by point c in 

r:r.rr“ “>■ 

We have shown that the efficiency of any Carnot cycle is 

^ ^ If ^ Q2 - Qi _ To - T, 


Q2 


Q2 


T. 


In the present infinitesimal cycle, this becomes 

d'W _ dT 

Q ~Y’ 

"here Q is the heat absorbed at the higher temperature and is given by 

Q = ml = mhfg. 
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the small volume changes in the adiabatic processes are neglected, 
the net work d W done in the cycle is the area of the shaded “rectangle’' 
in Fig. 5-7 (a), whose base is m{vg — v/) and whose height is dp. 

d'W = m{vg ~ Vf) dp. 

Then 


_ m{vg - Vf) dp dT 

Q ~ mhjg ~ ~T ' 

and 


(5-5) 


Ihis is one form of the Clausius-Clapeyron equation. It expresses 
the slope of the vapor pressure curve at any temperature in terms of the 
temperature, the latent heat of vaporization at that temperature, and the 
specific volumes of vapor and liquid. When the same reasoning is applied 
to the solid and vapor or solid and liciuid phases, we obtain the corre¬ 
sponding equations 

_ ^sg dp hfs 

dr ~ T(Vg - cj ' ^ ~ Vs) ’ 

where figg and hg/ are the latent heats of sublimation and fusion respec¬ 
tively, Vs is the specific volume of the solid in e(|uilibrium with the vapor 
or liquid, and the pressure is the equilibrium pressure of the two-phase 
system at the temperature T, 

Although the latent heat of any transformation varies with tempera¬ 
ture, it is always positive, as is the temperature T. Also, the specific 
\ oIume of the vapor phase is always greater than that of either the liquid 
or solid phase and the quantities {vg — v/) and {vg — Va) are always posi¬ 
tive. The slopes of the vapor pressure curves and sublimation pressure 
curves are therefore always positive. The specific volume of the solid 
phase, however, may be greater or less than that of the litjuid phase, and 
so the slope of the solid-liquid equilibrium line may be either positive or 
negative. We can now understand more fully why the p-v-T surface for 
a substance like water, which expands on freezing, differs from that for a 
substance which contracts on freezing. (See Figs. 2-7 and 2-8.) The 
term {vf — y,) is negative for a substance that expands on freezing and is 
positive for a substance that contracts on freezing. Therefore the solid- 
liquid equilibrium surface, or its projection as a line in the p~T plane, 
slopes upward to the left for a substance like water that expands and up¬ 
ward to the right for a substance that contracts. Projections of the 
liquid-vapor and solid-vapor surfaces always have positive slopes. 
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An exEmination of Fig. 2—11 will show that Ice I (ordinary ice) is the 
only form of the solid phase with a specific volume greater than that of 
the liquid phase. Hence the equilibrium line between Ice I and liquid 
water is the only one that slopes upward to the left in a p-7’ diagram; all 
others slope upward to the right. 

Foi changes in temperature and pre.ssure that are not too great, the 
latent heats of transformation and the specific volumes can be considered 
constant, and the slope of an eiiuilibrium line can be approximated by the 
ratio of the finite pressure and temperature changes, Ap/AT. Thus the 
latent heat at any temperature can be found approximately from measure¬ 
ments of equilibrium pressures at two nearby temperatures, if the cor¬ 
responding specific volumes are known. Conversely, if the equilibrium 
pres.sure and the latent heat are known at any one temperature, the pres¬ 
sure at a nearby temperature can be calculated. In calculations of this 
sort we usually assume that the vapor beha\'es like an ideal gas. 

To integrate the Clausius-Clapeyron eijuation and obtain an expression 
or the pressure itself as a function of temperature, the heats of trans¬ 
formation and the specific volumes must be known as functions of temper¬ 
ature. This IS an important problem in physical chemistry but we shall 
not pursue it further here except to mention that if variations in latent 
heat can be neglected, and if one of the phases is a vapor, and if the vapor 
IS assumed to be an ideal gas, and if the specific volume of the liquid or 
solid IS neglected m comparison with that of the vapor, the integration 
can be readily carried out. The resulting expression is 


dp 

rTr 

dp 

V 


I 


T{RT/p) 
I dr 

R ’ 


i 


111 P =--L In C 

^ RT ^ f 


( 5 - 0 ) 


where I represents the latent heat of transformation 

:.7y‘:££Tvar"''‘''‘ 

differ from tho.se of the bulk hq^id withTn it Th V m 
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shape of a given mass of liquid is 
changed in such a way as to increase 
its surface area, there is a transfer of 
mass from bulk liquid to film just as 
there is a transfer of mass from liquid 
to vapor when the volume of a cylin¬ 
der containing liquid and vapor is 
increased. 

It is found that in order to keep 
the temperature of the system con¬ 
stant when its surface area is in¬ 
creased, heat must be supplied. Let 



Fig. 5-8. Surface tension forces 
exerted at the boundaiy of a thin film. 


us define a (luantity X, analogous to the latent heat of ^vaporization, as the 
heat supplied per unit increase of area at constant temperature. 


(i Q'l' — X (/A 7’. 

I 

If a film of liciuid is formed on a wire frame as in Fig. 5-8, the film is 
found to exert an inward force on the frame as indicated by the short 
arrows. This force originates in the surface layers, as if the 3 '^ were in a 
state of tension. The force per unit length of boundary is called the 
surface tension, a. If L is the length of the wire slider across the lower 
edge of the film, the total inward force on it is 2<jL (the film has two sur¬ 
faces) and an equal outward force F must be applied to hold the slider in 
e(|uilibiium. 



Suppose the slider is pulled down a short distance r/.r. Although the 
area of the film increases, the force F is found to remain constant if the 
temperature is constant. That is, the surface tension a does not depend 
on the area but only on the temperature. Thus the film does not act like 
a rubber membrane, for which the force would increase with increasing 
area. As the slider is pulled down, molecules move from the bulk liquid 
into the film. The process does not consist of stretching a film of constant 
mass, but rather of creating an additional area of film whose properties 
depend only on its temperature. 

If the temperature of the system is changed, however, the surface 
tension changes. Thus surface tension is analogous to vapor pressure, 
remaining constant for two phases in eijuilibrium if the temperature is 
" constant but changing with changing temperature. Unlike the vapor 
pressure, however, which increases with increasing temperature, the sur¬ 
face tension decreases with increasing temperature and becomes zero at 
the critical temperature, where the properties of liquid and vapor become 
identical. The lower graph in Fig. 5-9 shows the variation of the surface 
tension of water with temperature. 
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Temperature (°C’) 

T^r?' tension a, “latent heat” and surface energy per unit area 

f o)/^, for water, as a function of teinpei'ature. 


Let us carry out a Carnot cycle with the liquid film in Fig. 5-8. First, 
let the shder be pulled down at constant temperature T from a position aq 
to a position X 2 . This process is represented by the line ab in Fig. 5-10. 
During this process, a cpiantity of heat Q must be supplied, gi\-en by 

Qt = X(^2 — -4,). 

Next, let the system be thermally insulated and the slider pulled 
down a short additional distance dx. The temperature decreases by dT 
and the surface tension increases by da. This process is represented by 

t e line be in Fig. 5-10. The cycle is now completed by the isothermal 
decrease of area, cd, and the adiabatic decrease da. 

The net work d'W done by the .sy.stem, represented by the shaded area 
IS very nearly ^ 

d'W = dF{x2 - xi) 

= 2L d<j{x2 — xi) 

= d(x{A2 — Ax). 


Jig. 5 10. Carnot cycle for a sur¬ 
face film. 



X 
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and hence 
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d<j 

dT 


T 


(5-7) 


a lelation closely analogous to the C’lausius-C’lapeyron equation, E(|. 
(5-5). 

When the slider in Fig. 5-8 is at the top of the frame, the area of the 
surface film is practically zero. If the slider is pulled down isothermally 
and reversibly until the area is /I, the heat supplied is 


() = X.l = 


d'he work done hy the system is 


T A 


W = -cr.-l. 

I hen if f/o represents the energy of the system when A = 0, the energy 
r when the area is .1 is 


r = To + Q 


H 


d(j 


- To + ( o- - ^ ) d , 


or 



(5-8) 


The energy increase f' —• Uo is associated with the increase in surface 
area from zero to A and hence the left side of Eq. (5-8) represents the 
surface energy per unit area at the temperature 7’. The upper graph in 
Fig. 5-9 shows {U — Uo)/A for water, as a function of temperature. 
The difference between the ordinates of the two curves, at any temperature, 
ecjuals the “latent heat “ X at that temperature. 


6-9 Stefan’s law. A Carnot cycle can be carried out not only with any 
arbitrary material system, but with a “batch” of radiant energy in an 
evacuated enclosure. Consider an evacuated cylinder whose walls are 
perfectly reflecting thermal insulators. Any radiant energy within the 
cylinder will be reflected and re-reflected with no loss of energy and no 
change in wavelength. If the cylinder contains a speck of perfectly ab¬ 
sorbing matter (a blackbody), radiant energy striking the speck will be 
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absorbed and re-radiated. The wavelength of the energy radiated will, 
however, not equal that of the energy absorbed unless the original energy 
is distributed over the entire range of wavelengths from zero to infinity 
in a particular way given by an expression called Planck's law. If the 
original energy has any other distribution, the result of absorption and 
radiation by the blackbody will lead eventually to a Planckian distribution 
which depends only on the temperature T of the blackbody and not on 
the material of which it is composed. Under these conditions we can 
say that the lemveraturc of the radiant energy is also 7\ since it has come 
to etiuihbrium with a body at that temperature. 

The electromagnetic theory of 
radiation, and the quantum theory 
as well, predict that the radiant 
energy within the cylinder exerts on 
its surface a pressure p equal to one- 
third of the energy per unit \'olume or 
energy density u. 


P = iu. 


(5-9) 



44ie dependence of energy density 

on temperature can be found by inte- r' . ,r 

KratinK Planck’s equation over all of radii l\ergv'' ' 
wavelciiKths. The principles of ther¬ 
modynamics, however, enable us to find the form of this function without 
a knowledge of the exa<-t form of Planck’s equation, provided only that 
le eneigy density is a function of temperature alone. Let us carry a 
batch of radiant energy through a Carnot cycle, as shown in Fig. 5-11. 

locess ah is an isothermal expansion at the temperature T The work 
(lone IS ‘ IV 

= r.) = iu(r, - r,). 

Since the energy density is a function of temperature only it remains 
(onstant m this proce.ss and the change in internal energy is 

r'2 - U^ = u(F2 - F,). 

Q = {U2 - c.) + ir = ,}u(i% - r,). 

<-reai'''by expansion in which the temperature de- 


d/1 = Jdu. 
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The cycle is completed by the isothermal process cd and the adiabatic 
process da. The net work done is 


d'W = dp(F2 - Fi) = \dn{V2 - Fi). 


Therefore, from the second law, 

d'W _ \du{V2 - Fi) dT 
Q |u(F2 - Fi) “ y ’ 


u 



1 


In u = 4 In T + const, 

u = const X T‘^. (5-10) 

The energy density is therefore proportional to the 4th power of the 
thermodynamic temperature. It can be shown from this that the total 
rate of emission of radiant energy from the surface of a blackbody is also 
proportional to the 4th power of its thermodynamic temperature, a fact 
which was discovered experimentally before the theory had been developed 
by Planck, and which is called Stefan's law. 


PROBLEMS 


5-1. An inventor claims to have developed an engine that takes in 100,000 
Btu at a temperature of 720°R, rejects 40,000 Btu at a temperature of 360°R, 
and delivers 15 kwh of mechanical work. Would you advise investing money 
to put this engine on the market? 

5-2. A Carnot engine absorbs heat from a reservoir at a temperature of 
100°F and rejects heat to a reservoir at a temperature of 0°F. If the engine 
absorbs 1000 Btu from the high temperature reservoir, find the work done, the 
heat rejected, and the efficiency. 

5-3. Which is the more effective way to increase the efficiency of a Carnot 
engine; to increase the temperature T 2 , keeping Ti fixed, or to decrease the 
temperature Ti, keeping T 2 fixed? 

5-4. Show that if the Kelvin-Planck statement of the second law were not 
true a violation of the Clausius statement would be possible. 

5-5. Show that if the Clausius statement of the second law were not true 
a violation of the Kelvin-Planck statement would be possible. 

5-6. Prove by the method used in Section 5-4 that no refrigerator operating 
in cycles between two reservoirs at constant temperatures can have a greater 
coefficient of performance than a reversible refrigerator operating between the 
same two reservoirs. Draw diagrams corresponding to Fig. 5-6 (a) and (b). 

5-7. A refrigerator having a coefficient of performance one-half as great 
as that of a Carnot refrigerator is operating between reservoirs at temperatures 
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of 360 R and 720 R, and it absorbs 600 Btu from the low tempei'ature reservoir. 
How much heat is rejected to the high temperature reservoir? 

5-8. A Carnot refrigerator or heat pump is operated between reservoirs 
at 0°F and 100°F. (a) If 1000 Btu are absorbed from the low temperature 

reservoir, how many Btu are rejected to the high temperature reservoir? 
(b) What is the coefficient of performance? 

5-9. Refrigeration cycles have been developed for heating buildings. Heat 
is absorbed from the earth by a fluid circulating in buried pipes and heat is 
delivered at a higher temperature to the interior of the building. If a Carnot 
refrigerator were available for use in this way, operating between an outside 
temperature of 32°F and an interior temperature of 70°F, how many kilowatt- 
hours of heat would be supplied to the building for every kilowatt-hour of elec¬ 
trical energy needed to operate the refrigerator? 


5-10. The temperature in a household refrigerator is 32°F and the tempera¬ 
ture of the room in which it is located is 70'’F. The heat flowing into the refrig¬ 
erator from the warmer room every 24 hours is 7200 Btu (enough to melt about 
50 lb of ice) and this heat must be pumped out again if the refi igerator is to be 
kept cold. If a Carnot refrigerator were available, operating between the tem¬ 
peratures of 32°F and 70°F, how much mechanical power in watts would be 

required to operate it? Compare the daily cost, at 2 cents per kwh, with the 
cost of 50 lb of ice (about 40 cents). 

5-11. In Fig. 5-12, abed represents a Carnot cycle, bounded by two adia- 

batics and by two isotherms at the temperatures Ti and r., where T-i > Ti The 

oval figure is a reversible cycle for which T, and T. are respectively the maximum 

and minimum temperatures. In this cycle, heat is absorbed at temperatures 

less than or equal to Tj, and is rejected at temperatures greater than or equal 

o 1 1 . Prove that the efficiency of the second cycle is less than that of the 

Carnot eye e. {Hint: Approximate the second cycle by a large number of small 
Carnot cycles.) 


5 12. One mole of a monatomic ideal gas (c„ = §«) is carried around the 
osed cjcle abc m Fig; 5-13. Process be is a reversible adiabatic expansion 
Given that p, = 10 atm, F, = 2 ft3, and F. = 4 ft’, (a) compute tL hit 
inpu o le gas, the heat output, and the efficiency of the cycle, (b) What is 



V 



Figure 5-13. 


Figure 5-12. 
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5-13. According to the Reaunuier scale of temperature, ice melts at 0“ and 
steam condenses at 80° at standard atmospheric pressure. Find the correspond¬ 
ing temiierature on the Rcaumuer scale for absolute zero and the thermodynamic 
scale. 

5-14. (a) Sulfur melts at 240°F and mercury freezes at — 37°F. A thermo¬ 
dynamic scale of temperature is to be constructed by assuming that the differ¬ 
ence between the temperatures of melting sulfur and freezing mercury is 200°. 
What temperature on tliis scale corresponds to 80°F? (b) If we were to con¬ 

struct an absolute temperature scale so tliat sidfur l)oils at 200°, what would 
be tlie temperature on this scale for the freezing point of mercury? 

5-15. (a) Calculate the slope of the fusion curve of ice, in {lb/ft-)/°R at 
the normal melting point. The heat of fusion at this temperature is 144 Htu/Ibm 
and the change in specific volume on melting is 1.5 X 10”^ ftVlbm. 

(b) Ice at 28°F and atmosidieric pressure is compressed isothermally. Find 
the pressure at which the ice starts to melt. 

(c) Calculate {dp dT)„ for ice at 28°F. The value of is 8.7 X 10“^ deg"^ 
and that of k is 11.9 X 10^*^ (Ib/ft")“'. 

(d) Ice at 28°F and atmospheric pre.ssure is kept in a container at constant 
volume, an<I the temperature is gradually increased. Find tlie temperature and 
pressure at which the ice stai ts to melt. Show this process and that in part 
(b) in a p-T diagram like that in Fig. 2-10 (a), and on a p-r-T surface like that 
in iMg. 2-8. Assume that the fusion curve and the rate of change of pressure 
with temperature, at constant volume, are l)oth linear. 

5-16. Calculate the lieat of sul)limation of ice at —5°F from the following 
pressure rlata: 

-5°F -0°F 


C°F) 


-4°F 


p (in. Hg) 0.032 0.030 0.029 

5-17. Prove that the slope of the sublimation cuiac at the triple point is 
greater than that of the vaporization curv'e at the same point. 

5-18. The vapor pressure of water at a temperature of 70°F is 0.3631 Ib/in^, 
and the heat of vaporization at this tcrn[)erature is 1054 Btu, Ibm. (a) Find 
the value of the constant in Eq. (5-6). (b) Calculate the vapor pressure at 

80°F from Eq. (5-6) and compare with the exj^crimental value of 0.5069 ll)/in^. 
5-19. Show that the two laws of thermodynamics yield the ecpiation 

T ds = Cr dT + T dr, 

for a stretched wire undergoing an infinitesimal reversible stretching process, 
where r is the tension and L is the length of the wire. 

5-20. The surface tension of water in equilibrium with its vapor is given, 
in dynes per centimeter, b}' the equation 

(T = 75.65 - 0.139/ - 0.0003/2, 

where / is the temperature in centigrade degrees, (a) Compute d<j/dt at the 
temperatures 0°C and 100°C. (b) Compute the surface energy per square centi¬ 
meter of area at the temperatures 0°C and i00°C. (c) Compute the “latent 

heat'’'at the temperatures 0°C and 100°C. 
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ENTROPY 

^ 6-1 The Clausius inequality. The C’lausius ine(|uality is a relation 

i)et\veen the thermodynamic temperatures of an arbitrary number of heat 

reservoirs and the f|uantities of heat given up or absorbed by them, when 

some working substance is carried through an arbitrary cyclic process in 

the course of which it interchanges heat with the reser\'oirs. For simplic- 

ity, we shall consider only the three reservoirs at temperatures To. Ti, and 

1 2 , shown schematically in Fig. (i-l, but the argument is readily extended 

to any number. The rectangle lettered “system” refers to any device 

(such as a gas in a cylinder) which is capalile of absorbing and liberating 

heat with accompanying changes in volume. The processes taking place 

m the system are not necessarily reversible and. of course, the pipe lines 
are schematic only. 

We consider any arbitrary process in which the system is carried 
through a closed cycle, so that its end state is the same as its initial state, 
yt Qi, Q 2 , represent respectively the (luantities of heat interchanged 
between the system and the heat re.servoirs, and ir the net amount of 
work done by the system. In the diagram, the system is shown absorbing 
heat from the reservoirs at temperatures 1\ and 1\, rejecting heat to the 
reservoir at temperature 1\, and performing mechanical work, but in the 
general argument that follows we shall make no restriction on the direc¬ 
tions of these interchanges except that they shall be consistent with the 
tirst and second laws. 
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lo determine whether they are consistent, it is necessary to reduce the 
general problem to a process that can be compared either with the Kelvin 
or Clausius statements of the second law. Let us introduce as auxiliary 
equipment two Carnot engines, operating between pairs of heat reservoirs 
as shown. (In the diagram, the engines are actually refrigerators. We 
shall use the generic term, “engine,” since in the general case some might 
be operated as engines and others as refrigerators.) Engine A supplies 
to the reservoir at temperature T, a quantity of heat Qm equal to the 
heat Qi given up by this reservoir in the original cyclic process. This 
engine withdraws heat Q 0.4 from the reservoir at temperature Tq and work 

U ,1 is supplied to it. By this process we eliminate any outstanding change 
in the reservoir at temperature 7\. 

Carnot engine B supplies heat Q 2 B to the reservoir at temperature 7 ^ 2 , 
in amount just equal to the heat Q 2 given up to the system. It also with¬ 
draws heat Qo/i from the reservoir at temperature Tq and work is 
supplied to it. d hus there has been no outstanding change in the reservoir 
at temperature 7\. Since the original process through which the system 
was carried was cyclic, e\'erything is now as it was at the start, except for 
the reser\'oir at temperature To and the work reservoir that supplied 
or absorbed work. Unless Qo happens to be ecjual to the sum of Qqa 
and Q{)Bi the reservoir at temperature 7o will have gained or lost some heat, 
and unless W and (bCi + Wn) are ecjual, work has been done on or by 
the work reservoir. Of course, we know from the first law that the 7iet 


flow of heat from or to the heat reservoir must equal the net work done 
on or by the work reservoir and, as far as the first law is concerned, it is a 
matter of indifference whether the heat reservoir loses or gains heat, so 
long as the work reservoir gains or loses the same quantity of work. It 
is not, however, a matter of indifference from the point of view of the 
second law, since the second law (Kelvin statement) obviously would be 
violated if the heat reservoir lost heat and the work reservoir gained 
an equal amount of work. 7''herefore the heat reservoir must have gained 
heat and the work reservoir given up work, except in the special case 
where both have neither lost nor gained. That is, the heat Qo must be 
greater than the heat (Qo.i + Qob) or, in the limiting case, just equal to it. 

Before putting these conclusions in analytic form, it is necessary to 
adopt a convention of sign for the Q's. \^'e shall write our equations from 
the point of view of the system. That is, a (|uantity of heat Q is considered 
positive if heat is given to the system and negative if the system gives up 
heat. Since Q 2 . for example, is at the same time heat given to the system 
and heat given up by a reservoir, it follows that heat given up by a reservoir 
is positive, heat given to a reservoir is negative. 

Since the engines A and B are Carnot engines, it follows that 



( 0 - 1 ) 
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and 


Q 2 B Qob _ 

m ^ — U. 

■'2 -to 


( 6 - 2 ) 


Also, since there is no net flow of heat into the reservoirs at tempera¬ 
tures Ti and T 2 , 

Qia + Qi = 0, (6-3) 


Q 2 B H“ Qo “ 6- 


(6-4) 


In the diagram as drawn, Q, and Q 2 are positi\ e, is negative, 
is negative, Q 0.4 is positive, Q 2 B is negative, Qob is positi\'e. How'ever, 
in setting up the general equations, we write these all as positive quantities,' 
just as one writes Y.F. = 0, Y.Fy = 0 for forces in e(|uilibrium at a point,’ 
or Hi = 0 in Kirchhoff’s point rule. 

From Eqs. (6-1) and (6-3), we have 


(h.x = To 




(6-5) 


and from E(is. (6-2) and (6-4), 


(hii = To 


O 2 


( 6 - 6 ) 


Ihe net quantity of heat given up by the reservoir at temperature To 

IS Qo + Qoa + Qojs- But the second law reciuires that the reservoir can 
only receive heat, not give it up. Therefore the sum Qo + Qo-i + Qoa 
must be a negative ([uantity or, in the limiting case, zero. 

Qo + Qn.i + Qo/i ^ 0. 

Inserting the expressions for (Joa and Qo/, from the preceding ecjuations, we 
^ct 

n _i_ I /02\ _ 


+''Hs)+’H f:) ^ 

^^0 ^ Qi , Q 2 

7* + — 4- — ^ 0. 

^0 ■'1 1 2 

By making use of a sufficiently large number of Carnot engines a 
process m which the system in Fig. 6-1 interchanged heat with any num! 
her of reservoirs can be reduced to an energy interchange between a single 
eat reservoir and a work reservoir. We would then find ^ 


Q 

g 0. 


(6-7) 
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By extension, when the number of reservoirs becomes infinitely large 
and the system may exchange only infinitesimal amounts of heat with 
each, the finite sum becomes an integral and 



( 0 - 8 ) 


Either E(|. (0-7) or (6-8) expresses the Clausius 
between the (luantities of heat absorbed or liberated 


inequality, a relation 
by a number of heat 


reservoirs and the temperatures of those reservoirs when a working substance 
is carried through a cyclic process of any sort, reversible or irreversible. 


4'he ([uantities Q or d^Q are considered positive when heat is given up by a 


reservoir. The inequality makes no statements about the system that 
was carried through the original process, which it obviously cannot do, 
since at no point did the temperature of the system enter the argument. 
The only temperatures considered are those of the reservoirs. 


Example 1. Consider the flow of heat by conduction from a reservoir at a 
temperature T 2 to a reservoir at a lower temperature Ti. The quantities of 
heat Q 2 and Q\ are necessarily equal in magnitude, but Q 2 is positive, while Qi 
is negative. As a numerical example, let — I000°R, T\ = 500°R, Qi = 
2000 Btu, Q\ = —2000 Btu. Then 

Y Q _ 2000 Btu -2000 Btu ^ Btu ^ 

^ r “ 1000°R 500°R ” '’R 


and we see that '^{Q/T) is actually less than zero. 


Example 2. A heat engine operates between reservoirs at 1000°R and 
500°R. The efficiency of a Carnot engine operating between these temperatures 
would be 50%. Let us assume that our engine is less efficient than a Carnot 
engine, with an efficiency of only 25% (we have shown that it cannot be more 
efficient). Assume that the engine takes in 2000 Btu from the high-temp?rature 
reservoir. It then converts 25% of this, or 500 Btu, into work, and rejects 
1500 Btu to the low-temperature reservoir. The engine then becomes the 
system in our general argument. We have 



2000 Btu 
1000°R 


-1500 Btu 
500°R 



Btu 


and again "^(Q/T) is less than zero. 

Example 3. Finally, consider a Carnot engine operating between reservoirs 
at 1000°R and 500°R. Its efficiency is 50% and if it takes in 2000 Btu it rejects 
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sr Q ^ 2000 Btu -1000 Btu 
^ T lOOO'^R 500°R ” ^ ^ 

and in this case the equality sign holds, rather than the inequality 


6-2 Entropy. In deriving the Clausius inequality, no restrictions were 
placed on the reversibility or irreversibility of the c 3 'cle through which 
the system was carried. Let us now assume the cycle to he reversible, and 
let the system traverse it first in one direction and then in the opposite 
direction. Let (d Qrcv)i represent the heat flowing into the system at any 
point in the first cycle, and (d'Qrcv )2 the heat flowing into it at the same 

point in the second cycle. Since all processes in the second cycle are the 
reverse of those in the first, then 


{d Qtc\)i — (d Qrcv)2- 


(6-9) 


If the cycle is reversible, the temperature T of the system, while it is 

exchanging heat with any reservoir, is the same as the temperature of that 

reservoir. We can therefore write the Clausius ineiiuality for the two 
cycles as 



(d Crov ) 1 


rn 


~ ^ 0 , 



{d Qtc\)2 


rti 


< 0 . 


( 6 - 10 ) 


1 he symbol ^ means that the integration is carried around a cyclic 

path. We did not use this symbol in E,,. (0-8) because this equation 

applied to the reservoirs which were not carried through cyclic processes 
( omliining Eqs. (0-9) and (0-10), we get 



(d'Qrcv), 


T 


^ 0 , 



(d'Qrov)l 


r 


^ 0 . 


But the only way in which both of these relations can be true is if the 
ociuahty sign holds, and not the ineciuality. We therefore have the very 

“ reversible cycle and 

t d Q added to it at every point is divided by its thermodynamic 
temperature at that point, the sum of all such quotients is zero. 



( 0 - 11 ) 


the d°red"curvrirFir 'ISnIsVf'd o'""'" represented by 

■8. 0. 1). 1 oints 1 and 2 are any two points on the 
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cuive. The integral around the closed curve can be written as the sum of 

two integrals, one along path I from 1 to 2, the second along path II from 
2 back to 1. 



( 6 - 12 ) 


If the path II from 2 to 1 were traversed 
in the opposite direction, we would have, 
since the cycle is reversible, 

’dUev rd'Q 



r 


= -(II) 



rev 


T 


(6-13) 


Combining this result with Eq. (G-12), 
we get 





d'Q 


rev 


rn 


(G-14) 



That is, the integral is the same along Figure 6 -2. 

the two reversible paths. Also, since the 

original cycle was entirely arbitrary, it follows that the integral is the 
same along all reversible paths from 1 to 2. In mathematical terms, 
the quantity d'Q/T is an exact differential of some function S of the state 
of the system, and may be represented by dS. Then 



(G-15) 


since the integral of an exact differential along any path is eiiual to the 
difference between the values of the function at the end points of the path, 
'rhe quantity S is called the entropy of the system, and E(j. (G-15) states 
that the change in entropy of a system between any two equilibrium states is 
found by taking the system along any reversible path connecting the states^ 
dividing the heat added to the system at each point of the path by the thermo- 
dynamic temperature of the system, and summing the quotients thus obtained. 

Thus we see that while d'Q is not an exact differential, there are two 
ways in which an exact differential involving d'Q can he obtained. One 
is to subtract from d'Q the inexact differential d'W. The sum is the exact 
differential dU and the statement of this fact constitutes the first law of 
thermodynamics. 


d'Q - d'W = dU. 


(G-IG) 
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The second method is to divide d^Qrev by the thermodynamic tempera¬ 
ture T. The quotient is the exact differential dS and the statement of this 
fact constitutes the second law of thermodynamics. 


(6-17) 



In the engineering system, entropy is expressed in Btu per degree 
Rankine (Btu/°R). The corresponding metric* unit is the calorie per 
degree Kelvin. 

The following points should be noted. 

(a) The entropy of a system is defined for etiuilihrium states only. 

(b) Only changes in entropy or entropy differences can be computed 

from Eq. (6-15). For convenience, the entropy of a substance may be 

assumed zero in some convenient reference state and a numerical value can 

then be assigned to the entropy in any other state. Thus, in computing 

steam tables, the entropy of water is assumed zero when it is in the satu- 

lated licjuid phase at 32°F, and a value is listed for the entropy o\'er a wide 

range of temperatures and pressures, in the vapor as well as in the liquid 
phase. 


(c) The entropy of a system in an equilibrium state is a function of 

the state of the system only and is independent of its past history. The 

entropy can therefore be expressed as a function of the thermodynamic 

properties of the system, such as the pressure and temperature or pressure 
and volume. 


(d) Changes in entropy can be computed from Eq. (6-15) for reversible 
processes only. However, any reversible process between the same two 
end states can be used, since the change in entropy is the same for all 
reversible processes between the same two end states. 

(e) To compute the change in entropy of a system when it goes from 

one eciuihbrium state to another etpiilibrium state by an irreversible process 
several methods can be used: 


(1) We can devise a reversible process connecting the same two 
end states and use Eq. (6-15). 

(2) If a table such as a steam table has already been prepared, 
tabulating the entropy m a large number of states, we can read the en¬ 
tropies at the end states from the table and subtract one from the other. 

( ) If the equation for the entropy as a function of the thermo- 
ynamic coordinates of the system is known, the entropies at the end states 

"wethtds (2fa dnf' subtracted from the other. 

. ethods (2) and (3) can also be applied to reversible processes 

Lntropy ,s an e.xtensive property of a system, and in a homogeneous 

system It IS proportional to the mass of the system or to the numirof 
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moles. Wc shall make fretiuent use of the specific entropy, represented 
,9 and defined bv 

S 

s = — > 
m 


and of the molal specific entropy s*, where 



n 


In engineering work, where the unit of mass is the pound-mass, specific 

entropy is expressed in Btu per pound-mass degree Rankine (Btu/lbm °R) 

and molal specific entropy in Btu per pound-mole degree Rankine (Btu/Ibm- 
mole-°R). 

A problem that is freciuently encountered in engineering is to find the 
entiopy of a system consisting of a saturated liquid and vapor in equilib¬ 
rium. Let mi be the mass of licjuid, m 2 the mass of vapor, and s/ and Sg 
the specific entropies of saturated licjuid and vapor. The total entropy S 
of the system is then 

S = miSf + 7n2Sy. 

Let .r represent the fraction of the mass in the licpiid phase (the mois¬ 
ture fraction if the substance is water). The fraction in the vapor phase 
is then (I — .r), where 


X = 


7ni 


+ ^2 ’ 


(1 - X) = 


7712 


mi + m2 


Hence 


mi = x(mi -h m2), 


7n2 = (1 - x)(mi + m 2 ), 


and 


S = [xsf + (1 — x)sg](mi + m 2 ). 


The specific entropy, 5 , of the system is 


s = - 

mi + m2 


XS/ + (1 — X)Sg 


Calculation of changes in entropy. We now give a few examples 
showing how changes in entropy are computed. 

(1) Reversible adiabatic process. By definition, the heat absorbed in a 
reversible adiabatic process is zero. Hence, Jd^Qr^v/T is zero also, and 
the change in entropy is zero. The entropy of a system therefore remains 
constant in a 'reversible adiabatic process, and such a process can be 
described as isentropic. The entropy of a system does not remain con¬ 
stant in an irreversible adiabatic process, and we shall return to this point 
in Section 0-5. 
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(2) Reversible isothermal process. In a reversible isothermal process 
the constant temperature T may be taken outside the integral sign and 




That is, the change in entropy of a system in a reversible isothermal 
process equals the heat absorbed by the system, di\ ided by the thermo¬ 
dynamic temperature of the system. If heat flows into the system, ("Aov 
IS positive and the entropy increases. If heat flows out of the sj^stem, 
Qti'v is negativ'e and the entropy decreases. 

A common example of a re\'ersible isothermal process is a change in 
lihase at constant pressure, during which, as we have seen, the tempera¬ 
ture remains constant also. To carry out the change reversibly, the sys¬ 
tem is brought in contact with a lieat reser\'oir at a temperature only 
infinitesimally different from that of the system. The change in phase 
then proceeds very slowly and at all stages of the process the system is 

‘e T. If I is the heat of trans- 
formation the heat absorbed in a change of phase of mass m is ml and as 

we have shown, the latent heat / equals the difference in enthalpy ho - ’/i, 
i he ehaiige in entropy is therefore 

o 1. Qrev ffil {ho — h] ) 

^2 — *>l = —- = —' = -=- — . 


T 


rri 


Dividiiifr both sides 
entropy, 


of this e(|iiation by jyi gives the change in specific 


I ho — h\ 

So — Si = — = -=-i 

T T 


If heat is absorbed the entropy increases and vice \ ersa. 

(3) Reversible processes not at constant temperature. In most processes 
reversible flow of heat into a system is accompanied by a change in tern- 
per. „t the .eyelem. To e„,, „,.h „ reve,,il,lf a We 

.lumber of heat re.ervoir. arc required, as explained in Section 1-5 Con 
Mdci for example, a procesa at conatni.t pressure, and in which there are 
no ehanijes of phase. The heat flowing into a system of mass wh™ t^' 
temperature increases at constant pressure from T to T -f dT , is ^ 

ll'Qr, y = mcp dT, 

where c„ is the specific heat capacity at constant pressure 

he change in entropy when the temperature changes from 7'. to 1\ is 


(*S'2 — Sx)p = m 




T 


rti 


dTp. 
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To evaluate this integral, Cp must be expressed as a function of T. In 

the special case of a system of constant heat capacity (a good approxima- 
tion in many instances), we have 



The change in specific entropy is 

(^2 - si)p = Cp In ^ 

^ 1 


(6-19) 


Example. Let us compute the changes in the specific entropy of water 
when it is heated reversibly at constant atmospheric pressure from a temperature 
of 0°F (460°R), where it is in the form of ice, to a temperature of 300°F (760°R), 
where it is superheated steam. The process is represented by the line abcdef in 
Fig. 6-3 (a). Since the pressure is constant, the appropriate specific heat capac¬ 
ities are those at constant pressure, and we shall assume them to be independent 
of temperature. Their approximate values, and those of the heats of trans¬ 
formation, are given below. 

Cp (ice) = 0.50 Btu/Ibm*°R 
Cp (water) = 1.00 Btu/lbm*°R 
Cp (steam) = 0.47 Btu/lbm-^R 
A,/ ~ hf — hg = 144 Btu/lbm 
= hg — hf = 970 Btu/lbm 

vS(Htu Ii)m °K) 

2.0 

I.o 
1.0 


0 

— 0,5 

Fig. 6-3. Entropy changes in an isobaric process. 
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The first stage in the process consists of heating the ice from 0°F (4(>0°R) 

to its melting temperature of 32°F (492°R). The increase in specific entropy 
in this process, from Eq. (6-19), is 


'% — — Cd In 


T 

a 


= O.oO- X In- 


= 0.035 


lhm-°R 

Btu 
ll^n*°R 


460 


The change in specific entroi)y when tlie ice is melted is 


•S’c — 


lis/ 144 Rtu ll)m 


r 


492°R 


= 0.293 


Btu 


lbm-°R 


The cliange in specific entro])y when the liquid is heated from 492°R to 
672°R is 


Sd — «r = 


1 1 nn 

Cp In — = 1.00- 

Tc 


ibm-^R 


X In 


672 

492 


= 0.312 


Btu 


Ibnv^R 


is 


In the process of vaporizing the liquid at 672°R, the specific entroi)y cha 


nge 


Sc Sfi — 


h/„ 970 Btu/lbm 


672°R 


= 1.44 


Btu 


lbm-®R 


rinally, the entropy change on heating the vapor to 760‘"R is 


^ Btu . 760 


•V - Sr = In -^ = 0.4/ - 

Te lbm*°R 


X In 


672 


= 0.058 


Btu 


lbm-°R 


In the steam tables, the entropy of the saturated liquid at 32°F under its 
ouu vapor pressure of 0.08854 lb/in^ is arbitrarily set equal to zero ’ We shall 
ow later that the change of entropy of a liquid with pressure, at Constant 
temperature, is very small, so that within the limits of nrecisinn nf i 

... 32.F s.7 '; 

above' i? -o“ 077"'•RTh*'! T!r"' 

^ Btu/lbm R, that of the saturated liauid ‘jt 919°F nr.ri i + 
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the same pressure and temperature is 0.312 + 1.44 = 1.752 Btu/lhm.'’R rrVio 

tables give 1.7566) and that of superheated steam at 300°F is 1.752 + 0.059 = 

1.811 Btu/lbm- R the tables give 1.8160). The small differences between the 

computet and tabulated values result from the fact that the example was worked 

out to only three significant figures and variations in specific heat capacity with 
temperature were neglected. 

The entropy changes in the process are shown in the graph of Fig. 6-3 (b) 
where the points lettered a, b, c, d, e, and/ correspond to those in Fig. 6-3 (a)! 

1 6-4 Entropy changes of reservoirs. We have shown that all processes 
uhieh involve only an exchange of energy between work reservoirs are 
reversible. Furthermore, the quantity of heat flowing into or out of the 
reservoirs in such proce.sses is zero. It follows from the definition of 
c ange in entropy that the entropy of a work reservoir remains constant 
when It exchanges energy with another work reservoir. 

When a work reservoir does work, the change in its state is the same 
w hether the work is done on another work reservoir or on a system of any 
nature. For example, when a stretched spring is allowed to shorten, the 
change in the state of the spring when it gives kinetic energy to a block 
on a frictionless surface is the same as when it does work solely against 
a friction force. We conclude, therefore, that the change in entropy of a 
luork reservoir is zero in any process, reversible or irreversible. 

Next consider a reversible flow of heat Qrov into a heat reservoir at 
temperature 7. 1 hat is, heat flows into the re.servoir from a system at 

an infinitesimally higher temperature. The change in entropy of the res¬ 
ervoir is then 


.S’2 - .S, = 


Q 


rov 


T 


Since the temperature of the reservoir is unchanged by the absorption 
of heat, its change of state is the same for a given flow of heat, whether 
the flow is rev^ersible or not. Hence, the change in entropy of a heat res¬ 
ervoir, in any process, equals the heat flowing into the reservoir divided by 
its temperature. 


V5^clic 


Z-b The principle of increase of entropy. Figure 6-4 represents a 
process in which a system is taken from an equilibrium state 1 to a 
second equilibrium state 2 by an arbitrary process I (reversible or irre¬ 
versible) and is returned from state 2 to state 1 by a reversible process II. 
From the Clausius inequality, we have for the complete cycle, 



where, it will be recalled, the temperature T is that of the reservoir with 
which the system is in contact while it receives the heat d'Q. 



6-5] 


THE PRINCIPLE OF INCREASE OF ENTROPY 


157 


Writing the integral as the sum of two 
integrals along paths I and II, we have 






( 6 - 20 ) 


We have shown that the entropy change 
of a heat reservoir, in any process, equals the 
heat flowing into the reservoir divided by its 
temperature. In setting up the Clausius 
inequality, d'Q was considered positive if the 
direction of heat flow was into the system or 



Figure 6-4. 


out of the reservoir with which it was in contact. The first integral in 
Fq. (6-20) therefore represents the decrease in entropy of the heat reservoirs 


m process I. Since the entropy of any work reservoirs involved in this 
process does not change, this integral also gives the total decrease in 
entropy of the surroundings of the system in process I, as a result of this 


process. 





surroundiriK.s* 


Since process II is reversible, the temperatures of the system and of 
the reservoirs are equal at all points. Hence in the second integral in 
Eq. (6-20), T also represents the temperature of the system, and this in¬ 
tegral therefore eiiuals the change in entropy of the system, 





system 


E(|uation (6-20) can therefore be written 



-A.S 


HiirroutulinRs 


- A*S’ 


system 



^‘^system ^''^surroiiiutings = 0. 


( 0 - 21 ) 


1 hat is, in any process whatever between two equilibrium states of a sys¬ 
tem, the increase in entropy of the system plus the increase in entropy of its 
surroundings is eqiial to or greater than zero. 

If the process is reversible, the equality sign applies and the total 
(■hange in entropy is zero. That is, if the entropy of the system increases, 
the entropy of the surroundings decreases by the same amount, and vice 
versa. Entropy is therefore conserved in a reversible process. 

If a process is irreversible, the inequality sign in Eq. (6-21) applies 
and the total entropy of system plus surroundings increases. In such a 
process, the entropies of both system and surroundings may increase, or 
one may increase while the other decreases. In the latter case the’in- 
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crease is always greater than the decrease. Hence entropy is not conserved 
in an irreversible process. 

No process between two equilibrium states is possible if it would result 
in a decrease ui the total entropy of a system and its surroundings. There¬ 
fore once an irreversible process has occurred, there is no way in which the 
resulting entropy increase can be wiped out. 

Since all actual processes are irreversible, the result of such processes 
is a continuous increase in entropy. 

Suppose a system undergoes an adiabatic process, during which it may 
interact with a work reservoir but not with a heat reservoir or reservoirs 
Then there is no change in the entropy of its surroundings and, from 

K(|. (0-21), 


or 




*S 2 ^ *Si (adiabatic process). 


( 0 - 22 ) 


1 hat is, in an adiabatic process between two e(|uilibrium states the 
entropy of a system either remains constant (if the process is also revers¬ 
ible) or increases. The same is true, of course, if the system is completely 

isolated during the process and exchanges energy with neither work nor 
heat reservoirs. 

Anothei way of arriving at this conclusion is to assume that the sur¬ 
roundings of the original system considered above are completely isolated 
fiom all othei systems, and to consider the original system plus its sur¬ 
roundings as a single system. All processes then take place within this 
( omposite system and Kc|. (0—22) then states that in nny process taking 
place within an isolated system, the entropy of the system either increases or 
remains constant. 1 his is known as the principle of increase of entropy. 

The (’lausius inequality, and the possibility of defining the entropy of 
a system, are conse(iuences of the second law of thermodynamics as stated 
in Section 5-1. We can now use the entropy concept, and the principle 
of increase of entropy, to reformulate the second law in more general 
terms than those of the C’lausius or Kelvin-PIanck statements, as follows: 
No process is possible which would result in a decrease in the entropy of an 
isolated system. 

The corresponding statement of the first law is: No process is possible 
which would result in either an increase or a decrease in the energy of an 
isolated system. 

When the change in energy of a system was defined in Section 3-4, it 
was mentioned that not all states of a system could be reached from a 
given initial state by an adiabatic process, but that whenever a final 
state (2) could not be reached by an adiabatic process from an initial 
state (1), the state (1) could always be reached from state (2) by such a 
process. We can now understand why this should be the case. 
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The only states that can be reached from a given initial state i)y an 
adiabatic process are those for which the entropy of the system is eriual 
to or greater than that in the initial state. If the entropy S 2 in state (2) 
is less than the entropy *Si in state (1), then state (2) cannot he reached 
from state (1) by an adiabatic process. But if this is the case, then .S'l 
is necessarily grealcr than *S ’2 and state (1) can he reached from state (2) 
by an adiabatic process. 


Kxample 1. In the example at the end of Section 6-3 we computed the increase 
in specific entropy of water when its tempei'ature was increased from 32T to 
212°F. The process was assumed reversible and required tlie use of an infinite 
number of heat reservoirs with temperatures ranging from 32°F to 212°F. Let 
us consider the water as a system and the reservoirs as its surroundings. For 
every infinitesimal (piantity of heat d'Q flowing into the system at temjierature 
7 there was an etpial flow of heat out of a reservoir at essentially the same tem- 
peiature. Therefore in this reversible process the increase in entropy of the 
system was just etpial to the decrease in entrojiy of the surroundings. 

Suppose, however, that water at 32°F is brought in contact with a single 
lieat reservoir at 212°F, so that this reservoir becomes the surroundings of tlie 
system. The flow of heat from the reservoir to the system will be irreversible. 
The water will eventually come to equilibrium with the reservoir, and the end 
states of the process, as far as the water is concerned, are the same as in the 
reversible process. The increase in entroiyy of the water is therefore the same 
in both in-occsses, namely, 0.312 Btu/lbnv°R. The decrease in entroijy of the 
single reservoir at 212°F, however, is not the same as was the decrease in entropy 
of the infinite series of reservoirs. The quantity of heat flowing out of the 
reservoir (per unit mass of water) is equal to the heat per unit mass recpiired to 
raise the temperature of the water from 32°F to 212°F. This is 

7 = c,(T, - TO 


- 1.00 


Btu 


lbm-°K 


X 180°R = 180 


Btu 

Ibm 


The cliantre in entropy of the reservoir equals this heat divided by the tem¬ 
perature of the reservoir. Since lieat flows out of the reservoir we must consider 
r/ nenative when computing the entropy change of the reservoir so 


(As) 


Burroutulings — “ ~ — 


= - 0.268 


180 Btu/lbm 
672°R 

Btu 


lbm-°R 


Hence, in the irreversible process, the increase in entropy of the system 
exceeds the ilecrease in entropy of its surroundings and the entropy of the uni¬ 
verse has increased by 0.312 - 0.268 = 0.44 Btu/lbm-°R. 
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Example 2. As a second example, consider the free expansion of an ideal 

gas at a temperature T from a volume F, to a volume Fj. No heat flows into 

the gas in this process, but since the process is irreversible, the entropy change 

of the gas cannot be computed by evaluating Jd'Q/T, using for d'Q the heat 

absorbed in the actual process. Instead, we must devise a reversible process 

between the same end states. Since in the actual process the temperature of 

the gas does not change, the simplest process to select is a reversible isothermal 

expansion. To carry out such a process the gas must make contact with a heat 

reservoir at temperature T, and it must be coupled to a work reservoir. The 

internal energy of the gas does not change, and from the first law the heat Q^ov 

absorbed from the heat reservoir equals the work IF done on the work reservoir. 
This has been shown to be 


1 ' 


W = niRTln— = Q 

Vi 


rov 


The entropy change of the gas is therefore 


{S2 *^l).systein — 


Qrov , 1 2 

—- = niR In — 


Fi 


Since 1 2 > 1 1 , it follows that S 2 > Si, aiifl the entropy of the gas increases. 

The surroundings of the gas consist of the work and heat reservoirs. There 
is no change in the entropy of the work reservoir and the entropy change of the 
heat reservoir is equal and opposite in sign to that of the gas, since the heat 
flowing out of one equals the heat flowing into the other, and the temperatures 
of the two differ only infinitesimally at all points of the process. Again we see 
that in a reversible process the increase in entropy of a system equals the 
tlecrease in entropy of its surroundings. 

In the irreversible free expansion the gas absorbs no heat and does no work. 
The change in entropy of the surroundings is therefore zero. The change in 
entropy of the gas is tlie same as in the reversible process, since its end states* 
are the same. Since we have shown that the entropy of the gas increases, the 
increase in entropy is greater than the decrease and the entropy of the universe 
has increased. 


It was shown in the preceding chapter that every irrev^ersible process 
taking place in a closed system is accompanied by an increase in the mo¬ 
lecular disorder of the system. We have now seen that an irreversible 
process is also accompanied by an increase in entropy, which leads to the 
conclusion that from a molecular point of view, the entropy of a system is 
a measure of its molecular disorder. Thus, when a number of bodies at 
different temperatures are brought in contact and come to thermal equi¬ 
librium, the final uniform state is more disordered than the initial state 
in which parts of the system are at different temperatures, and the in¬ 
crease in disorder results in an increase in entropy. The increase in en¬ 
tropy accompanying a free expansion of a gas into a vacuum results from 
the fact that the final state is more disordered than the initial state. 
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Statistical methods make it possible to assign a numerical value to the 
disorder of a system. Through the relation between disorder and entropy 
it then becomes possible to compute the absolute entropy of a system, in 
contrast to the methods of classical thermodynamics, for which only en¬ 
tropy differences are defined. Furthermore, the disorder of a noneciui- 
librium state can be computed and the entrop}'' of such a state can be 

found, although classical thermodynamics defines entropy for equilibrium 
states only. 


6-6 The Helmholtz function and the Gibbs function. The mechanical 
engineer is concerned, among other things, with de\’ices whose primary 
function is to do mechanical work. From the first law, the work d'W done 
when a system performs any infinitesimal process, reversible or irrevers¬ 
ible, between two eciuilibrium states, is 


,/'ir = ~dr + d'Q. 


(6-23) 


^i'hat is, the energy converted to work is provided in part by the sys¬ 
tem, whose internal energy decreases by ~dU, and in part by the heat 

reservoirs with which the system is in contact and which give up a ouan- 
tity of heat d'Q. 

We now derive expressions for the maximum amount of work that 
can be obtained when a system undergoes a process between two equi¬ 
librium states. We shall assume that the system exchanges energy only 
with a single heat reservoir at the temperature To- 

From the principle of increase of entropy, the sum of the increase of 

entropy of the system, dS, and that of the surroundings, is e(|ual to 
or greater than zero. 

dS -f- r/iS'o ^ 0. 

Hince d'Q represents heat flowing out of 
change of the reser\'oir is 

d'Q 


the reservoir, the entropy’ 


r/N(, = - 


Hei 


T 
i 0 


ice 


and 


rn — 
^ 0 


7’,, ,tS ^ d'Q. 


i herefore, from the first law, 

d'W ^ - (dC - 7’„ dS). 

the system, and T, is a constant, 
lence, for a fnnte process between two e(,uilibrium states, this ec,nation 
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can he integrated to give 

IF < (C/i - U 2 ) - To{Si - S 2 ), (6-24) 

where I 1 and .S'l are the initial values of internal energy and entropy of 
the system, and U 2 and S 2 are their final values. 

Consider now the special case in which the initial and final tempera¬ 
tures are etjual, and are the same as that of the heat reservoir. Then in 

Ef). (G-24) we can replace the temperature of the reser\'oir, 7'o, hy the 
ten^perature T of the system. 

IFr ^ {U, - U 2 )t - T{S, - S 2 )t. (G-25) 

Let us define a property of the system called its Helmholtz function, 
/•’, by the ef|uation 

r = U - TS. (6-26) 

I hen for two e(|uiiihrium states (1) and (2) at the same temperature 7’, 

{f'l - F2 )t = {Ui ~ (^2 )t - T{S, ~ S2)t. 


and from lOcp (()-25), 

KV ^ - F2)t- (6-27) 

That is, the decrease in the Helmholtz function of a system sets an 
upper limit to the work done in any process between two eciuilibrium 
states at the same temperature, during which a system exchanges heat 
only with a single reservoir at this temperature. The maximum work is 
done when the process is reversible and the etjuality sign holds. If the 
process is irreversible, the work is less than this maximum. 

Because its decrease e(|uals the maximum energy that can be “freed” 
and made a\*ailable for work, the (|uantity F is sometimes called the “free 
energy” of a system. Ilowexer, since the same term is also applied to 
another property to be defined shortly, we shall use the term “Helmholtz 
function” to a\ oid confusion. Xote, however, that although the decrease 
in the Helmholtz function of a system ecpials the maximum work that 
can be obtained under the conditions above, the energy converted to work 
is provided only in part by the system, the remainder coming from heat 
withdrawn from a heat reservoir. 

The work d'W done in a process is the sum of any “pc/T” work that 
may be done against the pressure of the surroundings and other forms of 
work such as shaft work, electrical work, magnetic work, etc. If po is 
the pressure of the surroundings, the work done against this pressure in a 
\ olume change dV, reversible or irreversible, is po dV. Lot d\\ represent 
the work of all other forms, called the useful work. Then 

d'W = d'A + podV, 


and if po remains constant during a finite process, 

W = A + p('i{V2 — I i)- 
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Ihen from Eq. (G-24), for a S 3 'stem that exrliaiiges heat only with a 
reservoir at temperature To. and whose surroundings are at a constant 
pressure po. the useful work .1 done in any process is gi\'en by 


*-l ^ {U, - To) - 7o{Ni - *S'o) + po(]'i - To). 


((>-28) 


C'onsider next the special case of a process in wliich the initial and final 
ecjuilibrium states of a system are at the same temperature and pressure 
as its surroundings, then in Eq. ((>-28) we can reidace the tem])erature 
and pressure ot the surroundings, and pi,. by tlu* temj^ei’ature" and 
pressure of the S 3 \stem, T and p. 

dr.p ^ (Ui — f'o)'/’./) - — No)y,/, + p(r, — (d 29) 

Let us define a property of tlie system called its (iihhs fun<iion, G, 
by the etiuation 

r; = r - rs + pv. (,i-3()) 

1 hen lor two (‘(juilibi’inm states at the same temperatui’e T and pres¬ 
sure p, 

(^'1 - = {(G ~ - T{s, - s.>)r,„ + pd’i - r_,)7’.;., 

and from Ivj. ((>-29), 

-1^ (f/i - ((b31 ) 

That is, the decrease in the (libbs function of a system sets an upper 

limit to the work, exclusive of “pdE” work, in any process between two 

eciuilihrium states at the same* tcmiperature and pressure, provided the 

system exchanges heat only with a single reservoir at this temperature 

and that the surroundings are at a constant pressure eiiual to that in the 

end states of the process. 4'he maximum work is done when the process 

IS revorsil)le and the eciuality sign holds. I'he process is then an isothermal- 

isobarie one. If the process is irreversil)le. the work is less than this 
maximum. 

Because its decrease (Muials tlie maximum useful work that can be 
obtained in a process subject to the conditions above, the function G has 
also |)een called the “free energy.” We shall use the term “(bbbs func- 
li()n” to a\oid confusing it with the function F. 

^ €-7 Availability of a finite system. A cylinder of comprc.s.scd air can 
"perate aii engine and do n.sefnl work, but only until all of the air has 
expanded to atmo.spheric pre.s.sure. A tank of hot water can he employed 
as the high-temperature source of a heat engine and serve as a source of 
useful work, hut only until the water has been cooled to the temperature 
ot Its surroundings. Whenever u.seful work is obtained during a process 

which a finite .system undergoes a change of state, the process must 
teimmate when the pre.ssure and temperature of the .system hax e become 
equal to the pre.s.sure and temperature of the surroundings. 
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1 he availability A of a given system is defined as the maximum useful 
work (total work minus dF” work) that can be obtained in a process 
in which the system comes to equilibrium with its surroundings. Thus 
the availability depends both on the nature of the system and of the sur- 
loundings, or, as they are usually called in this connection, the environ- 
fnent. The environment of most systems encountered in engineering is 
the eaiths atmosphere, and the end state of a process is one at atmos¬ 
pheric temperature Tq and atmospheric pressure po- 

Let U, S, and F be the initial values of the internal energy, entropy, 
and volume of a system and I o, *S'o, and Vq their final values when the 
system has come to ef|uilibrium with its environment. We shall assume 
that during the process, which may be reversible or irreversible, the sys¬ 
tem exchanges heat only with the environment. Then from E(i. (6-28), 
the useful work obtained in the process is 


+ Pof ) — (6'o — TqSo + PoFo). 


(6-32) 


liCt us define a (juantity called the availability function by the ecjua- 


tion 


ci, = r - T^S + poF, 


(6-33) 


where I , *S, and I are properties of the system in any eciuilibrium state 
and To and po are the temperature and pressure of the environment. Thus 

tion is a composite property of both the system and 
its environment. (Note the similarity, and the difference, between the 
availability function and the (libbs function (7, defined as 


r; = r - TS -h p]', 

where T and p are the temperature and pressure of the system.) 

The decrease in the availability function in a process in which the sys¬ 
tem comes to etiuilibrium with its environment is 


ci> _ = (U - ToS + poF) ^ (r„ 


and from E(|. (6-32), 


A ^ — 4 >(,. 


^+ po^ o). 


(6-34) 


4"hat is, the useful work is equal to or less than the decrease in the avail¬ 
ability function. 

The useful work is a maximum when the process is reversible and the 
ecjuality sign holds. Since the availability A of a given system in a given 
environment is defined as the maximum useful work, we have 

A = -4max = 4> - 4>o. (6-35) 


The maximum useful work is obtained when the system is taken by 
any reversible process from its initial to its final equilibrium state. In 



6-7] 


AVAILABILITY OF A FINITE SYSTEM 


165 


g 6 n 6 ral, the work is deiived in pai't from a. decrease in the internal energy 
of the system, and in part from heat w'ithdrawn from the en\nronment. 

Suppose that a system is taken from an etiuilibrium state ( 1 ), in which 
its availability is At, to a second equilibrium state ( 2 ) where its availa¬ 
bility is A 2 . That is, the end state of the process is not one of eciuilibrium 
with the environment. The maximum useful work that could be ob¬ 
tained in the process, or the availability of the process, is the difference 
between these two values of availability. Aj — A 2 . 


or. 


— Ai Ao — —AA — (<I>1 — — ((f>o — 

'Ijinix = AA = 


(G-3G) 

For a system consisting of a pure substance of mass m, the equations 
above can all be written in terms of intensive variables by dividing through 
by w. Thus, E(i. (()-3G) becomes 

Uni:ix = — Aa = 01 — 02 i (6-3?) 

where a is the specific avaiial)ility and 0 the specific availability function. 


Example 1. (a) Compute the specific availability function 0 for super¬ 

heated steam at a pressure of 100 lb in- and a temijerature of 1000°F = 1460°R 
in an environment of pressure 14.7 lb On- and temperature 60°F = 520°R. 

Solution. Entering Table 3 of the steam tables at p = lOOlb/in- t = 1000°F 

we find ’ 


r = 8.656 


ft-' 

Ibm ’ 


h = 1530.8 


Btu 


5 = 1.0193 


Btu 


lbm-°R 


Then 


u = h — 


pv 


= 1530.8 


= 1370.6 


Btu 

ibii^ 

Btu 


1 


lb ft3 

100 X 144 -A X 8.656 — X __ 

Ibm 778 ftdb/Btu 


and 


0 - w + PqV — TqS 

= 1370.6 — + 14.7 X 144 —. X 8.656 — X 


1 


Ibm 


ft2 


Ibm 778 ft-lb/Btu 


- 520°R X 1.9193 


= 396.2 


Btu 

Ibm 


lbm-®R 
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(b) W hat is the specific availability of the steam in a process whose initial 
state IS that of part (a) and whose final state is at a pressure of 40 Ib/in^ and a 
temperature of 500°F = 960°R? 

From part (a), we have 


4>i = 396.2 


Btu 

ll^* 


To find the specific availability function <f >2 in the end state, we enter Table 3 
of the steam tables at p = 40 Ib/in^, t = 500°F. Then 


ro = 14.168 


ft^ 

Ibm ’ 


ho = 1284.8 


Btu 

Ibm ’ 


52 = 1.8140 


Btu 


lbm-°R 


from which 


no = 1179.9 Btu/dbm 


Following the same procedure as in part (a), we get 



275.2 


Btu 

ll^* 


From 



(6-36), the specific availability of the process is 



= (396.2 - 275.2) 


Btu 


= 121.0 


Btu 




That is, the maximum useful work that could be obtained in any process 
between these end states is 121.0 Btu, per pound mass of steam. 


Example 2. It is instructive to devise an actual reversible [)rocess between 
the end states above and to trace tlie energy changes in detail. One such process 
is as follows (it must be remembered that heat can be exchanged only with the 
environment, and that the exchange must be reversible). 

Figure 6-5 (a) represents the system in its initial state, which corresponds 
to point 1 in Fig. 6-5 (b), not to scale. The pressure pi of the system is 100 Ib/in^ 
and the pressure of the atmosphere, po. is 14.7 Ib/in-. Hence an external force 
F must be exerted on the piston for e(|uilibrium. 

Let us first carry out a reversible adiabatic expansion until the temperature 
of the system decreases to that of the environment, 60°F. This stage of the 
process is represented by the line 1-3 in Fig. 6-5 (b). The expansion carries 
the system into the liquid-vapor region, that is, a part of the steam condenses. 
The total work done in this stage is given by the area under the curve 1-3, between 
the abscissas t’l and v^. A part of this work is done against the atmospheric 
pressure po. This is represented by the area of the rectangle whose height is po 
and whose base is (cs — ci). The remainder of the work is done against force 
F, which of course must vary as the pressure decreases and which must reverse 
its direction at the point where the pressure of the system becomes equal to po- 
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Fig. 6-5. A reversible process between e(iuilil>ri(im states 1 and 2, in which 
a system exchanges heat reversii)ly only with its environment. 


Only that part of the work which is <lone against the foi’ce F is considered as 
useful work. At point 3, the temperature of the system has been i-educed to 
that of the environment, Since i)rocess 1-3 is reversible adiabatic, the entropy 
S.3 at point 3 equals the entropy si at point 1. 

The second stage of the process is a reversible isothermal-isobaric compres¬ 
sion represented by the horizontal line 3-4. In this process, more of the vapor 
condenses and heat flows reversibly from the system to the environment. The 
total work done in this stage is represented by tlie area under the line 3-4. A 
part of the work is done by the environment, in amount rei)resented I)y the 
area of the rectangle of height po and base - v^). The difference is useful 
work. The quantity of heat fj flowing into the system, since the temperature is 
constant and the process is reversible, is given by 

(J = To(S 4 — s.-j). 

Tlie next stage of tlie i)rocess is a reversible adiabatic comi)ression to point 2. 
riierefoie .s.j = s-z, and since -s-.i = vi, we have 

u = Tq{sz — Si). 

Since Sa < si, (j is negative and lieat flows out of the system. The total work 
done in this stage equals the area under the curve 4-2. The work done by the 
environment is given by the area of the rectangle of height po and base (vz - v^). 
The difference is useful work. It will be seen that tlie net work done by the 

system on the environment, in the entire process, equals the area of the rectangle 
of heiglit po and base (t '2 — ci). 

Now apply the first law to the entire process 1-3-4-2. 


u-i — u\ — q ~ xi\ 
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'™* » “<i ‘I" 'vork done „„ 


w ~ a /?o(i '2 — ^i). 

Therefore 

— U\ = Tq(S 2 ~ S\) — a — poO '2 — Pi), 
or 

(i = (io — U2) — To(si — 52) -i- po{vi — V2) 

— <t>\ — 02 , 

in agieeinent with the results of the general theory. 

The individual terms in the equation above are 


— n., = (1370.6 — 1179.9) = 190 7 —. 

Ibm Ibm 

That is, the internal energy of the system decreases by 190.7 Btu/Ibm. 
The magnitude of the heat flowing to the environment is 


7 = T„(si - 59 ) = 520°R(1.9193 - 1.8140) 


®‘“ -54,8“!.' 

Ibm 


lbm-®R 


The net work done on the environment i 


is 


po(r2 - n) = 14.7 X 144 ^ X (14.168 - 8.656) 


ft2 


lb 


m 


X 


1 


778 ftdb/Btu 


= 15.0 


Btu 

Ibm 


The total energy delivered to the environment is 


(54.8 + 15.0) 


Btu 

Ibm 


69.8 


Btu 

ii^ 


Hence, although the internal energy of the system decreases by 190.7 Btu/ Ibm, 
a quantity of energy equal to 69.8 Btu/lbm must be delivered to the environment 
in the form of work anrl heat. The difference, 


(190.7 - 69.8) — = 120.9 — - 

Ibm Ibm 

is available for useful work. The result differs by one unit in the fourth place 
from that oMained in Example 1. This is to be expected when data and com¬ 
putations contain only four significant figures. 

6-8 Availability of a work or heat reservoir. In contrast to a finite 
system, which eventually comes to equilibrium with its environment, no 
definite end state can be assigned to a process in which energy is with¬ 
drawn from a work or heat reservoir. Such reservoirs, by definition, never 
come to equilibrium with the environment and it is meaningless to speak 
of the maximum amount of useful work that can be obtained from them. 
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We therefore define the availability of a work or heat reservoir as the max¬ 
imum amount of useful work that can be obtained when a specified quan¬ 
tity of energy is withdrawn from the given reservoirs. 

For a work reservoir, the problem is simple, since in the absence of 
friction all of the work Wr withdrawn from such a reservoir can be com¬ 
pletely transferred to another work reservoir. Hence for a work reservoir, 

A = .4max = Wy? (work rescrvoir). (6-38) 


On the other hand, it is not possible even in the absence of all friction 
effects to withdraw heat Qr from a single heat reservoir and perform an 
eciuivalent amount of work on a work reservoir, as the sole result of a 
process. Some heat must also be rejected to a heat reservoir at a lower 
temperature, which we take as the environment. 

Let us carry out a cyclic process in which a system absorbs heat Qr 
from a heat reservoir at a temperature Tr and rejects heat Qo to the en¬ 
vironment at temperature Tq. Since the process is cyclic, there are no 
outstanding changes in the system. All of the work done is useful work, 
and from the first law, 

*4 = Qr Q(). 


(We shall use the sign convention that heat flowing into the system which 

undergoes the cyclic process is positive. Then Qr is positive and Qo is 
negative.) 

From the C’lausius ineciuality, 


But 





< 0 . 


Qo — A — Qr, 

so 


and 



IF - Qr 

To 


< 0 




I'or given temperatures Tr and Tq, the maximum useful work is ob- 
tamed when the cycle is reversible and the equality sign holds The 
maximum useful work, or the availability, is therefore 



max 



(heat reservoir). 


(6-39) 


Thus for a given quantity of heat flowing out of a heat reservoir 
at a temperature Tr, in an environment at a temperature T„, only the 
fiaction {Tr - To)/Tr is available for doing useful work. 
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, 6-9 Availability in steady flow. In Section 4-9, it was shown on the 

basis of the first law alone that when a substance flows through a device 

in steady flow, the useful work obtained, for a system consisting of a mass 
m of the substaiiee [see Eq. (4-53)], is 

*4 = (//i + + mgz^) - {H 2 + + mg22) + Q. 

I he subscripts 1 and 2 refer to the entrance and exit, respectively. 
Let us first consider the special case in which, at the exit, the substance 
is in e(iuilibrium with its environment at the pressure po and temperature 
To. We shall also restrict the discussion to instances in which the changes 
in kinetic energy and gravitational potential energy are negligible. Let 
symbols without subscripts refer to conditions at the entrance. The 
useful work obtained when a mass m flows through the device is then 

-I = (// — //,)) -|- Q, 

I he enthalpies H and //q can be found from tables, given the condi¬ 
tions at entrance and exit, but this is not the case for the heat Q absorbed. 
The first law alone can tell us nothing about the magnitude of Q. Evi¬ 
dently, for given entrance and exit conditions, the greater the value of Q 
the larger will be the useful work -I, and the maximum useful work will 
be obtained when Q has its maximum value. The second law, however, 
enables us to obtain an expression for the maximum value of Q. 

Let *S’ and *So be the entropies of the system at the entrance and exit. 
The entropy change of the system as it passes through the device is then 




system 


= So - *S’. 


The entropy change results in part from internal irre\'ersibility and 
in part from the flow of heat Q into the system from its surroundings. 
We shall assume that all heat flow takes place from the environment at 
the temperature 7\,. The entropy change of the surroundings is then 


SS 


surrounclirjg.s — 


To 


From the principle of increase of entropy, the sum of the entropy 
changes of system and surroundings is ecpial to or greater than zero. 
Thus 

(■% - S) -$>0, 


or 


To 


Q < To(So - S). 

The u.sefiil work obtained is therefore 

.4 < {H - Ho) + To (.So - S) 


(fi-40) 


< (H - ToS) - (Ho - To.S'o) 


(G-41) 
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Let us define a quantity B called the availabilitij function for steady 
flow by the equation 



(h-42) 


The function B, like the function is a composite property of the system 
and its ein-ironment. The decrease in the function B between entrance 
and exit is 

B - Bo = (H - ToS) - (Ho - IW, 
and from E(|. ((>-41), 

A < B ~ Bo. (()-43) 


For given entrance and exit conditions, the useful work is a maximum 
when the heat absorbed is a maximum, that is, when the internal irrevers¬ 
ibility is zero and the etiuality sign holds in Eqs. (0-40) and (0-43). 
Then if we define the availability A of a system in steady flow as the 
7naximion work obtainable from a system at the entrance of a device, when the 

^pressure and temperature at the exit are those of the environment, it follows 
that 

■‘‘bnax — B Bo- (0—44) 


The reason why the a\'ailability in steady flow is not the same as that 
for a given aystem discussed in Section 0-7 is that in order to maintain 
the steady flow, work must be done to force the substance into the device 
and work is done by it as it emerges (see the forces Fi and F 2 in Fig. 4-7). 
These works are, in general, not equal, and any net work done by the 
pumping system becomes available as an additional amount of useful 
work that can be obtained in the process. See the example at the end 
of this Section. 

Now consider the more general case in which the pressure and tem¬ 
perature at the exit of a steady-flow device are not those of the environ¬ 
ment. The maximum useful work that could be obtained is the differ¬ 
ence between the availabilities at the entrance and exit. A, - A->. 

dmax = Ai — A 2 = — AA = (7^1 — Bo) — (By ~ Bo), 

*‘finax “ AA — Bi — B 2 . 

For a pure sul)stance in steady flow, wo can write 

®inax — Aa ~ bi — 1)2, 

where h is the specific availabilily function for steady flow. 


or 


((i-45) 


((i-4(i) 


Examplk, Consider a steady-flow process in which the entrance and exit 
conditions are the same as those at the end states of the process discussed in 
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Example 2 at the end of Section 6-7. The specific steady-flow availability 
functions at entrance and exit are 


l>i = hi - To^i = 1530.8 


h2 = /?2 - To.^2 = 1284.8 


Btu 

- 520°R X 1.9193 

- 532.8 

Ibm 

lbm*®R 

Ibm 

Btu 

- 520°R X 1.8140 

- 341.6 • 

Ibm 

lbm*®R 

Ibm 


The maximum useful work, per pound-mass of steam, is therefore 

Omax = 6 , - 62 = (532.8 - 341.6) _— = 191.2 


Ibm 


Ibm ’ 


as compared with a maximum available useful work of 121.0 Btu/lbm for a 
nonsteady flow process between the same end states. 

To understand the reason for the difference, let us compute the work done 
by the pumping system which maintains the steady flow. The specific volumes 
at entrance and exit are, respectively, 

Cl = 8.656 ft^/lbm, ^2 = 14.168 Btu/lbm. 


The total work per pound-mass of steam that must be done to force steam 
into the steady flow device is piV\, of which an amount poi'i is done by the environ¬ 
ment. The work supplied by the pump is therefore piVi — pnCi. 

At the exit, the s^'stern does work P 2 V 2 , of which an amount poV 2 is done on 
the environment. The work done on the pumping system is therefore P 2 C 2 — P 0 C 2 . 

The net work done by the pump is 

(piVi — poVi) — (P2V2 — P0C2) = P\V\ — P2V2 — po(ci — ^2) 

= (160.2 - 104.9 + 15.0) — 

Ibm 


- 70.3 


Btu 

Ibm 


which is just equal to the difference between the available works in the steady 
and nonsteady flow processes. The additional available work in the steady- 
flow process is not, of course, obtained free. It simply represents a transfer of 
energy from the device operating the pump to that absorbing the useful work. 


6-10 Irreversibility and effectiveness. The irreversibility of a process, 
represented by /, is defined as the difference between the maximum use¬ 
ful work Amax = — AA that can be obtained in a process, and the actual 
useful work A. 

I = A^^^ - A = -AA - A. (6-47) 

In a reversible process, the actual work ecjuals the maximum work and 
the irreversibility is zero. If the actual work is zero, the irreversibility 
equals — AA. 
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The effectiveness of a process, 6, is defined as the ratio of the actual 
useful work to the maximum useful work. 





max 



(6-48) 


The effectiveness of a process is a measure of the extent to which ad¬ 
vantage has been taken of an opportunity to obtain useful work. When 
a process between two given states proceeds irreversibly, energy which 
might have been converted to useful work is dissipated as a flow of heat 
to the environment. Energy is conserved in every process, reversible or 
irreversible, and what has been lost in an irreversible process is not energy 
but opportunity, that is, the opportunity of obtaining useful work instead 
of a flow of heat to the environment. 


Example. Suppose that in the example at the end of Section 6-7 the steam 
expands in a device whose useful work output is 100 Btu Ibm. Find the irrevers¬ 
ibility and the effectiveness of the process. 

SoJiition. The irreversibility is 


I = 


Aa — o = (121 — 100) Btu Ibm = 21 Btu/lbm 


The effectiveness is 


6 = 


a 


-Aa 


100 Btu/lbm 
121 Btu/lbm 


= 83% 


6-11 Entropy flow and entropy production. The subject of thermo¬ 
dynamics, as it has been presented thus far in this book, is more appro¬ 
priately described by the title thermos^afzcs, since we have dealt only with 
etiuilibrium states of a system and with reversible processes, which form 
a succession of equilibrium states. It is true that the second law does 
make an assertion regarding noiieciuilibrium or irreversible processes, but 
only to the extent of specifying the direction in which such a process must 
proceed, namely, that in which the entropy of a closed system increases. 

In recent years, the subject of irreversible processes has received in¬ 
creasing attention, both from the standpoint of macroscopic and of micro¬ 
scopic or statistical thermodynamics. We can give only a brief discussion 

of this topic, and must refer the interested reader to the books and articles 
listed in the Bibliography. 

As a first example, consider a metal rod along which there is an electric 
current I. The rate at which electrical work is done on an element of the 
rod, between whose ends there is a potential difference AT^, is I AF. We 
shall assume that the rod makes contact along its length with a heat 
reservoir at the temperature T, and that the rate of heat flow out of each 
element into the reservoir is eciual to the rate at which electrical work is 
clone on the element. All properties of the rod (temperature, internal 
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energy, entropy, etc.) then remain constant in time. The heat d^Q flow¬ 
ing out of the element in time dt equals the work / AT dt^ and the increase 
in entropy of the reservoir absorbing the heat equals d'Q/T. We say that 
there has been a flow of entropy from the element into the reservoir, in 

the same way that we speak of a flow of heat from the element into the 
reservoir. 

Now consider the energy balance and the entropy balance of the ele¬ 
ment, which we consider as a thermodynamic system. The state of the 
system does not change, so its internal energy and entropy remain con¬ 
stant. Ihe energy balance is maintained because the flow of energy out 
of the system, as heat, is just eciual to the flow of energy into the system 
as electrical work. But although there is a flow of entropy out of the sys¬ 
tem, there is no corresponding flow of entropy into it. We are forced to 
conclude that entropy is created or produced within the system, at a rate 
just equal to that at which entropy flows into the reservoir. The rate of 
production of entropy within the system is therefore 




(0-49) 


C-’orisider next the flow of heat by coriduction along a rod whose ends 
are in contact with heat reservoirs at temperatures T\ and T 2 , while the 
walls of the rod are thermally insulated so that the flow of heat is purely 
longitudinal. One of the prol)lems encountered in irreversible thermo¬ 
dynamics becomes apparent at once, namely, what physical meaning can 
l)e attached to the concept of the temperature at a point of the rod? In 
thermostatics, temperature is defined only for a system in thermodynamic 
eejuilibrium, in which the temperature is the same at all points. Here, 
the temperature varies from point to point along the rod. The best pro¬ 
cedure appears to be as follows. We imagine that a small volume ele¬ 
ment, including the point, is isolated and allowed to come to equilibrium. 
The temperature at the point, in the noneejuilibrium state, is then defined 
as being equal to the final equilibrium temperature of the isolated ele¬ 
ment. Other properties, such as pressure, entropy, etc., are defined in 
the same way. The volume element must be small compared with the 
dimensions of the system as a whole, but large enough to avoid fluctua¬ 
tions on a molecular scale. The definition above is useful only when there 
are no wide fluctuations of the properties of a system within volume ele¬ 
ments lying within this range. However, many systems, including the 
one we are now considering, satisfy this requirement. The definition 
above agrees with the temperature “at a point” of the rod as it might 
be measured experimentally by drilling a small hole in the rod and in¬ 
serting a thermocouple of fine wire. In the steady state, the temperature 
decreases uniformly from one end of the rod to the other. The energy 
and entropy of the rod remain constant at each point. 
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Fig. G-6. Heat current in a rod. 


Again, we consider the energy 
balance and the entropy balance. 

Let us take the x-axis along the rod 
and consider an element bounded by 
planes at x and x + Ax, as in Fig. G-G. 

No work is done on the element. Let 
Jq be the rate at which heat flows into 
the element at its left face. We call 

Jq the heat curretit. Since the internal energy is constant, the heat current 
is the same at the right face of the element, and hence is the same at all 
cross sections of the rod. 

Now consider the flow of entropy. The state of the element would be 
unaltered if it were cut out of the rod and its end faces brought in con¬ 
tact with heat reservoirs at temperatures T and T ~ AT. The heat d'Q 
flowing out of the reservoir at temperature T, in time dt, is Jq dt. The 
entropy flowing out of the reservoir is d'Q/T = Jq dt/T, and the rate of 
flow is Jq/T. Since the temperature at the left face of the element is 
also T, we consider that this equals the rate of flow of entropy into the 
element at its left face. We can therefore say that there is an entropy 
current Js at the left face, given by 

r - 

•/5.x - — ■ 


Similarly, the entropy current at the right face is 


J.^ 


S ,x+Ax 


J 


Q 


r - AT 


Since T — AT is less than T, the rate of flow of entropy out of the 
element at its right face exceeds the rate of flow of entropy into it at its 
left face, and again we conclude that there is a production of entropy 
within the element. The rate of entropy production equals the difference 
between the rates of outflow and inflow. 




AT 

T{T - AT) * 


In the denominator, we can 
finally, 



neglect AT in comparison 


JQ AT 


2 



AT. 


with T, so 
(6-50) 
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\\ e have therefore obtained expressions for the rate of production of 
entropy in two irreversible processes, namely, the flow of current through 
a resistor [Eq. (6-49)], a process in which “work is converted to heat,” 
and the flow of heat from a higher to a lower temperature. 

As a check on the validity of Eq. (6-50), let us replace by dT and 

integrate over the entire rod. We then have for the total rate of produc- 
tion of entropy in the rod, 



But Jq/Tx is the rate of increase of entropy of the reservoir at tem¬ 
perature T\y and Jq/T 2 is the rate of decrease of entropy of the reservoir 
at temperature T 2 - The difference equals the net rate of increase of en¬ 
tropy of the reservoirs, which equals the total rate of production of entropy 
in the rod. 

In a rod in which there is both an electric current and a heat current, 
the total rate of production of entropy in an element of the rod is 







(6-51) 


6-12 The Onsager reciprocal relations. In a conducting rod or wire 
obeying Ohm’s law, the current / in an element of length Ax is proportional 
to the potential difference AV across the element, the proportionality 
factor being the reciprocal of the resistance of the element, AR. 



(6-52) 


If A is the cross-sectional area of the element, p its electrical resistivity, 
and C == 1/p its electrical conductivity, then 


AR 


pAx 



(6-53) 


Similarly, the heat current Jq in the element is proportional to the 
temperature difference AT across it, the proportionality factor being the 
reciprocal of the thermal resistance ARi\,. 



(6-54) 


The thermal resistance is given by 

Ax 

K AA ' 


ARth — 


(6-55) 
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where K is the thermal conductivity. Thus the usual expressions for the 
flow of charge and the flow of heat have exactly the same form. 

Associated with the heat current Jq is an entropy current Js^ given by 



(0-50) 


However, the preceding e( 4 uation for the flow of electricity holds only 
if the temperature difference AT across the element is zero, and the equa¬ 
tion for the flow of heat holds only in the absence of an electric current. 
If both a temperature difference and an electric current exist simultane¬ 
ously, it is found that the electric current depends not only on the poten¬ 
tial difference AF, but also on the temperature difference AT. Similarly, 
the heat current and the entropy current depend on the potential differ¬ 
ence as well as on the temperature difference. Analogous relations exist 
between many other pairs of so-called related flows. The differences AF 
and AT, or other quantities corresponding to them, are referred to as 
driving forces.* 

It was first shown by Onsager that for a properly selected pair of re¬ 
lated flows, called conjugate flows, a simple and useful relation exists be¬ 
tween the coefficients of the driving forces. What constitutes a “properly 
selected’' pair is usually not obvious, and there is not room here to go into 
the methods by which such a pair can be found. It must suffice to say 
that if AF and AT are selected as driving forces, the electric current I 
and the entropy current Js form a pair of conjugate flows, although the 
electric current and the heat current do not. 

The expressions for these flows can be written as 


/ — Lii AF + Li2 at, (f)-57) 

Js = T 21 AF -I- L 22 AT. (6-58) 

From the definitions of electrical and thermal conductivity, we can 
obtain two equations relating the four coefficients Ln, L 12 , Ls^'and L 22 
to measurable properties of a substance. A third relation can be found 
from the thermoelectric properties of the substance. Onsager’s contribu- 
Uon to the theory was to show that for a pair of conjugate flows the coeffi¬ 
cients Li 2 and L 21 are equal to each other, so that the three relations 
above suffice to determine all four coefficients. 


L/12 — i-/2i 


The preceding equation is known as the Onsager reciprocal relation. 


vu—ua ) 


The complete theory shows that the chemical potential a (see Chanter 141 
as wel as the electrical potential t', must be included as a driving force To 

s mphfjahe discussion, we shall omit this term, which is equivalent\o assuminir 
that \x — constant throughout the system. ' ‘ ^ 
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Fiom the equation Jq ~ TJst Eq. (6-58) can be written 

Jq = (TLoi) AV + {TL 22 ) AT. (6-^0) 

The coefficient of AV in this equation is not equal to the coefficient 

of AT in E(j. (6-57), so that I and Jq are not conjugate flows when AV 
and AT are selected as driving forces. 

Now consider a homogeneous rod at a uniform temperature T carrying 
a current I. Then AT = 0, and from Eq. (6-57), 

(7)Ar=o = L\\AV. 

But from Ohm’s law, 



AV 

AR 


so 



(6-61) 


Next consider a rod in which there is a heat current Jq hut no electric 
current. Then / = 0 in Eq. (6-57) and 

iAV),^o = - ~ AT. ((i-G2) 

1 


Inserting this expression for AV in Eq. (6-60), and using the Onsager 
relation L 12 = ^ 2 i) we get 

y » V T\\L\0 — 

(J(v)/=o = r AT. 


T\ 1 


But from Eq. (6-54), 


(Jq)i=o = 


AT 


R 


th 


SO 


LnL 


22 


1^12 




(6-63) 


Thus we have two relations between the L's and properties of the 
material. A third will be derived in the next section. 

Equations (6-57), (6-58), and (6-60) show that both an entropy cur¬ 
rent and a heat current exist in a rod carrying an electric current, even 
though the rod is at uniform temperature and there is no heat flow by 
conduction. That is, the electrons whose motion constitutes the current 
can be considered to transport heat and enlropij^ as well as electric charge. 
The relation between the electric current, and the heat and entropy cur- 
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rents, can be expressed as follows. Setting AT = 0 in Eqs. (6-57), (6-58) 
and (6-60), we have 

(^)a7’=0 = AV , 

(^ 5 ) a 7’=0 = -£^21 AT , 

('-^c)Ar=o = TL21 

The latio of the entropy current to the electric current is represented 

by S*, and the ratio of the heat current to the electric current by Q*. 
From the e(|uations above, 


S* = 


J 


s 


I 


A 7-0 




J 


Q 


i /Ar=o 

We see from these e(iuations that 

Q* = 


T 21 

T 

^>11 


(6-64) 


(6-65) 


( 6 - 66 ) 

I he (luaiitities .S'* and Q* are properties of the material of which the 
Am,nn of the temperature. 

«» »h„e AT . 0, they .Iso give the rel.tio,, boi,..,,, ,lfe hct ird 
tropy curients transported by an electric current in a flow in which AT ^ 0 

as Tr? additional flow of heat and entropy 

as a result of heat conduction. This can be brought out more clearly by 

• \mg Eq. (6 57) for AT and substituting in Eijs. (6-58) and (6-60) 
I'smg Eqs. (6-59), (6-63), and (6-64), we have 


, , 1 A7’ 

•f s = *S*/ -j- 


■hj = Q* I + 


T A/f,„ 
AT 


(6-67) 


AR 


til 


( 6 - 68 ) 


Ihe teiTOs^AY’/A/e,,. and AT/T AR,,, represent, respectively the heat 

in thfah conduction alone 

and enter”'!' T added the heat 

.S'* and transported by the electric current. The quantities 

and Q are called transport parameters. 

It follows from Eq. (6-62) that if a temperature difference at « • + 

:::T;.trreyrr"* 'f 

From ...fS,:™'’ "■ 

-(AT)/=u = S* AT. 


(6-69) 
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Img. ()-7. Thoi inocouple circuit. 


6-13 Thermodynamics of thermoelectricity. Thermoelectric phenom¬ 
ena provide an excellent example of the application of the methods of 
irreversible thermodynamics. It is useful to consider separately three 

thermoelectric phenomena, known as the Seebeck effect, the Peltier effect 
and the Thomson effect. 


The Seebeck effect. Figure 0-7 (a) shows the simplest thermocouple 
circuit. Two unlike metals or alloys A and B, such as nickel and iron or 
platinum and platinum-rhodium, are soldered or welded together to form 
a closed circuit. If one junction is in contact with a body at a tempera¬ 
ture T and the other with a body at a lower temperature To, it is found 
that there is an electric current in the circuit. There is also a heat cur¬ 


rent along the wires. 

The emf of the circuit, called the Seebeck emf after its discoverer, 
depends on the temperatures Tq and T and on the materials A and B. 
The emf is usually measured by a potentiometer, as shown in Fig. 6-7 (b). 
The junction at temperature T is lettered c. Leads of a third metal C 
(usually copper) are connected to A and B at junctions c and d. Both of 
these junctions are at the temperature 7^o- (In practice, these junctions 
are often inserted in an ice bath.) The copper leads are connected to a 
potentiometer at points a and 6, both of which are at the temperature 
Tr (room temperature). When the potentiometer is balanced, as indi¬ 
cated by zero current in the galvanometer (7, the potential difference 
Va — Vb equals the Seebeck emf ^a,b- 

Figure 6—7 (c), which is lettered to correspond to 6-7 (b), shows the 
essential features of the thermocouple alone. In the steady state, tempera¬ 
ture differences exist along the wires of the couple, but there is no electric 
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current. Equation (6-69) can then be applied to each wire of the thermo¬ 
couple, replacing AV and AT by dV and dT and integrating from one end 
of each wire to the other. Starting at point a, we have 




When these equations are added, the left side reduces to Va 
^A.B- On the right side, the first and last terms cancel, so 






(G-70) 


The Seebeck emf therefore depends only on the temperatures T and Tq, 
and on the difference between the entropy transport parameters of the 
metals A and B. It is independent of metal C, and of the temperature Tr. 

If the thermocouple is being used to measure the temperature T, the 
rate of change of emf with temperature is more important than the value of 
& itself. From Eq. (6-70), when Tq is constant, 

d &A B 

= -Sr. - (G-71) 


where the values of Sa and Sb are those at the temperature T. The deriva¬ 
tive d&A.B/dT is called, inappropriately, the thermoelectric power of the 
couple. 

The Peltier effect. Figure 6-8 shows the junction between two unlike 

metals or alloys ^ and B. The system is at a uniform temperature T. If 
we send an electric current I across 

the junction, it is found that heat is 
developed but that the rate of devel¬ 
opment of heat is greater or less than 
the heating, the difference de¬ 
pending on the magnitude and direc¬ 
tion of the current, on the tempera¬ 
ture, and on the materials A and B. „ 

This phenomenon is known as the Electric current and heat 

Peltier effect currents at a junction of two unlike 

• metals A and B. 


Junction 

I', i r,, 
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Let US compute the rate at which heat must be removed from the 
junction, when it is carrying a current, in order to maintain it at a constant 
temperature T. Let Va and Vf, be the potentials of A and B, on opposite 
sides of the junction. The rate at which electrical work is done on the 
junction is IV^b = I^Rj, where Rj is the resistance of the junction. The 
rate at which heat is transported into the junction by the current / at its 

left face is Jq^a = IQ* = ITS*, and the rate at which it is transported 
out of the junction across the right face is Jq^b = IQ% = ITSb- Let Jq 

be the rate at which heat must be removed from the junction to keep its 

temperature constant. Since the state of the junction does not change, we 
have from the first law 


= PR, + I[T{S*a - S*b)]. (6-72) 

1 he last teim ecpials the excess heat that must be removed, over and 

above theJ^pR'' heat, and it is called the Peltier heat. The quantity 

^ expressed in volts if / is in amperes, and is called the 

Peltier emf tta.h- 

TT.-i,/? = T{Sa — S%). (6-73) 

Ecjuation (6-72) can therefore be written 

'Iq = PRj + Ittajj. (6-74) 

1 he Peltier emf at a junction depends on the temperature, both through 
the factor T and because *8* and *8^ vary with temperature. 

I he Thomson effect. Consider next an element of a rod or wire in the 
steady state across which there is a temperature difference AT. There is 
then a conduction heat current into one face of the element and an equal 
heat current out of the other face [Fig. 6-9 (a)]. If we now send an electric 
current through the element, it is found that heat is developed in the 
element but that the rate of development of heat is greater or less than the 
PR heating, the difference depending on the magnitude and direction of 
the current, on the temperature, and on the material. This phenomenon is 
known as the Thomson effect. 

Let us compute the rate at which heat must flow out of the side walls of 
the element, when it is carrying a current, in order that the temperature at 
all points shall be the same as it was before the current was turned on. 


T -i- yr 


T 


r + AT 
T + yr 


V 

r 


Jq 







__ 


I 


•fQ.T 




(a) 


(l>) 


Fig. 6-9. Electric current and heat currents in a homogeneous rod in which 
there is a temperature gradient. 





6-13] 


THERMODYNAMICS OF THERMOELECTRICITY 


183 


The conduction heat flows will then he the same as before, and the heat 
flowing into the element by conduction across its left face etjuals that 
flowing out across its right face. Let Jq be the heat current flowing out 
across the side walls [Fig. 6-9 (b)]. 

The rate at which electrical work is done on the element is / AT’. The 
rate at which heat is transported into the element by the current I at its 
left face is Jq.7’+at = and the rate at which it is transported out 

across the right face is Jq^t = 1Q%^ (The conduction heat flows are 
equal and need not l)e considered.) Since the state of the element does not 
change, we have from the first law, 


But 



— / AT + 

= /[AT + (7' + A7')»S'7’_).^7' — 7\S’7-]. 


‘^7’+A 7’ 



and hence 


( I \ 

Ar+ ^ S'*A7M, 

where we have dropped the subsci’ipt T from S’* and ha\'c neglected the 
small quantity AS* A7’. From E(i. (6-57), the potential difference AT' is 


AT = 


/ 


Ij\\ L\ 


L1 •? 

IT 


But 


Lii “ 1/A/f, L 12 /L 11 — S*, 


so finally, 


Jq = A/f + / ( T 


dS^ 


ST • 


(b-75) 


The last term equals the excess heat that must be removed, over and 

aliove the “PR" heat, and is called the Thomson heal. The quantity 
' dS* \ , 

AT 1 IS expressed in volts if I is in amperes, and is called the 


(IT 


dS* . 


Thomson emf. The product T \ii the Thomson coefficient a. However, 

the usual convention of sign is to consider the Thomson heat as positive if 
heat must he added to keep the temperature the same. We therefore write 


O' = -7’ 


dS 


and E(i. (G-75) becomes 


dT 


(6-76) 


Jq = /- AR ~ la AT. 


(«-77) 
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ihus all three thermoelectric effects can be expressed in terms of the 
entropy transport parameter S* and the temperature. The Seebeck emf is 


’ T. 


&A.B = I {S^i-S%)dT, 

T, 


and the thermoelectric power is 

d & .\ 

•* 1 « 




dl 


Cl* 

rii — 


'rhe Peltier emf is 


= TiS*^ - .S'*) 


44ie Thomson coefficient is 


(T = -T 


dS^ 

~df 


It follows from the second and third of these eciiiations that 

d 

tt.i.r = 1 


dT 


(0-78) 


and from the second and fourth, that 


a A — (Tn = 




dl 


'2 


(6-79) 


the last two eciuations are known as the Kelvin relations. They were 
derived by Kelvin, using the methods of thermostatics, before the prin¬ 
ciples of irreversible thermodynamics had been developed. In Kelvin's 
derivation, the irreversible processes of heat flow and PR heating were 
ignored, and the net change of entropy in the reversible absorption or 
liberation of Peltier heat and 44iomson heat was set equal to zero. Al¬ 
though the Kelvin relations have been verified by experiment, the method 
by which they were originally derived could never be satisfactorily justified. 

The Seebeck emf of a thermocouple can be expressed in terms of the 
Peltier emf’s at the junctions, and the Thomson emf’s in the wires, as 
follows. Let us change the notation from that of Fig. 6-7 and let T 2 
represent the temperature of junction e, 7'i the temperature of junctions 
c and d, and T the variable temperature along conductors A and B. We 
have from Eq. (6-76), 


aA dT = ~TdS% 


<tb dT = -T dS%. 


Now subtract the second equation from the first and integrate be 
tween the limits T\ and T 2 . 


{aA — (Tb) dT = — 


T dS*, -b 


TdS% 
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Each of the terms on the right can be integrated by parts. 


r., 


T. 


{<^A <^b) dT — — (7'>S*)7’o + (7\S'*)ri + / S*^dT 


JT 


r. 


+ {TSI)t, - {TS%)r, ~ I S%dl 


* J rii 


JT 


= -7'2(*S1 - Si)r, + TiiS*, - S%)t, 

To 


+ / {Sa - S%) dT 


J T 


— + S, 

and finally, returning to the notation of Fig. ()-7, 


I'T 

s = (7r,i,/j)7' — (7r,i./f)7-,, + / (o-.4 - (7ii) dT. 

J 7 u 


(b-80) 


The circuit in Fig. 0-7 (a) can therefore be considered to contain four 
emf’s in series: a Peltier emf {tva.b)t at the junction at temperature T\ 
an oppositely directed Peltier emf (tt,!. 77)70 the junction at temperature 

7’o; a Thomson emf given by / tr.i dl\ distributed along wire .1- and an 

JT rT ^ 

oppositely directed Thomson emf / as dT, distributed along wire B 

Jt 

1 he Peltier emf’s have opposite signs liecause if a current in the circuit 
is from to B at one junction, it is necessarily from R to .1 at the other. 
Ihe Thomson emf’s have opposite signs because if the current is from a 
higher to a lower temperature in one wire, it is necessarily from a lower 
to a higher temperature in the other. 

Peltier heat I{TrA,B)T is absorbed at one junction from the body at 
temperature T and a smaller amount of Peltier heat I{7rA,B)To is delivered 


l 


IS absorbed (or liberated, depending on the sign of < 7.4 and the direction 

T 


L 


sorbed or liberated along ,re B. In addition, there is a flow of heat bv 
conduction along the wires and from the surfaces of the wires to their 
surroundmgs. No useful work is done. However, if the circuit is opened 
and an electric motor inserted, useful work can be obtained in amount 
equal to the difference between the heat absorbed and the heat liberated 
1 he circuit then becomes a form of heat engine. However, for all thermo- 
eectric materials known at present, the emf is so small that this method 
of obtaining u.seful work from heat is uneconomical. 
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PROBLEMS 

6-1. A 20-olun resistor carrying a constant current of 10 amp is kept at a 
constant temperature of 27°C by a stream of cooling water. In a time interval 
of 1 sec, (a) What is the change in entropy of the resistor? (b) What is the 
change in entropy of the universe? 

6-2. A thermally insulated 20-ohm resistor carries a current of 10 amp for 
1 sec. The initial temperature of the resistor is \0°C, its mass is 5 gm, and its 
specific heat capacity is 850 joules/kg-deg. (a) \\ hat is the change in entropy 
of the resistor? (b) What is the change in entropy of the universe? 

6-3. I Ibm of water is heated by an electric heating coil from 20°F to 80°F. 
Compute the change in entropy of (a) the water, (b) the universe. 

6-4. 1 Ibm of water at a temj)erature of 500°R is mixed with 2 Ibm of water 
at a temperature of 560°R in a thermally insulated vessel. Find the change in 
entropy of the universe. 

6-5. A mass m of a li(iuid at a tem|)erature Ti is mixed with an equal mass 
of the same li(iuid at a temperature T 2 . The system is thermally insulated. 
Show that the entiopy change of the universe is 


2tnCp In 


(T, -f T2)'2 


\ 


and prove that this is necessarily positive. 

6-6. 10 Ibm of water at 32°F is brought into contact with a lai'ge heat reser¬ 
voir at 212°!'. (a) When the water lias reached 212°F, what has been the change 
in entroj)y of the water? of the heat reservoir? of the universe? (b) If the water 
had been heated from 32°F to 212°F by first bringing it in contact with a reser¬ 
voir at 50°C and then with a reservoir at 212°F, what would have been the 
change in entropy of the universe? (c) Fxplain how the water might be heated 
from 32°F to 212°F with no change in the entropy of the universe. 

6-7. The value of Cj, for a cei tain substance can be lepresented by 

(',> = r/ -f- hT. 

Find (a) the heat absorbed and (!>) the increase in entropy of a mass in of 
the substance when its temperature is increased at constant pressure from Ti 
to T 2 . (c) Find the increase in the molal specific entropy of copper, when the 

temperature is increased at constant pressure from 540*^11 to 5100°R. 

6-8. 10 Ibm of water at a temperature of 80°F is converted to superheated 
steam at 480°F and at constant atmospheric pressure. Compute the change in 
entropy of the water. 


Cp (lifiuid) = 1.02 Btu lbm*°R , 


Cp (vapor) = 19.86 — 


597 7500 

T 


Btu, lbm‘®R, 


hfo (at 212°F) = 970.3 Btu/lbm. 

6-9. 10 Ibm of water at 80°F is converted to ice at 15°F and at constant 
atmospheric jiressure. Assume that the specific heat capacities of water and 
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of ice at constant pressure are constant and e(iual to 1.02 Btu, lbm-°R and 
0.51 Btu/lbm-'’R respectively. The heat of fusion of ice at atmospheric pres¬ 
sure is 144 Btu Ibm. Find the change in entroiyv of the system. 

6-10. A body of finite mass is originally at a teinirerature T,, which is higher 
than that of a heat reservoir at a temperature T,. An engine oiierates in infini¬ 
tesimal cycles between the body and the reservoir until it lowers the tempera¬ 
ture of the body from T-> to Ti. In this process, heat Q is abstracted from the 
body. Prove that the ma.\imum work obtainable from the engine is 

Q ~ - S.). 

where .Si — S 2 is the decrease in entropy of the body. 

6-11. Two identical bodies of constant heat capacity, originally at the tem¬ 
peratures Ti and T 2 , respectively, arc u.sed as reservoirs ior a heat engine operat¬ 
ing in infinitesimal reversible cycles. If the bodies remain at constant pressure 
and undergo no change of |)hase, show that (a) the final temperature Ty is 

Tf = \ tW., 

(1>) the work obtained is 

+ T-2 - 2Tf). 

0-12. Tlie circle in Fif!;. 6-10 repre¬ 
sents a reversil)le engine. During some 
integral number of complete cycles the 
engine absorbs 1200 Btu from the reser¬ 
voir at 700°R and performs 200 Btu of 
mechanical work, (a) Find the quanti¬ 
ties of heat exchanged with the other 
reservoirs, and state whether the reser¬ 
voir gives up or absorbs heat, (b) Find the change in entropy of each reservoir, 
(c) ^^ hat is the change in entropy of the universe? 

0-13. Using the values of entropy found in the steam tables at the temper¬ 
atures of 1000°F and 1200°F, and at a pressure of 300 Ib/in^ find the mean 

value of the constant-pressure specific heat capacity of steam at a pressure of 
300 Ib/in^. 

innno,'.’^' st'.eam at a pressure of 1400 Ib/in^ and a temperature of 

uuu 1' e.xpands adiabatically and reversibly in a turbine, (a) Find the tem¬ 
perature when the pressure has dropped to 700 Ib/inl (b) Find the pressure 
when the temperature has dropped to 700“F. (c) What is the lowest pressure 

to which expansion can be carried if no condensation of the steam is to take 
place. Obtain the necessaiy data from Table 3 of the steam tables. 

6-15. Superheated steam expands adiabatically and reversiblv from a 
pressure of 1000 Ib/in^ and a temperature of 1000°F to a pressure of 100 Ib/in^ 

Using the data in Table 3 of the steam tables, find (a) the final temperature' 

\ >1 the work done per i^ound mass of steam. 

6-16. Superheated ammonia is to be compressed adiabatically and revers- 

20 lb/in2 and a temperature of 80°F to a pressure of 

“ i ,7,; ■ r"‘ ''r" <•> ” ,1°. 

OIK lequiied per pound mass of ammonia. 


.1 

/ 

1 


\ 

1 

1 1, - 

TIHI |{ 


'1 ‘ 

ft - 1 

i;<N> |{ 


■/■i = . 


Figure 6-10. 
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6-17. Superheated steam at a pressure of 1000 Ib/in^ and a temperature 
of 1000°F undergoes an isenthalpic throttling process in which the pressure 
(hops to 20 ll)/in2. Using the data in Table 3 of the steam tables, find (a) the 
final temperature, (b) the change in entropy per pound-mass of steam. 

6-18. (a) Show that the specific availability function 4> can be written 

0 = /i + (po — p)v - ToS. 

(b) Show tliat the specific availability a can be written 

a = (/( — /(o) + (po — p)v — To{s — So). 


(c) Show that the specific availability 
from that of the environment is 


— Aa for a process whose end state differs 


Aa — (III — ho) — pp’i + p2i'2 ~ To{si — So). 

The expressions above are often useful, since Table 3 of the steam tables 
gives the values of c, //, and s, but not of u. 

6-19. Refer to h^xample 1 at the end of Section 6-7. What is the maximum 
useful work, per pound-mass, that can be obtained from the steam in a process 
in which the steam comes to equilibrium with the environment? 

6-20. Refer to Example 2 at the end of Section 6-7, and to Fig. 6-5. Find 
the moisture fraction .r of the system, and the specific volume c, at points 3 and 
4, where tlie temj)erature is 60'’F. The necessary data will be found in the steam 
tables. 

6-21. (a) What is the maximum useful work that can be obtained when 
100 Btu are withdrawn from a heat reservoir at 1000°R, in an environment at 
100°R? (b) Suppose that the same quantity of heat flows by conduction from 

the reservoir at 1000°R to a second reservoir at 500°R. What is the maximum 
amount of work that can now be obtained when the heat is withdrawn from 
the second reservoir? The temperature of the environment remains the same. 

6-22. Steam at a temperature of 460°F, having a specific volume of 
6.7 ft^/lbm, enters a steady-flow device, (a) If the steam is compressed revers¬ 
ibly and adiabatically until the pressure is 200 lb/in“, what is the temperature? 
Assume no change in velocity, (b) If the steam is then expanded to its original 
pressure in an isenthalpic process, what is the temperature? Assume no change 
in velocity, (c) If the velocity of the steam increases to 500 ft/sec as a result 
of the two preceding processes, what is the final temperature? (d) Plow would 
the processes in (a), (b), and (c) appear in a T-s diagram? 

6-23. Heat flows from a reservoir at a temperature of 900°F to a boiler in 
which water evaporates at a temperature of 400°F. The steam resulting from 
the evaporation process is then used in a heat engine which rejects heat at the 
temperature of the environment, 80°F. (a) What is the maximum useful work 

that could be obtained for 1 Btu withdrawn from the heat reservoir at 900°F? 
(b) What is the maximum useful work that can be obtained in the process above, 
for 1 Btu withdrawn from the heat reservoir? (c) What is the irreversibility 
of the heat transfer process? (d) Assuming that the heat engine operates on a 
Carnot cycle, what is the irreversibility of the combination of heat transfer 
process and Carnot cycle? 
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6-24, If the heat engine in problem 6-23 has a thermal efficiency of 30%, 
what is the irreversibility of the cyclic process alone? 

6-25, What is the effectiveness of the heat transfer process in problem 6-24? 

6-26. What is the effectiveness of the cyclic process in problem 6-24? 

6-27, Steam at a temperature of 600°F and at a pressure of 200 Ib/in^ 

experiences an isenthalpic (throttling) process until the pressure reaches that 

o the environment (14.7 Ib/in^). (a) Wliat is the initial specific availability 

of the steam? (b) W'hat is the maximum useful work obtainable from this 

process? (c) W^hat is the irreversibility of the process? (d) W^hat is the 
effectiveness? 

6-28. Wffien one junction of a copper-iron thermocouple is at the ice point 

and the other at a Centigrade temperature t, the Seebeck emf S of the couple 
in volts, is given by ^ ' 

6 = e- + - l\ 

2 3 

where 

ai = -13.403 X 10-6, 
a2 = -f 0.0275 X lO'^, 

^3 = +0.00026 X 10-6. 

(a) Find the Seebeck emf when I = 100°C = 373°K, (b) the Peltier emf at 

each junction, (c) the net Thomson emf, (d) the difference between the entronv 
tiansport parameters of copper and iron. 



CHAPTER 7 


COMBINED FIRST AND SECOND LAWS 

7-1 Combined first and second laws. The analytical formulation of 
the first law of thermodynamics is 

dxi = d' q — d'w. 

The second law states that for a reversible process between two equilibrium 
states 

d'^rev = T ds. (7-1) 

The two laws may therefore be combined to give, for a reversible 
process, 

du = T ds — d'w. (7-2) 

If the only work done in the reversible process is “p dv"' work, then 

(7-3) 

Although Eqs. (7-1) and (7-2) are true only for a reversible process, 
Eq. (7-3) is not restricted to such a process because ii, s, and v are properties 
of a system and change by the same amount in all processes between a 
given pair of equilibrium states. That is, although we made use of a 
reversible process to derive the relation above connecting du, ds, and dv, 
once we have determined what this relation is it must be true for any 
process between the same pair of equilibrium states. 

Note that although the change in internal energy du is equal to Tds — pdv 
in any process between two equilibrium states, the terms Tds and pdv are not 
equal respectively to the heat absorbed, d'q, and the work done, d'w, if the proc¬ 
ess is irreversible. Consider, for example, an adiabatic free expansion of an ideal 
gas from a specific volume /' to a specific volume v -h dv. The change in internal 
energy, the heat absorbed, and the work done are all zero: 

du + d'q = d'w = 0. 

The temperature remains constant and the pressure, since it changes only in¬ 
finitesimally, can be considered constant also. The change in entropy, from 
the example at the end of Section 6-5, is 

/’ -j- dv / dv\ „ dv 

ds = mR In- = mR In ( I H-) = niR — » 

V \ V / V 



since dv/v 1. 


100 
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Then 


Tds = dr = i>di 

V 


and Kq. (7“3) is satisfied for this irreversible process, since both sides are zero, 
although Tds 9 ^ d'q and pdr 9 ^ <l'w. 

A large number of thermodynamic relations can now be derived by 
selecting T and c, T and p, or p and c as independent variables and express¬ 
ing (hi, ds, and dv in terms of the differentials of these variables. Further¬ 
more, since the state of a pure substance can be defined by any two of its 
properties, such as s and v or h and p, the partial deri\ ative of any one 
property with respect to any other, with any one of those remaining held 
constant, has a physical meaning, and it is obviously out of the question to 
attempt to tabulate all possible relations between all of these derivatives.* 
However, e\'ery partial derivative can be expressed in terms of the coeffi¬ 
cient of volume expansion /3 = {l/v)(dv/dT)p, the isothermal compressi¬ 
bility K = — {l/v){dv/dp)T, and Cp, together with the properties p, v, and 
T themselves, so that no physical properties of a substance other than those 
already discussed need be measured. A derivative is said to be in “stand¬ 
ard form” when it is expressed in terms of the (piantities above. 

We next demonstrate the general method by which the derivatives are 
evaluated, and work out a few relations that will be needed later on. 

Let us first consider T and v as independent. Then 

= Ct), - - £),. 


and from the combined first and second laws, 


ds = {(hi + p dv) 


(’ombining these e(|uations, we get 


. _ f If /du\ 

T\dTj, Tl^^\dv)r} 


Hut we can also write 


ds 


/ ds\ 

- (57). 


+( 2 ). *■ 


dv. 


(7-4) 


Since dl and dv are independent, their coefficients in the two preceding 
Cfiuations must be equal. Therefore 


(^\ _ 1 


(7-5) 


However, see Table A-6. 
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It is shown in textbooks on Calculus* that if a variable w is a function 
of two variables x and y, then 



or, using a different notation, 

d^iv d^w 
dx dy dy dx 


piovided the function w and the partial derivatives are continuous. 
Since these conditions are satisfied by s and its partial derivatives, we 
have, in the notation of thermodynamics. 



d‘^s 

dvdT dT dv 


That is, the so-called “mixed” second order partial derivatives are in¬ 
dependent of the order of differentiation. Hence from Eqs. (7-5) and 
(7-6), differentiating the first partially with respect to v and the second 
with respect to 7’, we obtain 


1 d'^u 

T 



Therefore 


or in standard form. 



(7-7) 


(7-8) 


The dependence of internal energy on volume, at constant temperature, 
can therefore be found for any substance for which ^ and k are known. 
For an ideal gas, 

du 
dv 

and, as we hav^e mentioned earlier, it is a necessary consecjuence of the 
second law that the internal energy of an ideal gas is independent of its 
volume at constant temperature. 

* See, for e.xample, Calculus and Analytic Geometry, G. B. Tliomas, Addison- 
Wesley Publishing Co., 2nd ed. (1953), p. 518. 



T{\/T) 

1/p 


— p = 0 
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InChapter4,usingthe first law alone, we derived the relation [Eq. (4-6)] 


Cp Cj< — 


du 

dv 


+ V 


dv 

dT 


p 


Making use of Eq. (7-7), we see that 


Cn — c„ = T 


dp 



dv 




dT LAdT 


K 


(7-9) 


Thus the difference Cp — c„ can be computed for any substance for 
which 0 and k are known and can be expressed in standard form, that 
is, in terms of k, Cp, and the state variables. The (luantities 1\ v, and 
K are always positive, \^’hile is usually positive, it may be negative or 
zero. (For water at atmospheric pressure, ^ is zero at about 4°C and is 
negative between OX' and 4X\) Howe\'er. is always positive or zero, 
so that Cp is never smaller than c,.. 

Using Eqs. (7—7) and (/—9), and the fact that {du/dT)^, — c^., the par¬ 
tial derivatives of s with respect to T and c, in Eqs. (7-5) and (7-6), 
become 

c.. c,. (3^v 

~ — ’ (7-10) 


dT 

ds 
dv 


Cr 

T 


T 


dp 

Jf 


V 


K 


(7-11) 


Tinally, ecjuating the mixed second derivatives of s with respect to 
T and v, we get 

dc 


dv 


T 


( M )., =-'■ [57 0 ] 


(7-12) 


Eciuations corresponding to the above can be derived by considering 

7 and p, and p and v, as independent variables. The derivations are left 

for a problem. When the general expression for Cp — in Eq. (7-9) is 

combined with the expressions for the six partial derivatives of u derived 

in Chapter 4, these derivatives can all be expressed in standard form. 

these derivatives, together with the six corresponding derivatives of s, 

are summarized below for convenience, together with the expressions for 
{dCi,/dv)j' and {dCp/dp)T. 


_ p-7V 

dT/, ~ 


= Cp - 0pv, 




KC 


P 


& 


~ &Ti\ 


du 
dv 

d 

dp/T 

du 


^T 

K 


P, 


= Kpv — ffTv, 


dv 


01 


P- 


(7-13) 



194 


(CJIAP. 7 


COMlilXED 


first and second 


LA\^'S 




(7-14) 


(7-15) 

(7-lG) 


The differentials du and ds can now he expressed in standard form in 
terms of any pair of the differentials dT, dp, and dv. These etpiations are 
also given below, hut for simplicity some of them arc written in terms of 
c„. The equations for ds have been multiplied through by T. 


BT 

du = (•,. dT + ( — — p ) dv, 


K 


du = (Cj, - (3pv) dT + (Kpr - f3Tv) dp. 


du = 


KC 


B 


dp + 


Bi 


— p ) dv. 


(7-17) 


Tds = 


BT 

c„ dT + — dv. 


K 


T ds = c„ dT - BTv dp. 




T ds = 


— (Ip -\ - dv. 

0 0V 


(7-18) 


The last three eciuations are called the “YV/s” etiuations. Since 
I ds = d q \n reversible process, these e(|iiations enable one to compute 
the heat d q flowing into a pure substance in a reversible process or, when 
divided through by provide ec|uations from which, by integration, s 
may be expressed as a function of any pair of the variables T, p, and v. 


7-2 Isothermal and adiabatic compressibility. When a pure substance 
is compressed reversibly and adiabatically (i.e., isentropically) the rela¬ 
tion between the changes in pressure and volume can be found from the 
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third T ds eciuatioii, setting ds = 0. We have 


T ds = 0 = 


KOj. , c 


and hence 


f, ‘'K- + J, 


r \dp/ 


I _ 


Cv 

c 


(7-19) 


1 he left side of this equation defines the adiabatic compressihilitv k-. 


- i-) 

l' \dp/ 


It will he recalled that the compressibility k is, .strictly si)eakiiig, the 
isothermal compressibility, definetl as 


KT = — 


1 

i' xdpJi 


Denoting the ratio c„/c, by y, E,,. (7-19) becomes 


KT 

Ss 


P 


Cr 


= y. 


(7-20) 


Since c„ is always greater than or eipial to c,,, y is always greater than 
01 eciual to unity and the adiabatie compressibility is always less than or 
eiiual to the isothermal. The reason is that except when Cp = c^., an in¬ 
crease m pressure causes a rise in temperature and the expansion resulting 

from this temperature ri.se off.sets to some extent the contraction brought 
about by the increase in pressure. 

tv hen a sound wave passes through a substance, the compressions 
and rarefactions are adiabatic rather than isothermal. The velocity of a 
sound wave is the square root of the product of the density and the adia- 
latic compressibility. Thus the adiabatic compressibility of a substance 
can be determined by measuring the speed of sound in it, and if kt is 

capacities can then be determined from 

i. nn f propagation of sound wa^■es in a fluid is discussed further 

in L napter 8. 

q. Joule-Kelvin coefficient. The .Joule-Kelvin effect was 

alone tStTh ir f law 

a one that the enthalpy remained constant when a gas was forced through 

a porous p ug. The .Joule-Kelvin coefficient, wfs defined as the srpe 
Ot an isenthalpic curve at any point. ^ 
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\^ ith the help of the second law, we can now express the Joule-Kelvin 

coefficient in terms of the tabulated properties of a substance. From the 
definition of enthalpy, 

dh = du + p dv + V dp. 

Making use of the combined first and second laws, it follows that 


dh = T ds + V dp, 


and since 




dTJ 


we have 


dh = T 


ds 

dT 


dT + 


p 



dp/r 



+ V \ dp 


(7-21) 


But from Eqs. (7-14), 


ds 


P 


rry 


and 




= ~(3v = - 


dv 


Therefore 


dh — Cjy dT + 


L" - (w), I 


( 7 - 22 ) 


or 


1 


(IT = - dh + - 


V 


1 fr ( 1 ; 

'P L ^ / p J 


But 




dh 


p 


dp /h 


and, comparing coefficients, we see that the Joule-Kelvin coefficient is 


/dT\ 1 n 

\dp/h Cp[_ \dT/p 


(7-23) 


This can be written more compactly as 

T^ d 


M = 


Cp dT 



(7-24) 


From Eq. (7-22), 


\dp/T \dT 


P 


SO we also have 


1 /dh 




Cp \dp/T 


(7-25) 
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Measurements of the Joule-Kelvin coefficient provide a means of re¬ 
ducing temperatures as measured with a gas thermometer to thermody¬ 
namic temperatures, without extrapolation to zero pressure. Specifically 
et us consider the problem of determining the thermodynamic tempera- 
tore of the ice point, T,. AVe have from Eq. (7-24), 


dT 


/A ^ ^ 

\t). 


Integrating at constant pressure between the ice and steam points, we get 

f^Cp 

1^2 dr. (7_2G) 


1\ 


ii 

Ti 


Ti 


7 


Let r be the temperature as determined by a constant pressure aas 
theimometer, filled to a finite pre.ssure. Then, as explained in Section 18 


T{ 


V 


Vi 


the!amemAhe'ihr'”l'‘‘ and steam points is 

same on the thermodynamic and gas thermometer scales, 

r, - Ti = - Ti. 


T, = r,- + 


TiT 


8 


Vi JTi 


— dl" 

rjT2 ^ » 


(7-27) 


' I 

which expresses the thermodynamic temperature T, as the sum of the 
thermometer temperature and a correction tern. To eyaffiate thi 
^ im as It stands, the thermodynamic temperatures 7’, and T must be 
together ,vi,h .h. value, of „ and e, a. function. „ th^ Zpera 

‘"le 1. ir. "■* 

small (less than one degree) so thaTf^A^rrrv;\ti7eXt'''r r"" 
excellent ohlxi'ied in thi. wa, .re in 

wfTibed in Section 1-8 ^ ^ extrapolation process de 

For an ideal gas, 


M 


= — A ^ r^ fR\ 

e. STKtJ, c, dT\p)^==^- 
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The Joule-Kelvin coefficient of a van der Waals gas is 



- (/JT- 1) 

Cp 


^ 2a{v - b)^ - RTv% 
Cp RTv^ — 2a(v — h)^ 


(7-28) 


Since v and Cp are always positive, the temperature of a van der Waals 
gas, passing through a porous plug, will increase if > 1, will decrease 
if /3T < 1, and will not change at the inversion point where /x = 0 and 

fiTi = 1. The equation of the inversion curve [see Fig. 4-0 (b)] is obtained 
by setting = 1, which gives 



Tile e(|uation connecting 7’, and the corresponding pressure pi is ob¬ 
tained by eliminating v between the ecpiation above and the equation of 
state. The resulting curve has the same general shape as those observed 
for real gases, although the numerical agreement is not close. This is to 
be expected, since the van der Waals e(juation is only a first approxi¬ 
mation to the true equation of state. 


7-4 Properties of the Helmholtz and Gibbs functions. We next derive 
some important relations involving the Helmholtz and Gibbs functions. 
From the definition of the Helmholtz function (going over to the specific 
form of the variables), 

f = u ~ 


it follows that for two infinitesimally different eciuilibrium states, 

(if = du - T ds - s dT. 

From the combined first and second laws. 


du = T ds — p dv. 


Therefore 


df = —s dT — p dv 


(7-29) 


(7-30) 


Similarly, starting with the definition of the specific Gibbs function 

g = u — Ts pv, 


we have 


dg = du — T ds ~ s dT p dv -\- v dp. 

Again using Eq. (7-29), this reduces to 

dg = —sdT-\-v dp. 

For completeness, we also have from the definition of enthalpy 

dh = T ds + V dp. 
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Including the combined first and second laws, we now have the fol¬ 
lowing four equations: 

fif = — s dT — p di\ 
dg = ~sdT + V dp, 
dh = T ds V dp, 
du = T ds — p di\ 

Considering/as a function of T and v, we can write 

^ (I),. +©, *■ 

with corresponding expressions for dcj, dh, and du. Since the differentials 

on the right side of each of the four equations above are independent it 
follows that 


d77.. 

d<J 


= -s, 


T 


dT 


= —s. 


dh\ 

Tsh = ’ 


du 

ds 


) 


di 
dpJr 

dp/ 

du 


= -P, 


(7-31) 


= V, 


(7-32) 


= 


(7-33) 


dv 


V 


(7-34) 


Llemeiitary courses in mechanics usually begin by discussing force 
mass, and acceleration. Energy and momentum are introduced later as 
derived concepts. More advanced treatments introduce energy and mo¬ 
mentum at the start as the fundamental quantities of mechanics Sim¬ 
ilarly in thermodynamics the concepts of internal energy and entropy 
may be introduced at the start as the fundamental quantities, instead o^ 
g lining, as we have done, with pressure, volume, and temperature 
this procedure is followed, the first of Eqs. (7-34) becomes the definition 

temperature. That is, temperature is defined as the rate of change of 
mteinal energy with entropy at constant volume. ^ 

The methods of statistical thermodynamics enable one to derivp pv 
pre»„o„s for the internal enerey « and entropy e „t a svste7„„ the t, 

sy^nnie” t'e ‘by 
fnneifo" / * !%* The Helniholt: 

Eos f7-/n ^ then be computed, and from the second of 

of staL obtain the equation 
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7-6 The Maxwell equations. The second partial derivatives of /, g, h, 
and a, with respect to any pair of variables, are independent of the order 
of differentiation. It follows therefore from Eqs. (7-31) to (7-34) that 


ds 

dv 

ds 

dp 


d_p\ ^ 

dTj, 


dv\ 


(7-35) 


(7-36) 



(7-37) 

(7-38) 


These four relations are the Maxwell equations. The right side of 
each equation is readily reduced to standard form. They are useful be¬ 
cause they provide expressions for the entropy in terms of p, v, and T. 


7”6 Properties of a pure substance. The general relations derived in 
the preceding sections can be used to compute the thermodynamic prop¬ 
el ties of a pure substance (s, A, w, f, and g) from its directly measurable 
properties, namely, the p-v-T data, the specific heat capacity, and, for 
gases, the Joule-Ivelvin coefficient. Any one of these functions can be 
computed in terms of any pair of the variables p, v, and T, by integration 
of the corresponding expression for the differential of the function. 

The functions that are most useful in engineering are the entropy s 
and the enthalpy h. \alues of the internal energy u are more rarely re- 
(juired and can be computed if needed from the relation n = h — pv. 
The Helmholtz and Gibbs functions can also be calculated when h and s 
are known, since f = h — pv ~ Ts and g = h ~ Ts. Since temperature 
and pressure are the quantities most readily controlled experimentally, 
these are the variables usually selected. We have, from the second T ds 
equation, 



and from Eq. (7-22), 


dh = Cp dT + 



(7-39) 


(7-40) 


The coefficient of dp in this equation can also be expressed as 



— gCp. 


(7-11) 
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Figure 7-1. 


Let Sr and hr represent the entropy and enthalpy 
erence state ly, and Tr. Then 


* * « A A 


s = 


~dT - 


h = 




dv\ 


flp + Sr, 


dv 

dl 


^■)J 


dp + hr. 


(7-42) 

(7-43) 


• ’ r r ^ ' 

Since .s and h are properties of the system, the difference between their 
\alues in any two states depends only on the states and not on the process 
by which the system is taken from the first state to the second. Let us 
theiefoie evaluate the first integrals in each of the equations above at the 

f'n P’’’ second at the constant temperature T The 

paths.of integration are illustrated in Fig. 7-1. The vertical height of 

1 nt a above the j),T plane represents the entropy s, at the reference 

lioTpItirarth temperature Tr. Line ah is the first integra- 

tion path, at the constant pressure p,. The first integral in Eq. (7-42) is 

inLgrIuon pZh It'th^^^ ^ine hd is the second 

Iho pr:s£AA:nT,he1rpe?l':.f ^'*7 ‘7 » « 

P..h. .r» oae., Hecuse .he, .r.rSAA.'SS 

at llie ref»re77*pMs77p”*or 7'' 'tIiTsA''* ““■’“'‘5' 

a function of temperaturp'^' Thif" ffi ^ course, must be expressed as 

must be expressed as a functio second integral 

xpressecl as a function of p, at the constant temperature T. 
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Experimental data on Cp are often available only at a pressure differ¬ 
ent from the reference pressure p,. Equation (7-16) can then be used 

to compute from Cp and the p-v~T data. Integrating Eq. (7—16) at 
the constant temperature T, we get 





(7-44) 


7-7 Properties of an ideal gas. The integrals in E(is. (7-42), (7-43), 
and (7-44) are readily evaluated for an ideal gas. We have 

= RT/p, 

(dv/dT)p = R/p, 

(dVdr^)p = 0. 


Hence, from Eq. (7-44), the value of Cp is the same at all pressures, 
and Cp is a function of temperature only. Also, 


[c - T(dv/dT)p] = ^cp = 0. 


That is, the Joule-Kelvin coefficient of an ideal gas is zero, 
and enthalpy are then 


The entropy 





Over a temperature range in which Cp can be considered constant, 
these simplify further to 

s = Cp In r - R In p [sr - Cp In 7V + /fin pr], (7-45) 

h = CpT + [hr - Cp 7 V], ( 7 - 46 ) 

where the terms in brackets are constants. The enthalpy is therefore a 
function of temperature only. The entropy as a function of temperature 
and volume, or of pressure and volume, can now be obtained from the 
equations abov'e and the equation of state, or by integration of the first 
and third T ds equations. We give the results only, for a range of vari¬ 
ables in which the specific heats can be considered constant. 

s = Cl, \n T + /f In y + [sr — Cy In Tr — /? In Vr], 


s = Cy In p -h Cp In y + [sr — Cy In pr — Cp In Vr]. 


(7-47) 

(7-48) 
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The internal energy w, as a function of T and p, is 

u = h — pv 

T 

Cp dT + hr - RT. 

Tr 

Since Cp — this can he written 


JTr 


(7-49) 


where Ur is the internal energy in the reference state and is given by 
Ur — hr R1 r- This ecjuution could haA'c been obtained more simply 
by the direct integration of the first of Eqs. (7-17). The method above 
was used to illustrate how u can be obtained from h and the eciuation of 
state. Since c,, like Cp, is a function of temperature only for an ideal gas, 
the internal energy is a function of temperature only, as we have already 
shown. If Cy can be considered constant, 


— Pt’7’ + [^r C/l'r]. 


(7-50) 


s = 


lo find the eciuation of a reversible adial>atic process, we can set 
constant in any expression for the entropy. Thus, from Efp (7-48), 

Cp In V + r^. In p ~ constant. 

In + In p"*' = constant, 

pi^cpicv ^ constant, 

a familiar result. 

The heat absorbed in a reversible adiabatic process can be found from 

any of t ie T ds equations, setting T ds = d'q. Thus, in an isothermal 
process, from the first T ds ecpiation, 

d^qr — p dv. 

variabLsTsHelmholtz function of an ideal gas, selecting T and c as 


f = u - Ts 

T 


T 


c, dT - T 


dT 


Tr 


p. RT In - + - Tsr. (7-51) 

r ( r 

The difference between the values of / in two equilibrium states at the 
«ame temperature but at different specific volumes c, and c, is 


(/i ~ f 2 )r = RT In 


V2 


^ I 

which IS the familiar expression for the work done (per unit h 

ideal gas m a reversible isothermal process. 
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The specific Gibbs function, from its definition, can readily be written 
as 


g = u — Ts + pv 
= f pv. 


7-8 Properties of a van der Waals gas. We next make the same 
calculations as in the preceding section, but for a van der Waals gas. 
These calculations serve to illustrate how the properties of a real gas can be 
found if its equation of state is known and if Cp is known. A van der Waals 
gas has been selected because of its relatively simple equation of state, 

(p + (V ~ b) = RT. 


The expressions for the properties of a van der Waals gas are simpler 
if T and y, rather than T and p, are selected as variables. From the first 
T ds equation, 


But 


ds = ^ dT + ^ dv. 

1 K 

1 / dy \ Rv^{v — b) 

V ~ RTv^ - 2a{v - b)^ ’ 

y \dp)r RTv^ — 2a{v — b)'^ 


and hence 

0 ^ R 

K V — b 

From Eq. (7-15), 




That is, Cr is a function of temperature only and does not vaiy with the 
volume at constant temperature. Then if Sr is the entropy in a reference 
state prj Vrt Tr, we have 



c/7’ + /? In (y — 6) + [sr — /? In (vr — h)]. (7-52) 



If Cv can be considered constant, 

s = Cy In r + /? In (y — 6) + [sr — e,. In Tr 


R In (Vr - b)]. (7-53) 



^ PROPERTIES OF A VAN DER WAALS GAS 

The internal energy is obtained from the first of Eqs. (7-17 


) 


du = dT + 


/3T 


K 


— p]dv 


= Cv dT H- 


RT 

V — h 


— p]dv 
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— Pi- dT -\- —■ dv. 

V 


If Ur is the energy in the reference state, 


u = 


i.•" ^ ", +[“’+, 7 ] ■ 


(7-54) 


and if c,. is constant. 


= cJ’ -- + [«, + - c,.l\ 

>' L Vr 


(7-55) 

The internal energy of a van der Waals gas therefore depends on its 
speohc volume as well as on its temperature. Note that only the van der 
aals constant a appears in the energy equation. The reason is that this 
constant is a measure of the force of attraction between the molecules or 
o their mutual potential energy, which changes as the specific volume 
changes and the mtermolecular separation increases or decreases The 
(•onstant b is proportional to the volume occupied by the molecules thim 
e v« ...d does .ffec, the i„te,,,al e„e,.*y. I, doe., h„,ve e , e l”' 

the fact that the molecules themselves occupy some sLcp ^ /n 

available volume less than the volume of the cZainer 
From E(|. (7-9), 

Cp - c, = - = p 


K 



2 » 


1 - 




V 


tol!lo?fTtTonstllr''^ <'apacities is not exactly equal 

olitab^trieuing'n’llstalt If " 

Fq. (7-53), ® constant, then from 


c,. Ill 7 ’ + /? In (c — 5 ) = 


or 


constant, 


T(v — = (. 


onstant. 
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The heat absorbed in a reversible isothermal process, from the first 
T ds equation, is 


d'qr = RT 


dv 


V — b 


Since the change in internal energy is 


dur = a 


dv 


V 


2 > 


the work d'w, from the first law, is 



7-9 Properties of a liquid or solid under hydrostatic pressure. The 
expressions for the properties of a liquid or solid under hydrostatic pres¬ 
sure can be obtained by introducing /c, and Cp in the general equations 
as functions of f and p, T and v, or p and v. We shall, however, con¬ 
sider only the special case in which 0 and k can be assumed constant. 
The results will be illustrated by numerical examples, selecting copper as 
a material and assuming the following properties: 

13 = 2.S X lO-^CRr\ 

K = 5.9 X 10-^(lb/in=^r\ 

(Cp)6on'. 1 atm = 0.0939 Btu/lbm-°R, 

(^)6o°F. 1 atm = “ = = 1-82 X 10“'^ ft^/lbm. 

p 550 Ibm/ff^ 


Let us first obtain the equation of state of a solid or litjuid under hydro¬ 
static pressure. We have 


Therefore 



where Vr is the specific volume at the temperature Tr and the pressure pr- 
The first integral is evaluated at the pressure pr and the second at the 
temperature T. Because of the small values of p and k for liquids and 
solids, the specific volume v will change only very slightly even with large 
changes in T and p. Hence only a small error will be made if we assume 
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V to be constant in the integrals and equal to Vr. Then if /3 and k are 
constant also, we have the approximate equation of state 

V = iv(l + d(T - Tr) - k{p - Pr)]. (7-56) 


The expression for the entropy, as a function of T and p, can be found 
from the second T ds equation. 




/3r dp + Sr. 


(7-57) 


The variation of Cp with pressure, at constant temperature, from 
Eq. (7-16), is 



Since V, and T are always positive, Cp always decreases with increasing 

pressure. The change is very small, however, as shown in the example 
below. 


Example. For copper at a temperature of 60°F = 520°R and a pressure of 
1 atm, 



ft^ 


= -(2.8 X 10 ^)2(®R) 2 X 1 32 X 10"3- X 520°R X 


1 


Ibm 


= - 0.9 X 10 


_j 2 Btu/lbm*°R 
lb/ft2 


778 ft-lb/Btu 


That is, Cp decreases by only about IQ-'^ Btu/lbm-°R for every Ib/ft^ increase 

in pressure. Since Cp is of the order of 0.09 Btu/lbm-'’R, its change with pressure 

IS negligible. This extremely small variation of Cp with pressure is also illus- 
trated in Fig. 3-11. 


The preceding example shows that in the first integral in Eq ( 7 - 57 ) 

we may, to a good approximation, use the value of Cp at any pressure 

11, in addition, the temperature range is such that the variation of Cp with 

7 can be neglected, and if we set v = ly, we obtain the approximate en- 
tropy equation 

s - Cp In T — fiVrP + [Sr — Cp III 1% + fiVrPr]. (7-58) 

To find the internal energy as a function of T and p we have from 
the second of Eqs. (7-17), 

r ^ 

"" Jr ~ dT + f (Kpv - i3Tv) dp + 


(7-59) 
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The first integral is to be evaluated at the pressure pr and the second 

at the teinperature T. Setting v = and considering a temperature 

range in which Cp can be considered constant, we have the approximate 
energy equation 


kv r 

U = CpT - fiVrpT + + ^Ur - CpTr + 0V,PrTr 

The difference between Cp and c„ is 


B'^Tv 




(7-60) 


Cp - c, = 0.0023 Btu/lbm °R. 

1 he value of c,. at the given temperature and pressure is therefore 

c„ = (0.0939 - 0.0023) Btu/lbm °R 
= 0.0916 Btu/lbm °R. 


Example 1. Let the pressure on a block of copper at a temperature of 520°R 
be increased reversibly from 1 atm to 1000 atm. If the process is isothermal, 
find (a) the change in internal energy, (b) the change in entropy, (c) the heat 
absorbed, and (d) the work done, all per unit mass. 

Solution, (a) From Eq. (7-60), since T is constant, 

(U2 - Ui)t = -0l’rT(p2 - pi) + (pi - p\) (7-61) 


= -72 X 10-5^ + 2.14 X 10-3 — 

IKm 



Btu 

Ibm 


Since U 2 — H\ is negative, the internal energy decreases when the pressure is 
increased. 

(b) The change in entropy, from Eq. (7-58), is 

(52 — Si)?- = ~0Vr{p2 — pi) = —1.38 X 10“^ Btu/lbm-°R. 

(c) The process is reversible, so the heat absorbed is 


qr = T{s 2 — si)t = -pVrT{p 2 — pi) 
This will be recognized as the first term in Eq. (7-61), so 


qT = -72 X 10-3 


Btu 

Ibm 


(7-62) 
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(d) The work done can be found either from the first law, since U 2 - ui 
and g are now known, or it can be found by a direct evaluation of fp dv. But 
we have shown in Section 3-4 that this integral is 

wt = Jpdv = p2), (7_03) 

which is the same as the second term in Eq. (7-61). This equation is therefore 
simply a statement of the combined first and second laws, the first term on the 
right being equal to g or T{s2 — Si), and the second being equal to w. Then 


u'T = -2.14 X 10-3 — • 

Ibm 


Work is done on the substance, so wt is negative. 

In summary, we find that work of magnitude 2.14 X IQ-^ Btu/lbm is done 
on the system and that at the same time a quantity of heat of magnitude 
72 X 10-3 Btu/lbm flows out of the system. The difference is provided by the 
internal energy of the system, which decreases by 70 X 10-3 Btu/lbm. 

Example 2. Suppose that the pressure on a block of copper is increased 

reversibly and adiabatically from 1 atm to 1000 atm. Find (a) the change in 

temperature and (b) the expressions for the change in internal energy and the 
work done. 

Solution, (a) Since s is constant in a reversible adiabatic process we have 
from Eq. (7-58) 



Let T 2 


Cp In Ti — ffl'rPl = Cp In T 2 — pVrP 2 , 



Tx + AT. Then 




The temperature rise AT will be small, so approximately, 



Hence 



But from Eq. (7-62), the quantity 


pVrTi{p2 - pi) 


equal, the nytive of the heat ,, that would be absorbed if the oremure were 
increased isethernallr, and we see that the temperature change i„\„ adiabaUe 
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compression equals this heat divided by the specific heat capacity at constant 
pressure. Inserting numerical values, we get 


AT, = 


— Qt _ 72 X 10 ^ Btu/lbm 
Cp To 939 Btu/lbm-°R 


= 0.77°R. 


(b) The change in internal energy, in a reversible adiabatic process, equals 
the negative of the work. Hence 


(W2 ~ Wi), = -Wg = 


p dv 


But 


= ( T' ) = 

\^P/« 


— KsV dps, 


where k, is the adiabatic compressibility. Hence 


(^^2 — = 


— = 


KsV dps, 


and if Ks and v can be considered constant, 


(n2 — ui)s = 


— iv^ — 


KsVr 


(pI - P?) 


(7-64) 


Comparison with Eq. (7-63) shows that the work is given by the same 
expression as that for an isothermal process, except that k* replaces xr. Since 


KT 

Ka = -;— t 

Cz)/C|» 


we have from the preceding calculations 


(U2 — til) 8 = —Wa = 


— Wt 

Ct)/C y 


-2.14 X 10-^ Btu/lbm 
.0939/.0916 


= —2.09 X 10 ^ Btu/lbm. 


u 7-10 Thermodynamic surfaces. Any relation between three properties 
of a substance determines a surface in a rectangular coordinate system in 
which the properties are plotted along the three axes. The p-v-T surface, 
which has been discussed in earlier chapters, is one such surface, and we 
now consider a number of others. 

Figure 7-2 is a portion of the u-v-T surface of an ideal gas, of constant 
specific heat capacity. The internal energy u is independent of volume, 
at constant temperature, and increases linearly with temperature, at con¬ 
stant volume [see Eq. (7-50)]. Lines are drawn on the surface at con¬ 
stant volume and at constant temperature. Lines of constant internal 
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Fig. 7-2. Energy surface of an ideal 
gas (Ct, constant). 



energy coincide with those of constant temperature. The slope of a line 
at constant volume, such as cb, is 



= Cy = tan a. 


1 he slope of a line at constant temperature, such as de, is 



Figure 7-3 is a portion of the s~p~T surface of an ideal gas of constant 
specific heat capacity. The entropy increases logarithmically with tem¬ 
perature, at constant pressure, and decreases logarithmically with pressure 

at constant temperature. [See Eq. (7^5).] If tangent lines are con¬ 
structed at any point such as a, then 



R 

—-= tan a. 

V 



tan /3. 


tcmn/ constant pressure, constant 

temperature, and constant entropy. 

the^kfoTanr TV ° projection of the s-p-T surface on 

curve in Fie 7-4 ( T following useful property. The 

of the narrow vertical strip is T rfs, which equals the heat absorbedTer 
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F iG. 7-4. (a) The area under a curve in a T-s diagram represents heat absorbed 

in a reversible process, (b) The Carnot cycle. 

unit mass, d qrrv The total heat Qrov absorbed in a finite process between 
states 1 and 2 is 

rs2 

qrcv ~ I i dSj 

Jsi 

and is represented by the area bounded by the curve, the s-axis, and 
vertical lines at Si and S 2 . Hence areas in a temperature-entropy diagram 
represent heat absorbed, just as areas in a pressure-volume diagram rep¬ 
resent work. The heat ^rcv is positive (i.e., heat is absorbed by a system) 
if the process proceeds in the direction shown. If the process goes in the 
other direction, heat is given up by the system and qrcv is negative. 

Reversible isothermal processes in the T-s diagram are represented by 
horizontal straight lines, reversible adiabatics by vertical lines. A Carnot 
cycle, bounded by two isothermals and two adiabatics, projects as a rec¬ 
tangle, as shown in Fig. 7-4 (b). 

The area bounded by a closed curve representing a reversible cyclic 
process, such as the Carnot cycle in Fig. 7-4 (b), represents the net heat 
absorbed by the system in the cycle and therefore, from the first law, 
represents the net work also. (Note that this applies only to closed curves. 
The area between a curve and the s-axis does not represent work.) 

The efficiency of a Carnot cycle can be deduced at once from Fig. 7-4 (b). 
The heat q 2 absorbed at the higher temperature equals the area T 2 ^s. 
The net work w equals the shaded area, (7’2 — 7'i) As. The efficiency is 
therefore 

^ ^ {T 2 ~ Ti) As ^ T 2 - Tj 

q 2 T 2 As 7 2 

Figure 7-5 is a diagram of the s-p-T surface for the liquid and vapor 
phases of water, drawn to scale. In a change of phase from saturated 
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Img. 7-(). h-s-p surface for water. 


liquid to saturated vapor, the entropy increases at constant 
and pressure by an amount 


temperature 


Sg - Sf = 


fo 


h„ - hf 


Tl,c .urhce re«;mbles a p.,-T surface. It c.u be dra,™ to scale because 

ri's^ra: ::'r:;:t:'ra 

olott,'S''thI'l* “ 2 *''' ‘'’“■"'-'lyu.mic surface obtained by 

plotting the spei-ihc enthalpy of water vertically, and the pressure and 

IrriJ'.h'e 3 ““ “■ “'I*'-' 'll' '>«bnd. 

anrp.* T£Cr3;:rto“ai:''' »' »• 

.cm'ZaTure‘rz “LZ”' '» "•» 


T, 


I. rs«h:rZ,'xtoriZati:?r 

tore is approached! ' '"“«*! ^-tPet*- 

plan'e, and is calZa ^Mother surface on the fi-s 

.gram is included with a set of steam Zes TiXr*,!' 

1» read tro„ the diagram ivi.h"IS.XZS..'*"' 













214 


COMBINED FIRST AND SECOND LAWS 


[chap. 7 


ENTROPY, BTU/LBM-^R 


o) Q ^ 

— — (NJ <M 



Q OJ ^ 


ENTROPY, BTU/LBM* “R 

Fig. 7-7. The Mollier diagram for watei'. 

7-11 Equilibrium among phases of a pure substance. Some important 
conclusions relating to a system consisting of two or more phases of a 
pure substance in equilibrium can be drawn from the properties of the 
Gibbs function. To be specific, suppose we have a system consisting of 
the liquid and vapor phases of a pure substance, in equilibrium at a pres¬ 
sure p and a temperature T. If m 2 and m 3 are the masses of liquid and 
vapor respectively, and g/ and Qg are the corresponding specific Gibbs 
functions, the Gibbs function of the system is 

G = m2gf + m^gg. 

Now let us carry out an infinitesimal reversible isothermal-isobaric 
expansion in which the mass of vapor increases by dm 3 and the mass of 
liquid decreases by the same amount. The change in the Gibbs function is 

(IG = -dm^gs + drri'igg = - g/)- (7-65) 
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Fig. 7-8. (a) Point c represents a supersaturated vapoi- and point d a super¬ 

saturated liquid, (b) Variation of g with T in the iirocesses ahc and/cd in part (a). 
The state of stable equilibrium, at given T and p. is that in which the Gibbs 
function is the smaller. 


The only work done in the proce-ss is "pdV" work, so d'A = 0. But 
we have shown that in a reversible isothermal-isoharic process, 

d'A = -da. 

Hence in this proce.ss dO = 0, and therefore, from Eip (7-65), 

9/ - Oo = 0. (7-G6) 

1 hat is, the specific Gibbs function has the same value in both phases. 
The same result holds for any two phases in eiiuilibrium. At the triple 
point, the specific Gibbs functions of all three phases are eciual. 

The same problem can be considered from another point of view. 
Figure 7-8 (a) is a schematic diagram of the p-v-T surface of a pure sub¬ 
stance. Suppose that the substance is originally in the vapor phase at 
point a and that the temperature is decreased at constant pressure In 
the absence of so-called “condensation nuclei” such as liquid droplets 
dust particles, or ions, the temperature may be reduced considerably below 
that at point b, where the isobaric line intersects the saturation line with¬ 
out the appearance of the liquid phase. The state of the vapor is then 
represented by point c, which lies outside the p-v-T surface. The vapor is 
«a.d to he supersaturated. If no condensation nuclei are present it will 

m udib..'" to be in metastable 

quihbnum. It IS m mechanical and thermal equilibrium, but not in 

duZ " equilibrium. If a condensation nucleus is intro- 

duced and if the pressure and temperature are kept constant, the vapor 
tiansforms rapidly and irreversibly to the liquid phase at point / 
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A supersaturated vapor can also be produced by increasing the pres¬ 
sure of a saturated vapor at constant temperature. 

If the substance is originally in the liquid phase at point /, and if the 

temperature is increased at constant pressure, the vapor phase may not 

orm when point e is reached and the liquid may be carried to the state 

represented by point d, which lies inside the p-v-T surface. This is also 

a metastable state, and the liquid is said to be supersaturated. A slight 

disturbance will initiate an irreversible vaporization process, and if the 

pressure and temperature are kept constant the system transforms to the 
vapor phase at point a. 

Part (b) of Fig. 7-8, which is lettered to correspond to part (a), is a 

graph of g vs. T at constant pressure. Curve abc shows how the specific 

Gibbs function of the vapor, g'" changes in the process abc in Fig. 7-8 (a). 
Since 




the curve has a negative slope, of magnitude equal to the entropy s'". 
Curve def is a graph of the Gibbs function of the liquid, in the process 

this curve is less than that of the first, 
since s" < s'". The curves intersect at point b,e, where g" = g" = 
(if = Qg- 

Points c and / represent two possible states of the system at the same 
temperatuie and pressure, but the Gibbs function in state c is greater 
than that in state /. We showed previously that in any process between 
two equilibrium states at the same temperature and pressure, and where 
the only work is t/F” work, the Gibbs function must either remain 
constant or decrease. Hence a transition from state c to state / is possible, 
while one from state / to state c is not. State / is therefore the state of 
stable equilibrium, while the equilibrium at c is metastable. 

Similarly, states d and a are at the same temperature and pressure, 
but the Gibbs function at d is greater than that at a. »State a is stable 
and state d is metastable. 

At points b and e, where the Gibbs functions are equal, the ecjuilibrium 
is neutral. At this temperature and pressure the substance can exist in¬ 
definitely in either state or in both. 

U e can say, in general, that when a substance can exist in two possible 
states at the same temperature and pressure, the stable state is that in 
which the Gibbs function is the smaller. 

It will be seen that the usual p-v-T surface represents only the stable 
equilibrium states of a pure substance, and that under the proper condi¬ 
tions a substance can exist in metastable states which lie on one side or 
the other of the surface. 

Our earlier definitions of the properties of a system were restricted to 
states of stable equilibrium only, and according to these definitions it is 
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meaningless to speak of the entropy, Gibbs function, etc. of a supersatu¬ 
rated vapor or liquid which is in a state of metastable equilibrium. How¬ 
ever, since a substance can remain in a metastable state for a long period 
of time, its directly measurable properties such as pressure and tempera¬ 
ture can be determined in the same way as for a system in a completely 
stable state. We simply assume that the entropy, Gibbs function, etc. 
are related to the directly measurable properties in the same way as'they 
are in a stable equilibrium state. The assumption is justified by the 
correctness of the conclusions drawn from it. 


7-12 The Clausius-Clapeyron equation. The Glausiu.s-Clapeyron 
equation can easily be derived from the fact that the specific Gibbs func¬ 
tion has the same value for two phases of a substance in etiuilibrium. 
Suppose that a licpiid and its vapor are in equilibrium at a pressure p and 
a temperature 7’, so that under these conditions cjf = g^. If the tempera¬ 
ture IS increased to T + dT, the vapor pressure increases io p + dp and 
the Gibbs functions to g^ + dg; and g„ + dg„. But since the liquid and 

vapor are in eiiuihbnum at the new temperature and pre.ssure, it follows 
that the changes dgf and dg„ are equal. 

We have shown that in any process between two e(|uilibrium states, 

df/ = ~s dT + V dp. 

1 he changes in temperature and pressure are the same for both phases 
and hence the differentials dT and dp need not be distinguished by primes.’ 


I'heroforo 


-.S/ dT + V, dp = -s„ dT + V, dp, 


or 


Hut 


(Sf, s/) dl — {vg — vj-) (Ip^ 


and hcncc 




y 






dT T{v„ - ly) ’ 

'vhich is the ('lausiius-Glapeyron e,,nation for li,,uid-vapor equilibrium. 

the two cyclic processes lettered abed Startiiio-nt nn' + ■ 

uuiu. rtraiting at point a in either cycle. 
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Fig. 7-9. Cyclic i)rocesses iinolviiig a change of pha.'^c. 


with the substance just at the left of the saturation line, we raise the tem¬ 
perature from T to T + AT, then carry out a change of phase be at tem¬ 
perature T + AT, cool the substance just to the right of the saturation 
line to temperature T, and return to the original state along da. Since 
there has been no change of internal energy, the net heat flowing into the 
system equals the net work done by it. 

The processes ab and cd are neither at constant pressure nor constant 
volume, but are characterized by the fact that the substance remains 
saturated. e therefore define the specific heat capacity Cs, c/, or Cg of a 
saturated solid, liquid, or vapor, as the heat absorbed per unit mass, 
per degree rise in temperature, in a process in which the substance re¬ 
mains saturated. For solids and liquids, Cg and c/ are not very different 
from Cp, although for a vapor this is not the case. 

Let us consider the hijuid-vapor cycle abed in Fig. 7-9. Let I and 
I + Al represent the latent heats at T and T AT. The net heat sup¬ 
plied to the system, per unit mass, is 

Q = Cf AT -f- (I Al) — Cg AT — /. 

The net work done is, very nearly, 


But 


W = Ap{Vg - Vf). 




and 
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Equating q and u\ and using the expressions abo\'e for and Ay;, we 
get, after canceling A7\ 

dl dp 

^ {Vy - i'/)- 

But from the CMausius-C’lapeyron eciuation, 

( A _ ^ 

dT T T ’ 

SO 


- Cj = 


!lL 

dT 


I 

T 


- , = - T 


d //. 


dT \ T 


(7-07) 


I he same reasoning can he applied to the litjuid-solid or solid-vapor 

transformation, or to a chemical reaction. In the latter case, the specific 

heat capacities refer to the products and components of the reaction, and 

I IS replaced hy the heat absorbed in the reaction. If the volume change 

IS negligible, which will be the case if no gases are involved, then u; = 0 
and we ha\'e 


C2 - Pi = 


ill 

dT 


(7-08) 


where e, and are the lieat eapaeities before and after the reaction and q 
.s the heat al,sorbe,l n. the reaction. (In chemistry, , is considered posi- 
tue li heat i.s liberated.) Thus the temperature coefficient of the heat 
o a chemical reaction at constant pressure eijuals the difference between 
the luat (apacities of the products and components of the reaction. 

L7-14 The triple point of water and the ice point. Pure water at its 

tuple point IS repre.sented in Fig. 7-10 (a). Water ^•apor, li,,uid water 

and u.e are m ec.u.hhrium at the triple-point temperature P, „ At this 

tempeiaturcs the vapor pre.ssure of water ecjuals the sublimation pressure 

of ue and the pressure of the system ecpials this pre.ssure n, which his 
a value of 0.0885 Ib/in^. _ ^ ^ 

The ice point is defined as the tem- 
peiature at which pure ice and air- 
saturated water are in equilibrium 
under a total pressure of 1 atm or 
14.7 Ih/in^. The ice point is repre¬ 
sented in Fig. 7-10 (b). There is air 

in the space above the solid and liq- 7-10. (a) Triple point of a 

ind, as well as water vapor, and air is substance, (b) An inrlifferent 

also dissolved in the water. The total <?9nilibrium tempera- 




la) 


(I)) 
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pressure p is one atmosphere, and the temperature, by definition is the 
ice-point temperature Ti. ’ 

Let us use the Clausius-Clapeyron equation to find the equilibrium 
temperature of ice and water, when the pressure is changed from the triple¬ 
point pressure to atmospheric pressure. For simplicity, we shall first 

neglect the effect of the dissolved air. \\e have, for the liquid-solid 
eiiuilibrium. 



The changes in temperature and pressure are so small that we can 
assume Cy, v„ and I to be constant, and let T = T,- in the term on the 
right. Integrating the left side between T,,„, and T', where T- is the 
equilibrium temperature for pure water, and the right side between pt.p. 
and atmospheric pressure p, we get 




(P - Pi)- 


For water at the ice point, 

Ti = 492°R, 


Hence 


Vf = .01()02 ffVlbm, 
Vs = .01747 ffVlbm, 
I = 143 Btu/lbm, 
p — Pi = 14.7 Ib/in^. 



492°R X (.01602 - .01747) ftVlbm 

■* t.p. “T----— 

143 Btu/lbm 


lb 

X 14.7 —2 

in 



O.OISS^^^R. 


144 inVft^ 

^ 778 ft lb/Btu ' 


That is, the temperature T[ is 0.0135°R below the temperature of the 
triple point. 

Now consider the effect of the dissolved air. It is a familiar fact that 
any substance dissolved in a liquid lowers the freezing point of the liquid. 
Although phenomena of this sort form a large part of the application of 
thermodynamics to chemistry, we shall not discuss them further in this 
book. Suffice it to say that the freezing-point temperature of air-saturated 
water, that is, the temperature at which it is in equilibrium with pure ice 
at atmospheric pressure, is 0.0042°R below the equilibrium temperature 
for pure water. Hence the ice-point temperature Ti lies 0.0042®R below 
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Ti, 01 0.0042 + 0.0135° = 0.0177°R below the triple-point temperature 

7’t.p.. In other words, the triple-point temperature is 0.0177°R above the 
temperature of the ice point. 


7-16 Dependence of vapor pressure on total pressure. As another 
application of the Gibbs function, we consider the dependence of the vapor 
piessure of a liquid on the total pressure. Phase diagrams such as Fig. 2-7 
apply to a system consisting of a single substance only. Thus correspond¬ 
ing values of pressure and temperature at a point on the liquid-vapor 
ecjuilibrium line in a p-T diagram refer to a system like Fig 7-11 (a) 
where the points represent molecules in the \'apor pha.se. The pressure 
in the system ecpials the vapor pressure. If an indifferent gas (i e one 
that does not react chemically with the substance) is introduced into the 

space above the liquid, as represented by the open circles in Fig. 7-11 (b) 
the total pre.ssure on the system is ’ 

the sum of the vapor pressure and 
partial pressure of the indifferent 
gas. The (juestion is, will the vapor 
pressure (i.e., partial pre.ssure of the 
vapor) be changed when this is done, 
the temperature being kept con¬ 
stant? Figure 7-11. 

Let JT,, lepicsent the vapor pressure of the substance at a temperature T 
in the absence of an indifferent gas, ^ the vapor pressure when the gas 
IS present and p the total pressure. Then p = i„ the absence of an 

id ffeient gas. Keepnig the temperature constant, let us force in a small 
additional quantity of the gas, increasing the total pressure by dp Let 
d. iTpresent the corresponding increase in vapor pressure and L and 

h": functions of vapor and liquid. Then, since 

\\o ha\ 0 Cfiuilihnum at the new pressure 



(a) 


(I)) 


Hut 


= (^Qf- 


fi(J — s (IT + V dp = v dp, 


•SI nee the temperature is constant. 

Ihe change in the pressure of the vanor is d-n- hut fho r>u • i 

pressure on the liquid is dp Then if ? .nd V X 

of vapor and liquid " ^ ^ specific volumes 


Vg dw = Vf dp. 


(7-69) 


the v.p„,. id..| J. 3 , ^ 

dw Vf 


TT 


( 7 - 70 ) 
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W hen the total pressure increases from ttq to p, the vapor pressure in¬ 
creases from TTo to TT. Integrating between these limits, we get 

An increase in the total pressure therefore increases the vapor pres¬ 
sure. That is, as more of the indifferent gas is pumped in, more of the 
liquid evaporates, contrary to what might be expected. However, since 
Vg is very much greater than Vf, we see from Eq. (7-69) that the change 
in vapor pressure is \'ery small compared with the change in total pressure. 


7-16 Vapor pressure of a liquid drop. The surface tension of a liquid 
drop causes the pressure inside the drop to exceed that outside. As shown 
in Section 7-15, this increased pressure results in an increase in vapor 
pressure, an effect which has an important bearing on the condensation 
of liquid drops from a supersaturated vapor. 

Consider a spherical drop of liciuid of radius r, in equilibrium with its 
vapor. Figure 7-12 is an “exploded" view of the drop. The vertical 
arrows represent the surface tension forces on the lower half of the drop, 
the total upward force being 

27rr<r. 


Let Pi be the internal pressure and pc the external pressure. The re¬ 
sultant downward force due to these pressures is 

(pi - Pc)'^r‘^y 

and for etiuilibrium, 



= 27r?*(7, 


or 

2(t 

Pi - Pc = —■ (7-72) 

r 


We can now use Eq. (7-71) to find 
the vapor pressure tt at the sur¬ 
face of the drop, letting tto represent 
the vapor pressure at a plane surface 
and replacing {p — tto), the change 
in total pressure, by pi — pe. This 
gives 




2<jVf 

RT In (tt/tto) 


(7-73) 



Fig. 7-12. Surface ten.sion forces in 
a spherical drop. 
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and a drop of this radius would be in equilibrium with its vapor at the 

pressure tt. Note that the vapor would be supersainraied, since tt > ttq. 

The equilibrium would not be stable, however. Suppose by the chance 

evaporation of a few molecules the radius r of the drop should decrease. 

Then the vapor pressure tt would increase and the drop would continue 

to evaporate. On the other hand, if a few molecules of vapor should 

condense on the drop, r would increase, tt would decrease, and the drop 
would continue to grow. 

We have for water at 150°F, 


a = 4.4 X 10'^ lb ft. 

Vf = O.OK) ft^/lbm, 

R - 8b ft lb/]hm°R, 

T = 610°R. 

Then 


2(TVf 

~ = 2.1 X lO-'-" ft 

and 


r = 


"•I L\J 




In (tt/tto) 


It IS found that the pressure of a supersaturated vapor can be in- 

<Teased to at least 5 times the e<,uilibrium vapor pressure before eon- 
<lensation begins. If ,r/r„ = 5, then t con 

2.7 X 10“® ft 

'•-^7^-= 1.7 X lO- ft. 

A drop of this radius eontains only about twelve molecules and there 


euOBLEMS 


7-1. Complete the derivations of Eqs. (7-13) and (7-14) 

O* obeying the 


pv = RT + Bp, 

uliere B is a function of temperature only. 

independent of p-^ 

\\ aals gas independent of />? ‘ 


(b) Is Cp for a van der 
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7-4. Assume that Cp for an ideal gas is given by 

bT, 

wheie a and 6 are constants, (a) hat is the expression for c„ for this gas^ 
(b) Use these expressions for c„ and c„ in Eqs. (7-42) and (7-43) to derive 
expressions for the specific entropy and enthalpy of this gas in terms of the 
entropy and enthalpy at some arbitrary reference state. 

7-5. Cojnpute the change in entropy when 10 moles of a monatomic ideal 
gas (c„ = R) are compressed isotherrnally and reversibly at a temperature 
of 500°R, from an initial pressure of 1 atm to a final pressure of 10 atm. 

7-6. Show that the difference of the isothermal and adiabatic compressi¬ 
bilities is 





7 7. An ideal gas for which c„ — ^ R is carried reversibly around the cyclic 
])ath abc in Fig. 7-13. Fill in the blanks in the tables. 


p(lb/in2) r(ft^) r^R) 


' Point a 

30 

1 

1 

3 

200 

I’oint b 

40 



Point c 

30 





Figurk 7-13. 


tr(Btu) Q{BUi) Af'(Btu) AiSfBtu/^) 


■ — ■ 1 

1 

Path ob 

1 





Path he 





1 

Path ca 






XW = 

2(3 = 

XAU = 

XAS = 


7-8. A system consisting of n moles of an ideal gas undergoes a free expan¬ 
sion from a volume Vi to a volume 2Fi. (a) What is the change in entropy of 
the gas? (b) of the universe? (c) If the expansion were performed reversibly 
and isotherrnally, what would be the change in entropy of the gas? (d) of the 
universe? 

7-9. Oxygen gas, originally at a temperature of COO'^R and a pressure of 
1 atm, is compressed adiabatically and reversibly to 1/20 of its original volume. 
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Find the final temperature, assuming (a) that oxygen is an ideal gas, (b) that 
it IS a van der Waals gas. 

fpressure of 50 atm and a temperature of 
600 R undeigoes an adiabatic free expansion in which the final volume is 20 times 
the original volume^ Find the change in temperature and the increase in entropy 
assuming (a) that CO 2 is an ideal gas, (b) that it is a van der Waals gas. 

I . (.a) Prove that the slope of a curve representing a reversible isothermal 
process in a Molher diagram (I, vs. .) is F - (1 fi). (h) that the slope 

of a cur\e lepresenting a reversible isometric process is r + [{y - n 

M = (dT dp)^. 

Compute p for a gas who.se equation of state 


is 


wliere b is a constant. 
7-13. Show that 


p(r - h) = RT, 




7 14. Tlie specific enthalpy of superheated .steam at a pressure of 500 lb in^ 
and a temperature of ,S00“F is 141'> Ht,i Ibm .,..,1 *1 of oOO lb in^ 

Htii lbin.°R. Find the specific Gibbs f, ' f ''T " 

temperature and pre.ssiire. " M.perheated steam at this 

ovapo;i;u:3,;;;v;:mnnbt=- 

7-16. One pound-mass of water, when converted to steam at ..t. . 1 • 

pre.ssiire, occupies a volume of 26 S ft’ Tl... I .t ti . r ' atmosiiheric 

temperature i 970 3 Btu 1 m ta G 11 I* vaporization at this 

‘''''t'vould be ‘ r " ith the 

"■ere an ideal aas 1,10, t ti t«'“Perature and pressure if water vapor 
iivV A ^ t oinpute the increase in internal enerav t\/-l 

enthalpy (A//), and in the Gibbs function t T A n 

evaporated at this temperature and pre.ssiire. ' 

7-17. Show that 
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7-18. (a) Find the expression for the change in temperature when a van 

der ^\aals gas perforins a free expansion from a specific volume r-i to a specific 

volume V 2 . (b) Com|nite the temperature change for CO 2 if th = 1 20 ft^/lbm 

r 2 = 120 ftVlbm. 

7-19. Table 3 of the steam tables gives the specific volume, enthalpv, and 
entropy of superheated steam as functions of pressure and temperature, (a) Pre¬ 
pare a table, using pressure and temperature as arguments, of values of the 
specific volume, enthalpy, and entropy at pressures of 140 lb/in% 160 Ib/in^, 
and 180 Ib/in^ and at temperatures of 800®F, 1000°F, and 1200°F. (b) Find 

from this table the values of the following quantities at a pressure of 160 Ib/in^ 

and a temperature of HKXFF. [Approximate partial derivatives by ratios of 
finite differences, that is, 



(live tlie units in which each 


dv 


result is expressed. 



Refer to Fq. (2-19)]. 








(c) CV)m|)utc Cj, and c,. from the appi'oj)riate e(iuations in (7-14). 

(d) Verify ]'^(|. (7-9). 

(e) Demonstrate the vali<lity of the Maxwell ecpiations. 

(f) Verify Ftp (7-21). 

7 20. The specific volume of compressed licpiid water ma}' be found in the 
steam tables as a function of temperature aiul pressure. Selecting values of the 
si)ecific volume for a range of temperatures from 100°F to 500®F, in increments 
of 100®F, and a range of pressures from JOOO lb/in- to 3000 Ib/in^ in increments 
of 500 Ib/in^, compute the difference between Cp and Cv at a temperature of 
300°F and at a pressure of 2000 lb in-. 

7-21. The [)ressure on a block of copper at a temperature of 32°F is increased 
i.sothermally and reversibly from I atm to 1000 atm. Assume that k, and p 
are constant and equal lespectively to 2.8 X 10'^ deg”*, 55 X 10“*^ (Ib/in^)”*, 
and 558 Ibm/ft^. Calculate (a) the work done on the copper per kilogram, 
(b) the heat evolved, (c) How do you account for the fact that the lieat evolved 
is greater than the woik done? (d) W hat would be the rise in temperature of 
the copper, if the compression were adiabatic rather than isothermal? 

7-22. Table 1 of the steam tables gives the volume of 1 Ibm of water at 
different saturation temperatures. Estimate as closely as you can the temperature 


change when the pressure on water in a hydraulic press is increased reversibly 
and adiabatically fiom a pressure of 1 atm to a pressure of 1000 atm, when the 
initial temperature is (a) 50°F, (b) 60°F, (c) I20°F. (d) W’hat partial deriva- 
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tives need to be evaluated to answer the question? Make any resaonable assump¬ 
tions or approximations, but state what they are. 

7-23. ater in a hydraulic press is compressed reversibly and adiabatically 

from a pressure of 1 atm to a pressure of 1000 atm. Find the final temperature 

«hen the initial temperature is (a) 32°F, (b) 41°F, (c) 122°F. The values of 
P at these temperatures are 


tCF) 




32°F 

4l^F 

\22^F 


-37 X 10-® 
8.4 X 10-6 
258 X 10-6 


7 24. Prom Pig. 2 4, read as closely as you can the \ alues of fS and x for 
copper, at temperatures of 300°R ami 2200°R. Assume the density of copper 

ZTih 63. Com- 

he^liff*' '■"■’I""- 300“R and 2200°R, and compare with 

the difference as read from the graphs in Fig. 3-10. 

‘■p ~ niercury at a temperature of 32°F 

and a pressure of 1 atm, taking the values of ^ and x from Fig. 2-5. Tlie density 

of mercury js 846 Ibrn, ft^ and the atomic weight is 200.G. Express the ns er 
m terms of R, and compare witl, c, - c„ for an ideal gas. 

7 26. Ice originally at a temperature of 28°F and atmospheric pressure is 

ceTrfo t-»Perature and pressure at which the 

staits to melt. Take c„ = 0.5 Btu, lbm-°R and p = 58 Ibm ff’ See nrnli 

7 2? Hf P‘-°61em’ 

7 How much is tlie melting point temperature of ice lowered if the mpq 

0 mI i" ■">' « a 3?F .t 

0.01/o ftvibm and 0.0160 ftVlbm, respectively. 

eon!?tl "‘^ter at 20°r, when the total pressure 

dis.i Ived a? ftr atmosphere. Neglect any effect of Ihe 

Im ??eseIt?d''wiTsnffi""t temperature can 

I lesented uith sufficient accurucy by the empirical ecjuation 

» A' 

p = h exp (-- }. 

\c -b dtJ 

atent heat as a function of temperature that is implied by the equation atove' 
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FLUID FLOW 

8-1 Introduction. Traditionally, thermodynamics and fluid mechanics 
have been regarded as completely separate sciences.. There is indeed some 
justification for such a separation, when one considers that thermodynamics 
deals with equilibrium states and grows out of the first and second laws 
whereas fluid mechanics is an outgrowth of Newton’s laws of motion and 
IS not restricted to equilibrium states. Nevertheless, the more recent 
interest in compressible fluid flow has accentuated the importance of 
approaching problems in this field from the standpoint of both thermo¬ 
dynamics and fluid mechanics. These problems involve many challeng¬ 
ing and interesting applications of the fundamental principles of thermo¬ 
dynamics, and it is felt that the inclusion of a few simple examples here 
will prove to be profitable. 

A secondary purpose of this chapter is to introduce a few of the dynamic 
relationships needed in the work to be covered in succeeding chapters. 

8-2 Dynamics of fluid flow. In general, the flow of a fluid is three- 
dimensional in character. For the special case of a fluid flowing in a 
straight tube of constant cross-sectional area, and in the absence of in¬ 
ternal friction or viscosity, the velocity of any particle of the fluid is 
parallel to the walls of the tube [as shown in Fig. 8—1 (a)], and the velocity 
has the same value at all points of any cross section. If A is the cross- 
sectional area of the tube, the volume of fluid dV which in a time dl crosses 
a section where the velocity is "U, is 

dV = AT>dt, 

and the volume rate of flow, dV/dt, is 

Volume rale of flow = AT). (8-1) 




Fig. 8-1. 


Velocitj' distribution in the absence of internal friction or viscosity. 

228 


8-2] 


DYNAMICS OF FLUID FLOW 


229 


The mass dm crossing a section per unit time, or the mass rate of flow, 

IS the product of the volume rate of flow and the mass per unit volume,’ 
or the density p. ’ 

Mass rale of flow = pA13. (8-2) 

hen the cross-sectional area of a tube varies along its length, as in 
Fig. 8-1 (b), the velocity does not have the same magnitude and direction 
at all points of a section. However, as can be seen from the diagram, if 
the area does not vary too rapidly the transverse components are rela- 
tu-ely small and we can approximate the true state of affairs by assuming 
that the velocity is parallel to the axis of the tube and has a value which 
gives the correct mass rate of flow. Then Eq. (8-2) still applies, with 
the understanding that 13 represents the a\-erage velocity over the area H. 

In general, the velocity will vary from point to point along the tube 
and, at any one point, it will vary with time. That is, if we take the 
•r-direction along the tube, 13 is a function of both a- and 1. The other 
quantities we shall need to consider are the pressure p, the density p 
and the internal energy a, all of which may also be functions of :r and / 
\^ e shal neglect any so-called “body forces” such as gravitational forces! 
anc sha 1 assume that the only forces on an element of fluid are those 
exeited by the tube walls or by adjacent fluid elements 

«°"'-;wo methods can be used. One, the Lagrangian 
method IS to consider a definite quantity of the fluid and to follL it in 

imagination, as it moves along the tube. The other, which is the EuleHan 
method and is the one we shall use, is to consider a ^'olume element which 
^ fixed 1,1 space, often called a control volume, and to consider the flow of 
mass, momentum, and energy into and out of this fixed volume 

left fa,. ”;. 4?, n I"" »■■'<>» its 

lett ta( e is pA T). The mass rate of flow out of its right face is 

Ps4T) -f d(pTT)), 

where d(pAl')) is the change in the product pTll between the left and 


(P + H 



\v'' ■■ .'Y . ' W’ C 



T) -f dy) 

p + dp 

A + dA 


X + dx 


(a) 



(pA'dp)(A-\~dA) 


o./the Aelent^ -oss se^ion. 


(b) Forces 
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right faces. The net mass rate of flow into the element equals the differ¬ 
ence between the rate of flow in and the rate of flow out. 

Net mass rate of flow into element = — d(p^T)). 

Since dx is small, we can write 


-d(pTT)) = - 


— (p^T)) dx. 
dx 


If more mass flows in than flows out, the mass dm between the two 
sections must increase. This mass is 


and its rate of increase is 


dm — pA dx 


dt 


(dm) = A dx 


dp 

dt ’ 


Equating the two expressions for the rate of change of mass, and 
cancelling dx, we get 



(8-3) 


This is called the equation of continuity. 

Consider next the flow of momentum. Momentum is carried into and 
out of the control volume by the fluid flowing across its boundaries. The 
rate of flow of momentum into the control volume is the product of the 
mass rate of flow out its left face, pAl3, and the velocity T). Hence the 
rate of flow of momentum into the control volume is 

P.1T)2. 

The rate of momentum flow out of the control volume is 

P^T)2 d(pAl3^) 

and the net rate of flow of momentum is 

-d{pAl3^) = - — dx. 

dx 

The momentum of the fluid in the control volume is 

dmT) = pi4 T) dx, 

and its time rate of change is 

— (dmT)) = A dx ~ (pT)). 
dt dt 
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Figure 8-2 (b) shows the forces on the element. The force on the 
left face is -pA and that on the right face is 

(p + dp) {A + d*4) = pA A- p dA + .4 dp, 
neglecting the small term dA dp. 

The average pressure on the side walls is p + § dp, and the compo- 
nent of force to the right due to this pressure is 

(p + I dp) {dA ) = p dA. 


The resultant force is therefore 
{pA + p dA) — {pA + p dA + .1 dp) = — ^1 dp = 


,dp 

~~A — dx. 
dx 


Now Newtons second law, for a definite quantity of matter such as 

a so id body, states that the rate of change of momentum equals the 

resultant force. Here, where matter flows into and out of an element of 

fixed volume, we must add the rate of change of momentum due to this 
now. 1 hat IS, 

Rale of ^ange of momentum = net rate of flow of momentum across 
boundaries + resultant force. 

Then 


A dx ~~ (pT)) = 
dt ’ 


d 

dx 


~--(pAl3^)dx- A^dx, 


dx 


or 




Ihis is called the momentum equation. 


(8-4) 


:r::, 'r.' '• r:" " 

imparts unit acceleration to a nf ’ V "hich unit force 

have u.serl the pound-force (1 lb) as a unit'of foT** "’® 

as a unit of mass. This led to no difficultv ' (1 Ibm) 

involved. However, since a force of 1 ll^dT'"^ Newton s second law was not 
1 ft/sec2 to a body of mass 1 Ibm but tn impart an acceleration of 

these units of force and rss elnlt b us d"’ 32.174 ft/sec^ 

One possible procedure would be to t ^^uations in this chapter, 

and the pound-mass per cubic foot (1 POund-mass as the mass unit 

tlie poundal as the unit of force and thp^"^ i T density, and use 

pressure. This procedure is ollold J the unit of 

Uniterl States. Britain but not in the 
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The alternate procedure, and the one that is used in this country, is to 
retain the pound-force (1 lb) as the force unit and the pound-force per square 
foot (1 lb/ft") as the pressure unit, and to use the slug as the unit of mass and 
the slug per cubic foot as the unit of density. It is shown in Appendix 6 that 
the slug and the i)ound-mass are related by the unit equation 

1 slug = 32.1740 Ibin. 

Also, from the equation 

F = ma, 

ft 

I lb = 1 slug X 1 —iT» 

sec*^ 

or 

11) •SGC* 

1 slug = 1 p- = 32.1740 Ibm. 

I V 


For example, supi)Ose that steam of density p = 1.00 IbiU/ ft^ is flowing with 
a velocity T) = 500 ft/sec in a channel of cross-sectional area A = 0.400 ft“. 
Then in Eq. (8-4) the product pT) would be expressed as 




1 

32.2 Ibm slug_ 


X 500 


A 

sec 



slugs 

ft-*sec 




Since 


1 slug = 


ll)‘sec“ 
ft ’ 


this can also l)e written as 




ft^'sec 


slug 


= 15.5 


Ib'sec 


ft 


.1 




Similarly, the product is 

I 



^ Ibm 
00 X 


ft^ 32.2 Ibm slug 


X 1 


(lb'sec‘) / ft 
slug 

X 0.400 ft2 X (500)2 


ft2 


sec2 


= 311 lb. 


The units of the three terms in Eq. (8-4) are then 


d ..I Ib'sec 

A - (pT)) : ft2 X — X 
di sec ft^ 


lb 

ft 


dx 


(pAT)2) 



X lb 




: ft2 X 


lb/ft2 


lb 

ft’ 


ft 
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Finally, consider the flow of energy. The rate of flow of energy into 
the control volume across its left face equals the product of the mass 
rate of flow, pTT), and the energy per unit mass, e. Since gravitational 
forces are neglected, the total energy per unit mass is the sum of the 
internal energy per unit mass, w, and the kinetic energy per unit mass. 
Since the kinetic energy of a body of mass m is the kinetic energy 

per unit mass is simply Hence 

and the rate of flow of energy into the element across its left face is 

pA13Xe = pAl3{u + 

Ihe net rate of flow of energy into the control volume is 


-cllpAXHu + = 


- — [pAXHu + ^13'^)] dx 


The energy of the fluid in the control volume is 

dE = i dm^^ + u dm = .-1 rAr[p(// + ^T)")] 
and its time rate of change is 

(dE) = A dx ~ [p{u + 


sum 


1 he rate of increase of energy in the control volume equals the 

of the net rate of energy inflow plus the rate of doing work, or the power 

1 he rate at which work is done by the force at the left face of the element 
IS the product of force and velocity, 


pA13. 


1 he rate at which work is done by the force at the right face is 

P-413 + dCp.dT)) 

and the net rate of doing work is 

-d(p.4T)) = - ~ ipAl5)dx. 

OX 

the 'aTrigid*!'' »" "'"k it 

innSrd-S,™!! «' ‘ft of energy 


and the power, we get 

w. + ± ^ 1 

dx 


{pA13)dx, 



234 


FLUID FLOW 


(chap. 8 


or, 


.. [p(^< + 2^^)] + ^ 

ot dx 


pAXl 


But 


U + ? + i 
0 2 




V 

n ~\ — = u pv = h, 

p 


where /’ is the specific volume and h is the enthalpy. Therefore, finally, 

•I “ [pU> + VO")] + - [p.lT)(/i + = 0. (8-5) 

4'his is called the energy equation in the absence of heat flow. 

Another useful eciuation can be obtained by combining the equation 
of continuity and the momentum e(|uation. Multiplying the equation of 
continuity by T'), we get 

AT) — + T) — (pAT)) = 0. 

dt dx 


'riie momentum ecjuation can be written 


dt dt dx dx dx 



Subtracting the former from the latter, and dividing through by A, 
we have 

d T!) d T) dp 

P—+ P^^—+ / = 0. (8-f.) 

I dt dx dx 

I I 

I 

I 

This is known as the Euler equation. An alternate procedure is to 
derive it from first principles and then obtain the momentum ecjuation 
by combining it with the equation of continuity. 

The equation of continuity and the momentum and energy equations 
are the fundamental equations of hydrodynamics. As written here they 
are approximate relations only, since transverse variations in velocity, 
etc., have been neglected. The equations are strictly correct for one¬ 
dimensional flow, such as would take place in a tube of constant cross 
section. The area A is then constant and drops out of each equation. 
The 'general e(iuations for three-dimensional flow differ from those for 
one-dimensional flow only in the inclusion of partial derivatives with 
respect to y and 2 as well as x, the velocity T) in each term being replaced 
by the appropriate components T)^-, 13 y, and 13 z. 

We shall now consider some special situations which permit simplifica¬ 
tion of the continuity, momentum, and energy equations. For the special 
>f steady flow all time derivatives are zero. Therefore the continuity 
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equation, Eq. (8-3), becomes 

f7(p.4T)) = 0 (steady flow). 

The momentum equation, Eq. (8-4), reduces to 

d(p*4T)^) + A (fp ^ 0 (steady flow); 

and the energy equation is written 

d[p/lT)(// + = 0 (steady flow). 

C’ombining tiie continuity and energy e(iuations for steady flow as written 
af)Ove. we get for the energy eciuation 

d(h + ^T)“) = 0 (steady flow). (8-7) 

It in addition to satisfying the conditions for steady flow the fluid is 
iiuompiessibie, i.e., p is a constant, then the continuity e(|Uation reduces to 

r/i.lT)) = 0 (steady flow, incompressible fluid). 

and the momentum ecpiation is 

pd(dlJ‘ ) + A dp == 0 (steady flow, incompressible fluid). 

The preceding momentum ecpiation may be written as 

pA13 dl3 + pT)d(.4T)) + .4 dp = 0 (steady flow, incompressible fluid), 

and after substituting the continuity e(iuation for the steady flow of an 
incompressible fluid, we get 


pT) r/T) + dp = 0 (steady flow, incompressible fluid) 


or 


T) 


«2 


P 2 ^ ^ <'on.staiit (steady flow, incompressible fluid), (8-8) 

which will be recognized as the well-known Bernouilli equation 

If the cross section is constant and the flow is steady, but’not neces¬ 
sarily incompressible, we have for the continuity etiuation 

f/(p°U) = 0 (steady flow, constant cross section), 
and for the momentum eciuation 

d(p^ 2 ) _ 0 (steady flow, constant cross section). 

The latter equation may be written 

pl3dl3+13 d(p'U)) + rfp = 0 (steady flow, constant cross sect., n), 
and after .substituting the continuity eijuation, we have 

PT3 + dp = 0 (steady flow, constant cross section), (8-9) 

Whicl, i. ,ho F,„lo,. r„, «ie.d, fl„,v i„ a pa«»ee „r „„sa 
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8-3 Viscosity and Reynolds number. When a fluid flows between flat 
plates or through a tube, under certain conditions to be discussed later, 
the flow pattern assumes that of thin layers or laminae which slide past 
one another. If there is a friction force along the surface of contact be¬ 
tween the layers a force must be exerted to cause one layer of fluid to slide 
past another. The friction force arises from a property of the liquid 
called viscosity a'nd the flow is said to be viscous, laminar, or in streamlines. 
To obtain a quantitative definition of viscosity, we shall consider the lami¬ 
nar flow of a fluid between two parallel flat plates, as shown in Fig. 8-3. 
The upper plate moves to the right at a velocity T) due to the force F which 
is also to the right. The lower plate is stationary. The thin layer of fluid 
in contact with the moving plate is found to have the same velocity as that 
of the plate. The thin layer adjacent to the stationary plate is at rest. 
The velocities of the intermediate layers of fluid increase uniformly from 
the stationary to the mov'ing wall, as shown by the arrows. The layers 
of fluid slide over one another as do the leaves of a closed book when it is 
placed flat on a table and a horizontal force is applied to the top cover. 
As a consequence of this motion, a portion of the fluid which at some 
instant has the shape abed, will a moment later take the shape abc'd\ 
and will become more and more distorted as the motion continues. In 
short, the fluid is in a state of continually increasing shearing strain. 

To maintain motion, it is necessary that a force F be continually 


exerted to the right on the moving plate, and hence on the upper surface 
of the fluid. This force tends to move the liquid and the stationary plate 
as well to the right. Therefore an equal force F must be exerted to the 
left on the lower plate in order to hold it stationary. If A is the area of 
the fluid over which these forces are applied, the ratio F/A is the shearing 
stress exerted on the fluid. 


When a shearing stress is applied to a solid, the effect of the stress is 
to produce a displacement of the solid, such as dd\ The shearing strain 
is defined as the ratio of this displacement to the transverse dimension L, 
and within the elastic limit the shearing stress is proportional to the shear¬ 
ing strain. With a fluid, on the other hand, the shearing strain increases 
without limit as long as the stress is applied, and from experiment the 
stress is found to be proportional, not to the shearing strain, but to its 
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rate of change. In Fig. 8-3 the strain at the instant when the volume of 

fluid has the shape abc'd' is dd'/ad, or dd'/L. Since L is constant, the 

rate of change of strain equals l/L times the rate of change of dd'. Now 

the rate of change of dd' is simply the velocity of point d', or the velocity 

^ of the moving plate. Since shearing stress is proportional to rate of 
change of shearing strain, we have 







M = 


r / 


^1 


T)/L 


( 8 - 10 ) 


where the ratio of shearing stress to rate of change of shearing strain, is 
called the cocffM of viscosity, the absolute viscosity, or the dynamic vis¬ 
cosity^ It IS small for fluids which flow readily like gases, and larger for 
iquids like molasses or glycerin. Viscosity is markedly dependent on 
temperature, increasing for gases and decreasing for liquids as the tempera- 
ure IS increased. From Eq. (8-10) the unit of absolute viscosity is that of 
oice time.s distance divided by area times velocity or, in the cgs system 

SmllT viscosity of 1 dyne-sec/cm^ is called a poise. 

Small viscosities are usually e.xpressed in centipoises (1 cp = 10 -^ poise) 

1 he engineering unit of absolute viscosity is 1 Ib-sec/ft^. 

In the preceding sections we neglected the effect of internal friction 
01 V iscosity, on the velocity distribution at a given cross section of a flow 
passage Now we shall interpret these effects in terms of a dimensionless 
paiameter known as the Reynolds number. First let us consider laminar 
".^ ^*tie. For this condition the discrete particles of fluid travel in 
straight lilies and the flow may be visualized as the sliding of coaxial lami 
nae of fluid past one another. Each lamina moves at a velocity rmlr: 
lom zeio at the pipe wall to a maximum value at the center of the tube 

vebc7tt i'f Ih f T f^-'o^ely parabolic and the average 

In turtiwfcnt^Zoia the velocities of the discrete oartirlps j 

tance from the cigarette the flow becomes disturbed 

tern, and is turbulent Figure 8-4 shZ regular pat- 

lion, tor laminar and tmbulant flow “ „ ,heM 'r, 
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Fig. S-4. Laminar and turhulent flow. 


the pipe. The distribution of these velocity components is not parabolic, 
the average velocity being e(|ual to nearly 0.83 times the maximum velocity. 

Whether the flow in a given case will be laminar or turbulent has been 
found by experiment to depend on the relationship of four factors, i.e., 
the average velocity, density, \*iscosity, and some characteristic dimension 
of the flow passage as, for example, tube diameter. These factors are 
related by a dimensionless number known as the Reynolds number Re, 
defined as 

pTV . . 


Re = 


( 8 - 11 ) 


Since 


slug 


lb-sec^ 


the units of Re are 


lb*sec“ ft 

X — X ft 

It sec 

lb-sec 

'fhe units cancel and the Reynolds number is therefore a dimensionless 
quantity whose numerical value is the same in any self-consistent system 
of units. 

The Reynolds number is the criterion of laminar and turbulent flow. 
When the Reynolds number of a fluid flowing in a tube has a value less 
than 2100 the flow is laminar, and when the value is greater than 3100 
the flow is turbulent. Between these two values of the Reynolds number 
there exists a transition region in which the flow is not completely laminar 
or turbulent. 

An alternate expression for the Reynolds number is 


Re = 


131 


( 8 - 12 ) 


where p, called the fdnematic viscosity^ is seen to be etjual to g/p. dhe units 
of kinematic viscosity in the cgs system are cm^/sec. A kinematic vis- 
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cosity of 1 cm^/sec is called a stoke. A smaller unit, in more general use, 
is the centistokc (1 centistoke = 10 ^ stoke). The engineering units of 
kinematic viscosity are ftVsec. One advantage of kinematic viscosity 
over absolute viscosity is that it is very nearly a linear function of tern- 
perature when plotted on logarithmic graph paper. 

8-4 Sonic velocity and Mach number. The meehani.sm by which a 
drsturbance such a.s a pres.sure change propagates in a compressible fluid 
is similar to that of the propagation of sound waves. However, only weak 
disturbances are propagated at the velocity of sound, or the sonic velocity. 
The velocity of an inten.se or e.\plosi\ e disturbance, called a shock wave, 
may be several times as great as the \ elocity of sound. 

We shall consider only the propagation of a plane wa\ e, such as would 
result if the piston at the right of the tube in Fig. S-5 (a) were suddenly 
set in motion toward the left with a constant \'elocity u. (.\ wa\'e origi¬ 
nating at a point in free space approximates a plane wa\ e at .sufficicntlv 
large distances from its source.) 

Figure 8 5 (a) represents the conditions in the lube at some instant 

after the piston has .started to mo\'e. .\t the immediate left of the piston 

is a region throughout which the fluid has a \-elocity u eipial to that of the 

piston. The left-hand boundary of this region, called the wave front 

advances toward the left with a \'elocity of propagation TD,, determined 

III part by the properties of the medium and in part by the velocity u and 

the associated pressure rise in the moving fluid. At the left of the wave 
I rout the fluid is still at rest. 

In order to make u.se of the results derived earlier in this chapter, we 
shall consider an equivalent problem in which the fluid at the left of’the 
wave front is moving to the right with velocity T)., as in Fig 8-5 (b) 

1 he wave front then remains at rest and the fluid at its right has a velocity 







: : 


P\ 


p] 

• • • • . . . . 


T)2 = U, - U: 


P2 

P2 



At rest 
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^^2 = — w. Let Pi and pi be the pressure and density at the left of 

the wave front, and p 2 and P 2 be their values at the right. The problem 
now reduces to the flow of a fluid from left to right in a tube of constant 
cross section, and we can use the results derived in Section 8-2. 

Since the velocity, pressure, etc. at every point are constant in time, 
all time derivatives are zero and the velocity, pressure, etc. are functions 
of X only. The equation of continuity becomes, since the area A is con¬ 
stant, 

~ (P°0) = 0, 

ax 

and hence 

pT) = constant. 


The momentum e(|uation, Eq. (8-4), becomes 


dx 


(pl32) + ^ 

ax 



or 

pT)^ + p — constant. 

Applying these ecjuations to points at the left and right of the wave 
front, we have 

Pl^l = P2^2, 
plT)? + pi = P2^2 + P2- 

Solve the first of these equations for T) 2 , square the result, and sub¬ 
stitute in the second equation. After some algebraic manipulation, we get 

T), = J- ~ , (8-13) 

^ Pi P2 — Pi 


which expresses the velocity of propagation T)i in terms of the pressures 
and densities on opposite sides of the wave front. Although the velocity u 
does not appear explicitly in this equation, the velocity of propagation 
nevertheless depends on u, since the pressure p 2 depends on this velocity. 

When the pressure difference p 2 — pi is large compared with the 
pressure pi or p 2 , the wave is called a shock wave, and such waves are 
discussed more fully in Section 8-7. For the present, we consider only 
waves in which the differences in pressure and density are relatively small. 
We can then replace (p 2 — Pi)/(P 2 — Pi) hy dp/dp, and set P 2 /P 1 = 1- 
In most sound waves, the relative variations in pressure and density are in 
fact very small, and the velocity of such waves is called the some velocity 

and is represented by c. Hence 
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It is apparent that a change of state occurs in the fluid crossing the 
wave front, since the thermodynamic properties p and p have changed. 
If the change of state is so rapid as to be essentially adiabatic, and if 
there is no internal friction or viscosity, the process is reversible also and 
hence is isentropic. Accordingly, Eq. (8-14) may be written 




(8-15) 


The specific volume v is the reciprocal of the density p, so 

^ / ap \ ^ _^2 ^ ^ 

\dp/s \d{l/v)/s ^ \dv/s p\dv/s 


Hut 


V 




where Kb is the isentropic compressibility, so 



(8-16) 


The sonic velocity in a fluid is therefore a function only of the density 
and the isentropic compressibility of the fluid. However, when the pres¬ 
sure and density differences across the wave front become large, the proc¬ 
ess is no longer isentropic, and E(|. (8-15) does not apply. If the velocity 
of the fluid <c, the wav^e front moves upstream. If the velocity of the 
fluid >c, the wave front moves downstream. 

Ecjuation (8-16) applies to any nonviscous fluid. For the special case 
of an ideal gas, the e(|uation of an isentropic process is 


= constant 


Logarithmic differentiation gives 

dp dv 

h 7 ~ 

p V 


or 


Hence 


and 


= 0 , 


dv 


8 


7P 


V 


dp 

dp 



= 

\dvj. 


ypv = yp/p = yRT, 


c - V^v = Vyp/p = = VyOlT/M, (8-17) 

where M is the molecular weight and is the universal gas constant. 
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In an ideal gas, then, the sonic velocity depends only on the molecular 
weight and the temperature, and is proportional to the square root of the 
temperature. Measurement of this velocity provides an experimental 
method of determining the ratio of specific heats of the gas, y. 

The ratio of the actual velocity T) of a fluid, to the sonic velocity under 
the same conditions, is a dimensionless quantity called the Mach num¬ 
ber, M. eg 

4 / = — • 

c 

If T) < c, then M < 1 and the flow is called subsonic. If T) ^ c, 
then M ^ 1 and the flow is transonic. If 43 > c, ^f > 1 and the flow is 
supersonic. When 43 c, the flow is hypersonic. 

8-6 Isentropic flow in a converging nozzle. When a fluid flows through 
a passage or channel of varying cross section its velocity varies from point 
to point along the passage. If the velocity increases the passage is called 
a nozzle, and the kinetic energy increases at the expense of internal en¬ 
ergy. On the other hand, if the velocity decreases the passage is called a 
diffuser and the internal energy increases at the expense of kinetic energy. 
If the cross section of a nozzle decreases continuously from entrance to 
exit, it is called a converging nozzle. If the cross section of a nozzle in¬ 
creases, it is called a diverging nozzle. When the cross section of a nozzle 
first decreases and then increases we have a converging-diverging nozzle. 
The region of minimum cross section is called the throat of the nozzle. 
The cross section of a diffuser may increase or decrease depending on 
whether the entering flow is supersonic or subsonic. It will be shown 
later in this section that a supersonic diffuser is converging and a sub¬ 
sonic diffuser is diverging in shape. A venturi resembles a converging- 
diverging nozzle in shape but here we have actually a converging nozzle 
followed by a subsonic diffuser. 

The nozzle is an important component of a turbine. Steam, or gas, 
at a high temperature and pressure, and usually at low velocity, flows 
through nozzles, emerging at a lower pressure and temperature but with 
a high velocity. The kinetic energy is then transformed to useful work 
by the turbine rotor. In a rocket motor, the products of combustion flow 
through a nozzle and emerge with a high velocity. The increase of mo¬ 
mentum of the combustion products in passing through the nozzle pro¬ 
vides the motive force which propels the rocket. The air stream in a 
supersonic wind tunnel is produced by flow through a nozzle, although 
here the primary concern is the velocity of the air rather than its kinetic 
energy. After passing through the test section of the tunnel the velocity 
is reduced in a converging diffuser. A diffuser serves as an air intake in 
the nose of jet aircraft but accomplishes the more important function o 
decreasing the velocity of the incoming air to obtain an increase in pressure. 



8-5] 


ISENTROPIC FLOW IN A CONVERGING NOZZLE 


243 


Ill most problems of practical interest, the flow through a nozzle is so 
rapid as to be essentially adiabatic, although it is not necessarily isentropic. 
However, in the absence of shock waves, the assumption of isentropic flow 
gives results which agree with experiment within a few percent. Although 
not justifiable for many practical applications, such as in turbines, for the 
present we shall assume the flow to be isentropic as well as adiabatic. 

If the flow is steady, all time derivatives in the general equations of 
one-dimensional flow are zero and the velocity, pressure, etc., are func¬ 
tions of X only. The continuity equation and the energy equation become 

£(p.4t))=0, £[pAl3{h + ^13^)] = 0, 

or 

pA13 = constant, p.4T)(/( + ^°0^) = constant. 


But since p.4°D is constant, (h + is constant also and hence for 

any arbitrary points 1 and 2, 


hi + 2°f5i — /)2 + (8-18) 

1 his lesult could also have been written down from the energy equa¬ 
tion of steady flow, Eq. (8-7), since w = q = 0 in the nozzle and the 
potential energy terms may be neglected. 

Let us eonsidei a section of the channel, designated by the subscript 0, 
at which the cross section is so large that the velocity T)o can be assumed 
zero. Even if such a section does not exist in an actual problem, it can 
always be assumed, and the properties at such a section provide useful 
reference properties for the flow. Since the fluid is at rest, these are called 
the stagnation properties. Then if hp is the stagnation enthalpy, it follows 
from Eq. (8 -18) that at any arbitrary point 


h + ^13^ = hp, 


and hence the v'elocity 13 is 


T) = V2{hp ~ h). 


(8-19) 


Suppo.se the stagnation pressure pp and the stagnation temperature Tp 
are known. Ihe stagnation enthalpy hp and the stagnation entropy so 
can then be determined. Since the flow is isentropic, the entropy a at 
any other point is equal to so, and hence the enthalpy h can be found at 

hoS!' q") then be found 


lOxAMPLE. Superheated steam flow 
Pu = 100 Ib/in^ the temperature To = 
= 0. Find the velooity in a nozzle at 


s fiom a boilei' where the pressure 
1260°R(= 800-F), and the velocity 
a point where the pressure is 60 Ib/in^. 
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Solution. We find from the steam tables that 


ho — 1428.9 Btu/lbm, 

-So = 1.8443 Btu/lbm*°R 


Entering the tables at .s = 1.8443 Btu/lbm-°R and p = 60 lb/in^ we find 
by interpolation that 


Then 


h = 1362.9 Btu/lbm. 




2 X (1428.9 - 1362.9) ~ X 778.26 — X 32.^ 


Ibm 


Btu 


lbm*ft 

lb-sec^ 


= 1820 ft/sec. 


If the fluid is an ideal gas for which Cp is constant, then 


and 


yR 

h - ho = Cp(To - T) = {To - T) 

y - 1 




2yR 
y — 1 


(7^0 - T). 


In an isentropic process for an ideal gas, 



( 8 - 20 ) 


( 8 - 21 ) 


where for brevity the ratio p/po has been denoted by r. Equation (8-20) 
can therefore be written 



The density p at a point where the pressure is p is given by 

1 



and hence the mass rate of flow per unit area, pT), is 




( - 
PoPoyr'^ 



( 8 - 22 ) 


(8-23) 


(8-24) 


From the continuity equation, the mass rate of flow pA13 has the same 
value at all cross sections, so the ratio of the areas at sections 1 and 2 is 
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Fig 8-0. Graphs of velocity *0, specific mass rate of flow pt). density p 
and relative area as functions of the pressure ratio r = for isentropic 

How in a channel of varying cross section. 




P2 ^2 

.-I 2 Pi°l5, ■ (^“25) 

1 hus if the stagnation properties are known or can he computed the 
temperature T, velocity "0, density p, and mass rate of flow per unit area 
can be found from Eqs. (8-21), (8-22), (8-23), and (8-24), at any point 

frorE!^(n5T''" 

I he curves in Fig. 8-6 are graphs of the velocity 13 [Eci (8-22)1 the 
specific mass rate of flow pl3, [Eq. (8-24)], the density p [Eq. (8-23)] 

and the relatjve area A^, plotted as functions of the dimensionle.ss ratio 
^ - P/Po. 4 he ordinate of the last curve is arbitrarily set equal to 1 at 

As an example of the interpretation of these graphs, consider first the 
converging nozzle in Fig. 8-7 (a). An ideal gas flows through the fozzt 
om a stagnation region at the left into a second region where the back 

rr“” V ‘hat p. is set a* such Tv^e .hat 

rate „V i'off. roSs ^st TtT 

to ,i7t .he »o“s t **" <•> "O'- “o™ Wt 

K- epresenting its state move from right to 
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left.) The ratio of the ordinate Ar, at any pressure, to the ordinate Ae, 
equals the ratio of the nozzle area at that point to the area at the exit. 
Since this is a converging nozzle, the area decreases continuously. The 
changes in pressure and velocity along the nozzle are indicated schemati¬ 
cally by curves I in Fig. 8-7 (b) and (c). 'mmmmm. 


Now let the exit pressure be re¬ 
duced until the pressure ratio is r^, 
corresponding to the maximum of the 
graph of pT). The exit velocity then 
increases to T)c, and Tc is called the 
critical 'pressure ratio. To calculate 
its value, we note from Eq. (8-24) 
that since 7 , po, and po are constants, 
the maximum value of pT) occurs 

( - ^ ■ 

when \r'^ ~ r / is a maximum, or 
when 

/ 2 >+ix 
d\r^ _ 7 y = 0 , 

from which we find that 





(8-26) 


If 7 = 1.40, rc = 0.528. Values 
for some other substances are given 
in Table 8-1. 

Introducing this expression for rc 
in Eq. (8-22), and using Eq. (8-21), 
we find that 




= VyRTc. 

(8-27) 


(l>) 



Fig. 8-7. (a) Flow in a converging 

nozzle, (b) and (c) are graphs of 
pressure and velocity along the nozzle, 
for hack pressures (I) greater than p,, 
(II) equal to pr, (III) less than pr- 


But this is just the sonic velocity c for the fluid at the exit temperature 
Tc. We thus have the interesting result that the maximum specific mass 
rate of flow in a converging nozzle is reached when the exit velocity equals 
the sonic velocity, or when the Mach number M = 1 at the exit. For a 
nozzle of given exit area, the mass rate of flow is also a maximum when 
M = 1 at the exit. This behavior is indicated schematically in Fig. 8-7 (b) 

and (c) by the irregular parts of the curves III. 

Next, suppose the pressure in the region into which the nozzle dis¬ 
charges is reduced below the critical value pc, say to the point where 





8-5) 


iSKNTROPir FLOW IX A (’ONVIOHGIXG NOZZLK 


247 


Table 8-1 


VALUES OF THE CRITICAL PRESSURE RATIO V. 


Substance 

r, 

Superheated steam 

0.546 

Drv saturateci oi' wet steam 

4 

0.577 

Air 

0.528 

Cias turbine gases 

0.525 


r = r-z ill Fig. 8-6. If the graphs of Fig. 8-6 continued to represent the 
flow the velocity would increase to T) 2 . Experimentally, however, we 
find that the exit velocity and the mass rate of flow remain constant at 
the values 13c and and that the pressure at the exit remains at the 

value Pc- The stream of fluid emerging from the nozzle continues to 
expand after leaving it, the pressure in the stream decreases, and becomes 


equal to that in the surrounding region only at some distance from the 
exit. The first expansion is followed by a contraction, and the motion of 
the fluid becomes very complicated and is not susceptible to any simple 
mathematical analysis. The variations in pressure and velocity along 
the nozzle are indicated by curves II in Fig. 8-7 (b) and (c). 

The reason why the mass rate of flow cannot be increased above that 
corresponding to M = 1 at the nozzle exit is that when the fluid velocity 
at the exit ecpials the sonic velocity, we ha\'e the condition shown in 
Fig. 8-5 (b). A wave front of reduced pressure cannot propagate back¬ 
ward in the nozzle but remains stationary. The fluid at the left of the 

exit cannot receive the information that the pressure outside the nozzle 
has been lowered. 

For a converging nozzle, then, the graphs in Fig. 8-6 represent the 
flow only when r > r,. If r < both and pl3 remain constant at 
their values corresponding to r = r,. Thus although one might expect 
that a stream of fluid of any desired velocity could be produced by forcing 
the fluid through a nozzle from a reservoir at a sufficiently high pressure 
we see that (a) regardless of the pressure, the exit velocity of a compres¬ 
sible fluid flowing through a converging nozzle cannot exceed the velocity 
of sound at the exit, and (b) the maximum exit velocity is determined 

liy the stagnation tcmperalmr (see Et,. (8-27)] rather than by the stag- 
nation pressure. ' ^ 


LxA.Mi.Le. Air ,s flowing through a converging nozzle. At point 1 within 

T) fr r P' 50 lb/.n^ the temperature T, is 1000°R, the velocity 

U, IS 600 ft/sec, and the cross-sectional area A, is 0.1 ftl Consider air to be an 

•sure/,!*'' '-40. (a) Find the .stagnation temperature To and pres- 
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Solution. From Eq. (8-20), 


n = Ti -i- 


y 1 «7«2 


2yR 


T)? 


(1.40 - 1)(600)2 


= 1000°R + 


ft2 


sec 


2 X 1.40 X 53.35 X 32.2 


lbm*°R 


Ib'sec^ 


= 1030°R. 


From Eq. (8-21), 


Pu = Pi 



1.40 

.M It X (' ™ V "’- ' 

\ 1000 / 


in 


= 55.5 Ib/in^. 


(b) Find the sonic velocity and the Mach number at this section 


/ 


r, = VyRTi = ^/1.40 X 53.35 



ftdb 


Ibnv^R 


X lOOO^R X 32.2 


Ibm-ft 


Ib-sec^ 


Ml = 


1550 ft/sec, 

13i _ 1000 
Cl ” 1550 


= 0.65. 


(c) Find the exit area A 2 , and the exit pressure /> 2 , temperature T 2 , and 
velocity T) 2 , if M — 1 at the exit. 

The critical [iressure ratio for air is Tc = 0.528. Hence 


p> = 0 . 5287)0 = 0.o2S X 55 — = 29 — 

in^ in" 


From E(p (8-27), the velocity is 


= r2 = 



2y 


y + 1 


RTc, 



^ X ^ X 53.35-^^^ X 1030°R X 32.2 


1.40 + 1 


lbm-°R 


lb-sec^ 


= 1440 


ft 


sec 


Also, from Eq. (8-21), using Eq. (8-26), 

r, = —To = --- X 10.30°R = seo^R. 


7 + I 


1.40 + 1 
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To find the exit area, we must calculate the mass rate of flow. 
Pi and p2 are 

50liixi44^' 


The densities 


Pi = 


Pi 


in 


ft2 


RTi 


53.35 X 1000°R 


= 0.135 


Ibm 


ft 


3 


Ibm-^^R 


p, = = 0.092 


RT, 


ft 


From the eijuation of continuitv. 


A> = 


i^4iT)i 
2^)0 


0.135— X 0.10 ft- X bOO ~ 


ft^ 


sec 


P2 


ll)m ft 

0.002 - X 1440 — 


ft 


3 


se( 


= O.Ofil ft-. 


The results are summarized below. 



Stagnation 

jiroperties 

Section I 

Section 2 

/lb\ 

P ( .— I 

\m-/ 

55.5 

50 

29 

T(°R) 

1030 

1000 

860 

/lbm\ 

^ UtO 

O.I4f> 

I 

0.135 

1 

0.092 

/ ft \ 

Vsec/ 

0 

1 

600 

1440 

Ibm 

^ (ft^-sec) 

0 

SI 

133 

\sec/ 

1575 

1550 

1440 

M 

0 

0.65 

1.0 


Isentropic flow in a converging-diverging nozzle. We now show 

how velocities greater than the sonic velocity can he nttei a u .u ^ 

of . c.„vergi„e-cli,,,i.i„g shown ” 

scripts e and t designate conditions at the exit and at tho tb + q 

th., tho took pro™™ p„ ha, .uoh . value that the pre°“„,e'rS°at 
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0.4 


0.0 


0.8 


Fig. 8-8. 
throat velocit 

I 

flow is subsoi 
pressure first 


[i 


Conditions at inlet, exit, and throat of a subsonic 
is less than the sonic velocity at the throat, M = 
:c. The pressure ratios r, and are both 
ecreases and then increases. 


e e 






ip^’>)r2 


(pl'))f2 


Ar 


Fig. 8-9. i 
throat velocit 
subsonic at th 


litions a 
uals the 
et and s 


^'>e2 
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the exit equals ?vi in Fig. 8-8. The exit and throat areas are proportional 
to the ordinates Ae and A/. The throat velocity, T),i, is less than the 
sonic velocity at the throat, and the exit velocity is T),!. As the fluid 
flous from the stagnation section through the nozzle, the points represent¬ 
ing its state in Fig. 8-8 move first from right to left and then from left to 
right. Curv'es I in parts (b) and (c) of Fig. 8—10 show how the pressure 
and velocity vary along the nozzle. The pressure first decreases, reaches 
a minimum of p,i at the throat, and then increases to p^, which equals 
the back pressure p^. The velocity first increases, reaches a maximum 

at the throat, and then decreases to “Hh- Hence we do not have a nozzle 
at all, but a venturi. 


Now let the back pressure be decrej 
creases and the points and r, in Fig. 
pressure is reached at which as 

in Fig. 8-9. The throat velocity then 
equals the sonic velocity, or M = l 
at the throat. The variations in 
pressure and velocity along the nozzle 
are shown in curves II of Fig. 8-10 (b) 
and (c). The pressure decreases to pr 
at the throat and increases to p^-j, 
equal to the back pressure, at the 
exit. The velocity increases to at 
the throat and decreases to T)e 2 at 
the exit. Again we have a venturi 
rather than a nozzle. 

If the back pressure is now still 
further reduced, then, as in a simple 
converging nozzle, the conditions on 
the inlet side of the nozzle remain 
unchanged. The velocity at the 
throat remains constant and equal to 
the sonic velocity, since a wave of re¬ 
duced pressure cannot propagate to 
the left. On the exit side of the throat, 
however, the situation is very differ¬ 
ent. Suppose the pressure ratio at 
the exit equals r' or // in Fig. 8-9. 
If the curves in Fig. 8-9 were to cor¬ 
rectly represent the flow, the ordinates 
of the area graph at these points 
would have to represent the exit area 
to the same scale as the ordinate at 
the minimum of the graph represents 


sed. The velocity at e^■ery point in- 
8-8 move to the left. Eventually a 



(c) 

r iG. 8-10. (a) Flow in a converging- 

diverging nozzle, (b) and (c) are 
graphs of pressure and velocity along 
the nozzle for various values of back 
pressure. 
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the throat area. This is not the case, and hence in general isentropic flow 
IS not possible when the exit pressure ratio is less than Under these 
conditions, a shock wave becomes established in the diverging portion of 
the nozzle and the flow is no longer isentropic. We shall discuss this 
type of flow in the next Section. We see, however, that because of the 
shape of the area graph there is one particular pressure ratio, res, for which 
the ordinate of the area curve equals T, and for which, therefore, the 
conditions of isentropic flow are satisfied. The corresponding exit pressure 
is called the design pressure for the nozzle. When the back pressure 
equals the design pressure the exit velocity is T), 3 , which is greater than 
the throat velocity T),. Since the temperature of the fluid decreases in 
the diverging portion the sonic velocity decreases also. The fluid velocity, 

hovevei, continues to increase, and the ]\[ach number increases continu¬ 
ously in the diverging portion. 

Curves III in parts (b) and (c) of Fig. 8-10 show the variations in 
piessure and velocity along the nozzle when the back pressure equals the 
design pressure. T he pressure decreases continuously to the exit pressure 
Pc3 and the velocity increases continuously to the value T)c 3 at the exit. 

To help understand why the velocity increavses in a diverging nozzle, 
provided il/ = 1 at the throat, let us return to the differential form of the 
steady-state Euler eciuation, Eq. (8-0). 

r/T) + dp = 0. (8-28) 

From the e(|uation of continuity, we have 

dp dA r/T) 

7 + T + ^ 


and for a reversible adiabatic process in an ideal gas, 



(8-30) 


Now eliminate dp between Ecis. (8-28) and (8-30). This gi\'es 


clp _ ^ 

P yp ^ 


(8-31) 


When this expression for dp/p is substituted in Ecp (8-29), we get 

dl3 _ 1 dA 

7^ “ ^ A ' 

yp/p 
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But 7p/p is the square of the sonic velocity c, and T)‘^/{yp/p) is the 
square of the Mach number M. Hence 

dl3 1 dA 

T) ~ I - ]\P A ’ 

where the Mach number is that of the fluid entering the passaage. 

Now suppose that M < 1. Then < 1, 1 - Ap is positive, and 
if dA is positive, as in a diverging nozzle, dl3 is negative. That is, when 
M < 1, the velocity decreases in a diverging passage and we have a diffuser. 
But if Af > 1, then > 1, 1 — is negative, and if dA is positive 
dl5 is positive also. Thus, in a diverging nozzle, the velocity of the fluid 
increases provided this velocity is already as large as the sonic velocity. 

From E()S. (8-29), (8-30), and (8-32) and the definition of the Mach 
number, we can also obtain expressions for the changes in temperature, 
density, pressure, and Alach numbei*, with changing area, in term.s of the 
initial value of the Mach number. These are 

(IM _ 2 + (7 - l),t/2 

Af 2(1 - d/2) ~A ’ 

± _ 3/2 dA 

P 1 - 3/2 A ’ 

(Ip _ 73/2 

P ~ 1 - 3/2 T ’ 

dT (y - l)d/2 dA 

T 1 - d/2 A ■ 

Table 8-2 summarizes the changes in d/, T), p, T, and p as they de¬ 
pend on the Mach number and on the change of cros.s-sectional area. 


Table 8-2 



1 

dA 

1 

dM 

dl3 

dp 

•• ■ ^ 

dT 

dp 

Tyj)e of flow passage 

M < 1 

— 

-f , 

1 


— 

— 1 

Subsonic converging 
nozzle 

M < 1 

+ 

— 



+ 

1 


Subsonic diverging 
diffuser 

M> 1 



— 


— ( 

-f 


Supersonic converging 

diffuser 

M> 1 

+ 

+ 

+ 


1 


Supersonic diverging 
nozzle 
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8-7 Shock waves. In Section 8-4, we computed the velocity of 
propagation of a wave front across which there was a sudden change in 
pressure and density. We showed that if these changes were small, and 
if the process at the wave front was isentropic, the velocity of propaga¬ 
tion was equal to the sonic velocity c. However, if the changes are not 
small, the process is not isentropic and the velocity of propagation is 
larger than the sonic velocity. The wave is then called a shock wave. 

We shall analyze the problem from the point of view of Fig, 8-5 (b). 
That is, the velocity T)i at the left of the shock has such a value that the 
shock remains at rest, as shown in Fig. 8-11 (a). 

In deriving Eq. (8-14) for the sonic velocity, we used the ecpiation of 
continuity, 


= constant = G, 


and the momentum equation 

p + = constant = F, 

together with the condition that the process was isentropic. (For con¬ 
venience, we have introduced the single symbols G and F, not to be con¬ 
fused with Gibbs and Helmholtz functions.) The last condition does not 
hold in a shock wave, but a solution can be obtained by introducing the 
energy etjuation, 

h + = constant = Hq. 


A given shock wave is completely characterized by the three constants 
G, F, and h^. Let us solve the equation of continuity for ‘D and substi- 



(b) 

Fig. 8-11. (a) P^low across a shock. Fig. 8-12. The Rayleigh and Fanno 

The velocity TDi is such that the shock lines, 
lemains at rest, (b) Changes in p, T, 
p, 5 , and T) across the shock. 
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tute the expression in the momentum and energy e(|uations, giving 


G- 

P + ~ = F, 
p 


(8-33) 


, 1 

^' + o “2 = 
p 


(8-34) 


The state of the fluid on opposite sides of the shook must satisfy both 
of these equations. We first consider a graphical solution, taking h and s 
as independent variables. Equations (8-33) and (8-34) each represent 
a curve in an h-s diagram. The former is called the Rayleigh line and the 
latter the Fanno hne. These lines intersect at two points, whose coordi¬ 
nates satisfy both eipiations and correspond to the state of the fluid on 

opposite sides of the .shock. Figure 8-12 shows typical forms of these 
two curves. 

The Rayleigh and Fanno lines arc plotted as follows. Suppose that 
conditions on the upstream side of the shock are gi\'en. Then the con¬ 
stants G, F. and hp can be computed. Let us first assign arbitrary values 
to p, and compute p from Eq. (8-33). From the equation of state, or 
from tabulated values, the temperature T, the enthalpy h, and the en¬ 
tropy s can then be obtained and a graph of h vs. s gives the Rayleigh 
line. Similarly, we can assign values to h, and compute p from Eq. (8-34) 
4'hen T and s can be determined and a second graph of h vs. s gives the 
Fanno line. It will be noted that the entropy s passes through a maxi¬ 
mum in both curves. Calculations also show (all of the necessary in¬ 
formation IS available from the computations by which the curves were 
constructed) that M < 1 on the upper branch of both curves M > 1 on 
the lower branches, and M = 1 at the points of maximum entropy. 

I intersection corresponds to the upstream 

kw "The the shock, we make use of the second 

a\w The flow across the shock is adiabatic, but not isentropic. As the 

id flows across the shock it undergoes a process in which there is in¬ 
ternal irreversibility, and from the second law the entropy can o, W 
.nerea.se m such a process. It follows that point 1 corresponds to the 
upstream side of the shock, and point 2 to the downstream side. We see 

alioclc ^md tha.t ti "t* t to subsonic across the 

entropy on^the^a^no'^linrand thrl! ^PP^ach the point of maximum 
Th.^ is. . .„„„J .3 3 .pp».ches ser.. 

of I ”«r,hs Md"S anplylioally, the 

fluid, and Its energy equation, must be known. We shall 
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carry through the solution for an ideal gas. First eliminate p between 
the equation of continuity and the momentum equation, obtaining 


p = F - (?T). 

Next, replace ho — h, in the energy equation, by 


2yR 


(8-35) 
(To - T). 


7—1 

Using the equation of state and the continuity equation, the energy 
equation becomes 


+ 


27 pT) 


27 


7 — 1 G 7—1 


RTo = 6 . 


(8-36) 


Inserting the expression for p from Eq. (8-35), we get, after simplifying. 


- 


2'y F 

- T) + —^ RTo = 0. 


y + l G 


7+1 


(8-37) 


But from Eq. (8-27), the last term is the square of the sonic velocity 
Co in an isentropic expansion from the stagnation temperature, so 

13^ - al3 + cl = 0, 


(8-38) 


where for brevity we have set 


27 F 


a = 


y + l G 


(8-39) 


The two solutions of this quadratic equation are 


a 


= - + 

2 \ 4 



a 


_ .2 
Co ) 


13o = - 



a 


- cl, 


where “Di and T )2 are the velocities on the upstream and downstream sides 
of the shock. The difference between the velocities is 

^<>2 - T), = - 4cg, (8-40) 

and their product is 

13i 132 = cl. (8-41) 

The pressure ratio on opposite sides of the shock can now be found as 
follows. From the equation of continuity and the equation of state, we 

have 

Pi (8-42) 

pi T)2 

From Eq. (8-40), °U )2 can be expressed in terms of "Oi and To, and 
from Eq. (8-20) T 2 and To can be expressed in terms of T, and T),. 
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^ ^ 2 t)i _ 7 - 1 

Pi 7 + 1 RTi 7+1 


(8-43) 


or in terms of the Mach number Mi = T)i/ci = 13i/yRTi, 

Pi 7 + 1 7 + 1 


(8-44) 


Since Mi is always greater than 1, it follows that pa > Pi and there is 
always a pressure rise when a fluid flows across a shock. 

The temperature ratio is 



7 — 1 

1 + ~-M 


‘ 1^1 "5 - 


1 


(7 + 1)^ 

2(7 - 1) 






(8-45) 


The entiopy change across the shock can now he computed from the 
relation 


. T 2 Vo 

S 2 - Si = Cp In — - /? In ~ • (8^6) 

f 1 Pi 

Figure 8-11 (b) illustrates schematically the changes in pressure, tem¬ 
perature, density, velocity, and entropy across a shock. The pressure, 
temperature, density, and entropy increase, and the velocity decreases. 


Lxample. Air at a teiuperature 
Ml = 2 across a stationary shock, 
velocity ratios across the shock. 
Solution. From Eq. (8-44), 


Ti 500 R flows with a Alach number 
(a) Find the pressure, temperature, and 


£2 

Pi 


From Eq. (8 - 45), 


2 X 1.40 
1.40 + 1 


X (2)2 - 


1.40 - 1 
1.40 + 1 




1.69. 


"Oi 4.50 


0.376. 


From E(j. (8-42), 
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(b) Find the change in entropy across the shock. 
From Eq. (8-46), 


~ S\ = 0.24 


Btu 




X 778 1.69 - 53.35 —In 4.50 


Btu 


lbm*®R 


= (98.0 


80.2) 


ft-lb 

lbm*°R 


17.8 


ftdb 

lbm-°R ’ 


The increase in entropy resulting from the rise in temperature is greater than 
the decrease resulting from the rise in pressure. 


We can now complete the discussion of flow in a converging-diverging 
nozzle. We saw in Section 8-6 that if the back pressure is such that M 
is less than 1 at the throat, the flow is isentropic. The pressure first de¬ 
creases and then increases along the nozzle, and the velocity first increases 


and then decreases. This condition 
corresponds to curve 1 in Fig.8-13 (b) 
and (c), with M slightly less than 1. 

If the back pressure equals the 
design pressure, the flow is still isen¬ 
tropic with M = 1 at the throat. 
The pressure decreases continuously 
along the nozzle and the velocity in¬ 
creases continuously. This condition 
corresponds to curve 5 in Fig. 8-13. 

Xow suppose the back pressure is 
somewhat less than that correspond¬ 
ing to curve 1. The variations in 
pressure and velocity along the nozzle 
are shown in curve 2 in Fig. 8-13. A 

4 

shock wave becomes established in 
the diverging portion of the nozzle, 
as indicated. The pressure across 
the shock increases and the V'elocity, 
which is supersonic at the left of the 
shock, decreases and becomes sub¬ 
sonic at the right of the shock. From 
Table 8-2, when M < 1, the velocity 
decreases in a diverging passage and 
the pressure increases. 

As pb is further reduced, the shock 
wave moves to the right. In the 
flow represented by curve 3 it stands 
at the nozzle exit and the pressure 
at its right just equals pB- 




Fig. 8-13. Flow in a converging- 
diverging nozzle, for various values of 
back pressure. 
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With further reduction of pressure the shock wave disappears and we 
have an irregular flow outside the exit, shown in curv^e 4. 

Curve 5 represents the flow when the back pressure equals the design 
pressure, and in curve 6 the back pressure is less than the design pressure. 

Note that the mass rate of flow and the throat pressure remain con¬ 
stant for all values of less than that corresponding to curve 1, and that 
the flow within the nozzle is the same for all pressures less than that 
corresponding to curve 3. The exit pressure equals the back pressure for 
all values of down to curve 3, and also when it equals the design pres¬ 
sure as in curve 5. Between curves 3 and 5, pB > p^, and below curve 5 

Vb < Pe- 


S-8 Adiabatic flow with friction in a duct of constant area. Many 

problems of importance in engineering involve the flow of compressible 

fluids through ducts of constant area. Examples are found in chemical 

process plants, in stationary power plants, in high-vacuum technology, 

in the tiansport of natural gas in long pipelines, and in aircraft propulsion 

engines. If the duct is not too long the flow is nearly adiabatic. In long 

pipelines, where there is more opportunity for heat transfer, the flow is 
more nearly isothermal. 

When a fluid flows through a long duct, frictional effects at the walls 

and within the fluid become an important factor. We therefore first see 

how the fundamental equations of one-dimensional flow are modified 
when friction is present. 

The equation of continuity still applies, of course, and since the area 
is constant, we have for steady flow 


rf(pT)) = 0. (8-47) 

The frictional force exerted on the fluid at the walls of the duct is 

opposite to the direction of flow. We shall assume that the fluid velocity 

at the walls is zero. Therefore no work is done by the frictional force at 

the walls and if the flow is adiabatic the energy equation has the same form 
as lor frictionless flow, 

d{h -b = 0. (8-48) 

i he frictional force does, however, 
affect the momentum of the fluid 
(just as a rigid wall can alter the 
momentum of a body colliding with it 
even though it does no work on the 
body). Figure 8-14 shows a short 
section of the fluid of length dx, acted 
on by a frictional force dF at its 
periphery. For convenience, we de¬ 
fine the hydraulic diameter /) of a 



Fig. 8-14. Forces on an element of 
fluid in a duct with friction. 
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duct of any shape, provided its cross section is filled by the flow, as four 
times the ratio of the cross-sectional area A to the perimeter P. (This 
equals the actual diameter if the cross section is a circle.) 



The area of contact dA^ between the element and the walls equals the 
product of the perimeter and the length dx, so for a duct of any shape, 
assuming the flow fills the duct, 


4A 

dA, = P dx = — dx. 

T. he frictional force dF is proportional to dAj-. For the purpose of 
simplifying some of the equations to be developed, we define the Fanning 
friction factor f by the equation 

(iF = f^dA^ = A ~ “^dx. ( 8 - 49 ) 

^ 2i L) 


Ihe friction factor is not a constant, but depends on the Reynolds 
number and on the degree of roughness of the walls. It must be deter¬ 
mined by experiment, and values are available plotted against the Reynolds 
number (see Chart A-4 in the Appendix). The units of are the 

same as those of force, so the friction factor is a pure number having the 
same numerical value in any system of units. 

The resultant force on the element in Fig. 8-14 is 


~ A dj) ~ 



4/ 
2 D 



and the differential form of the momentum etjuation for steady flow 
[see Eq. (8-9)] becomes 

d{p'4d'^) A d-p A~%^dx = i). (8-50) 

^ iJ 

Equations (8^7), (8-48), and (8-50) are therefore the fundamental 
equations for steady adiabatic flow with friction in a duct of constant 
area. 

From the equation of continuity and the energy equation, we have 

h+\-^=K, ( 8 - 51 ) 

I p 

where G = pT) and is the stagnation enthalpy. This is the equation 
of the Fanno line, shown in an /i-s diagram in Fig. 8-15. In contrast to 
the flow across a shock, however, where the point representing the state 
of the fluid jumps suddenly from one point on the Fanno line to another, 
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M > 1 


in our present problem the point rep- 
resenting the state of the fluid moves 
continuously along the Fanno line 
as the fluid flows along the duct, the 

entropy of the fluid changing con- /)„-- 

tinuously as a result of internal 

irreversibility arising from internal ‘ 

frictional effects. Since the entropy \ 

can only increase, we see that if the 

velocity at the entrance of the duct 

is subsonic the enthalpy decreases j/ _ 

along the duct and hence, from the en- ^ 

ergy equation, the velocity increases ^ * 

and the density decreases. If the ve- *-- - 

locity at the entrance is supersonic, - o 1 - t,. >r 1 

.1 1 • 1.1 . . ^- 1 ^- The Mach nurnl>er up- 

the enthalpy increases and the velocity p.-oaches 1 for adiabatic flow witi, 
decreases. Transitions from subsonic friction in a rluct of constant aiea. 
to supersonic flow are therefore im¬ 
possible, and transitions from supersonic to subsonic flow are possible 
only if a shock stands in the duct. Figure 8-15 also shows a number of 
lines of constant pressure. For subsonic flow the pressure decreases along 
the duct, while for supersonic flow it increases. 

The fact that the entropy has a maximum value on the Fanno line 
has an important bearing on the problem which we shall consider shortly. 

We now obtain analytic expressions for the changes in thermodynamic 
properties along the duct. The fluid will be assumed to be an ideal gas. 
From the equation of continuity, we have 


Fig. 8-15. The Mach nurnl>er aj)- 


dp 

P T) “ 


(8-52) 


From the energy etpiation, replacing dh by [yR/{y — 1)] dT, 

yR 

dT -h 13 dT) = 0. 

7-1 


(8-53) 


From the definition of the Mach number, and from the expressions 
for the sonic velocity in terms of p and p, and also in terms of T 


"132 = ^ rp^ ^ yRTM^. 

P 


(8-54) 


Hence 


dp dM dp 

ir + T-"' 


(8-55) 
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„ dl3 dT dM 

2^-Y-2—= 0. (8-56) 

Introducing the expression for T) in terms of M and T in Eq. (8-53), 
we get 

dT , 

Y + (t - 1)M2 — = 0. (8-57) 


Introducing in Eq. (8-50) the expression for T) in terms of Af, p, and 
p, and using the equation of continuity, we have 



dp 

V 



4/ 

— da: = 0. 


(8-58) 


We now have five simultaneous linear equations, (8-52), (8-55), 
(8-56), (8-57), and (8-58), relating the six differential variables dM/M, 
dT)/T), dp/p, dp/p, dT/T, and (4//Z)) dx. Selecting the variable 4/ dx/D 
as independent, the other five variables can be expressed in terms of 
4/ dx/D as follows. 


dM 

M 

dl3 

13 

dp 

V 

dT 

T 

dp 

P 


,(i+ 

2(1 - M^) D 

■yM^ 4/ 

2(1 - M^) 

yM^[\ + (7 - l)M^] 4/ 
2(1 - M^) D 

7(7 - DM" 4/ 

2(1 - ilf2) 

7Af2 4/ 

“ 2(1 - M^) 


(8-59) 

(8-60) 

(8-61) 

(8-62) 

(8-63) 


The change in entropy can be found from the relation 

, dT _ dp 

ds = Cp _ K 

T p 

= '/^^dx. ( 8 - 64 ) 

2 D 

Equations (8-59) through (8-63) all contain the factor (1 — M^) in 
the denominator. If M < 1 this is positive, while if M > 1 it is negative. 
Since ds is proportional to M^, it is always positive and the entropy always 
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increases. The changes in M, T), p, T, p, and s, with increasing distance 
along the duct, are summarized below. 



We see that the Mach number always tends toward unity, and hence 
for given conditions at the inlet of a duct there is a certain maximum 
duct length which is possible without altering these conditions or without 
introducing shocks. The maximum length is that for which the 

exit Mach number equals unity. The expression for Lmax can be found 
by integrating Eq. (8-59) between the limits of 0 and L^ax, for the vari¬ 
able X, and between M and 1 as the limits of assigning a mean value/ 
to the friction factor. The result is 

j _ TL- + 1 . (7 + \)M^ 1 

■ V ^ 2 + ^ 1 ^ (8-66) 

Suppose that, as in Fig. 8-1(5, the Mach number is A/i at the inlet of 

a duct and is unity at the exit. The duct length is then At 

some other point along the duct the Mach number is and the duct 

length from this point to the exit is (L,The duct length L required 

tor the flow to pass from a Mach number M, to a Mach number Mo is 
therefore 

“ (^nmx).l/i — (/.'ninx).l/ 2 - (8-66) 

Ihe properties at the exit of a duct of maximum length, which will 
)e designated by the subscript e, are convenient reference properties for 

is integrated between the limits of 
an 13e and between M and 1, we obtain an expression for the ratio 

Flow 


M 


M2 


M, = 1 


L 

^^max)jl/2 

(A. 

nax )^/1 


I 

Fig. 8 - 16 . The maximum duct lemrth for ,..>1 r . 

u-hich M = 1 at the exit. ^ ^ f''*' 
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of the velocity T) at a point where M = My to the exit velocity. Carry¬ 
ing through this procedure for the other properties of the fluid, we get 


T) 


Pe 


= M 



7 + 1 


2 + (7 - \)M 


^ ~ / 7+1 

Vc M \2 + (7 - ’ 


— = 7 + 1 

Te 2 + (7 - 1)M2 ’ 



= Cp In 


7 + 1 


M ^[2 + (7 - \) M ^] 


1-7 

27 


(8-67) 


( 8 - 68 ) 

(8-69) 


(8-70) 


The maximum duct length Ln,„x, from Eq. (8-17), is a function of the 
hydraulic diameter Z), the friction factor /, and the Mach number M at 
the inlet. Suppose that an actual duct is longer than Z^max 3 ,s computed 
from Eq. (8-65). What will happen? The answer depends on whether 
M is greater or less than unity, and on the nature of the system which is 
maintaining the flow. Let us suppose first that AZ < 1, that a fluid is 
flowing through a duct of maximum length, and that an additional section 
of duct is added. The inlet Mach number then decreases to a value for 
which the new length equals L^ax as given by Eq. (8-65). This results 
in a decrease in the mass rate of flow, and the phenomenon is known as 
choking. 

If AZ > 1, and more duct length is added, a shock wave becomes 
established at some point in the duct. The pressure increases across the 
shock, and the velocity decreases and becomes subsonic. For a sufficiently 
great length the shock stands at the inlet of the duct and the entire flow 
within it is subsonic. If the length is made even greater, and if the duct 
is supplied from a converging-diverging nozzle, the shock moves back 
through the nozzle as described in Section 8-7. 


Example. Air flows with a Mach number M = 0.5 into a duct of hydraulic 
diameter D = 1 ft. The average friction factor / = 0.005. (a) Find the length 

of duct Z/max for which iVZ = 1 at the exit. 

Solution. From Eq. (8-65), 

1 ft r 1 - (0.50)^ 1.40 + 1 (1.40 + 1)(0.50)^ 1 

“ 4 X 0.005 Ll40 X (0.50)2 2 X 1.40 ”2 + (1.40 - 1) (0.50)2J 


= 53.4 ft. 
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(b) Find the ratios T)/T)e, p/p*, and T/Te. 

^=05 r 

T)e \2 + (1.40 - 1)(0.50)2 

p ^ J__ j 1.40 + 1 
p. ” 0.5 \2 + (1.40 - 0(0.50)2 

— - 1.40 + 1 _ 

Te “ 2 4- (1.40 - 0(0.50)2 “ 


= 0.54, 

= 2.14, 


8-9 Isothermal flow with friction in a duct of constant area. To 
conclude this chapter, we consider the isothermal flow of a compressible 
fluid in a duct of constant area, a problem which is approximated by the 
flow of gas in a long pipeline. The equation of continuity and the mo¬ 
mentum equation, including frictional effects, both apply as in the pre¬ 
ceding section. The energy equation must be modified, however, since 
constant temperature can be maintained only by a flow of heat into or 

out of the fluid. Let the rate of flow of heat into a fluid element be writ¬ 
ten as 

f>A T) d^q, 

where pAT) is the mass rate of flow. The term d^q is then the heat flow 
per unit mass. The rate of heat flow must be added to the rate of flow 
of energy plus the rate of doing work. The energy equation for steady 
flow, Eq. (8-7), then becomes 

— d[pAT)(w + ^T)^)] — d(pAT)) + pA T) d^q = 0. 

Since pA T) is constant, this reduces to 

dih + ^T)2) = d'q 
or 


Cj,dT + ^dl3 = d'q. 

From the definition of the stagnation temperature, we have 

CpTo — CpT + ^13^. (8-71) 

Hence 

Cp dTo = CpdT ^dl3 

and therefore 

d'q = Cp dTo. 

The stagnation temperature is not constant. Therefore, when there 

IS a flow of heat into the fluid, the heat flow per unit mass equals Cp times 
the change in stagnation temperature. 
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From the definition of the Mach number, and from Eq. (8-71), 




2D'r — 


2yli 

7—1 


(To - T), 


and since T is constant. 


dM 


To 


M 


(8-72) 


7—1 


dM 


M 


1 ^7—1 M 


(8-73) 


From the equation of continuity, 

dp 


d'D 


(8-74) 


and from the equation of state, when T is constant, 


dp dp 
V P 


(8-75) 


The momentum equation is 


„ dM d°l5 

2 — - (1 + yM^) 


M 


T) 


2yfM 

D 


dx 


(8-76) 


Again we have five equations connecting six differential variables, and 
selecting 4/ dx/D as the independent variable, we get 

dl^ dp __ dp _ yM’^ 

P 


dM 


M 

dTo 

To 




P 


y(y ~ l)M 


2(1 - yMn D 


^dx, 


(8-77) 


2(1 - yM^) 1 + 


7 — 




V 

D 


dx. 


(8-78) 


The entropy change in an isothermal process is 


ds = —R 


dp 

P 


so 


ds = 


yRM^^ 4/ 


2(1 - yMn D 


dx. 


(8-79) 


The algebraic signs of the changes in the properties of the fluid depend 
on whether yM’^ is greater or less than unity, rather than on whether M 
is greater or less than unity, as in adiabatic flow. If yM^ < 1, 1 — yM 
is positive. The Mach number, the velocity, and the stagnation temper- 


2 

2 
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ature then increase along the duct and the pressure and density decrease. 
If > 1, 1 - yM^^ is negative and the changes are in the opposite 
direction. The entropy decreases in isothermal flow when yliP > 1 be¬ 
cause heat then flows out of the system. The changes in fluid properties 
are summarized below. 



dM 

di 3 

dp 

dTo 

dp 

ds 

yM- < 1 


4 - 

1 

1 

1 

+ 


4 - 

7M2 > 1 

— 

— 

-f- 


1 



The Mach number always tends toward l/Vy. Hence, as in adia¬ 
batic flow, there is a maximum duct length Lmax for which the flow is 
possible for given values of /, D, and entering Mach number M. From 
Eq. (8-77), 




2(1 - yM^) dM 
yM^ M 




and hence 




max 


1 - yM 
yM^ 


+ In yM 


(8-80) 


The duct length L for which the Mach number decreases from Mi to 
M 2 is given by 

^ (■f^max)iUi (^max)A/ 2 - (8—81) 

Let properties at the exit, when the exit Mach number equals \/Vy, 
be denoted by the subscript e. Then, since 

= yM^RT, 


where T is constant, we have 


T) 


Vy M. 


(8-82) 


From the equation of continuity, pT) = PeT)^, so 

P 1 

7 ^ ■ /- xr ' (8-83) 

Pe V 7 M 

and from the equation of state, 

V 1 

Pe \/y M 


(8-84) 
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Expressing the stagnation temperature in terms of T and M gives 



(8-85) 


Example. Natural gas (7 = 1.3) is to be pumped through a pipeline 2 ft 
in diameter. A pump at the inlet maintains a pressure pi of 100 Ib/in^ and the 
inlet Mach number is Mx = 0.05. The average friction factor is 0.002 and the 
flow is isothermal at a temperature of 70°F. (a) Find the maximum pipe length 

for which isothermal flow is possible under these conditions. 

Solution. From Eq. (8-80), 



max 


- 2 ft n - 1.3(.05)- 

" 4 X 0.002 Li.3(.05)2 

= 75.300 ft. 


-f In 1.3(.05)2 


(b) What would be the pressure at the exit of this pipe? From Eq. (8-84), 


lb 


Pe = p\yM = 100 —\'1.3 (.05) = 5.7: 


lb 


in 


in 


(c) If the minimum pressure that can be maintained by the pump at the 
downstream end is 20 Ib/in^, what is the greatest pipe length that can be used? 
From Eq. (8-84), 

M 2 = M, — = .05 X — = 0.25. 

P2 20 


The maximum pipe length for this Mach number, computed as above, is 
2200 ft. Hence the greatest permissible distance between the pumps is 

L = 75.300 ft - 2200 ft = 73.100 ft. 


PROBLEMS 


8-1. What is the value of the sonic velocity in an incompressible fluid? 


8-2. Show that 7 = 



, as used in the expres¬ 


sion for sonic velocity. Now 7 is also defined as being equal to Cp/c„. Explain. 

8-3. Air enters a diffuser at 80°F and 14,7 Ib/in^ The approach velocity 
is 1000 ft/sec. Assume the flow process to be isentropic. If the velocity of the air 
leaving the diffuser is 200 ft/sec, calculate the entrance and exit Mach numbers, 


the static pressure at exit, and the percent change in cross-sectional area between 


entrance and exit. Does the area increase or decrease? 

8—4. Air enters a flow passage at 300°F, 60 Ib/in^, and 500 ft/sec. (a) Deter¬ 
mine the exit velocity when the exit static pressure is 25 Ib/in^ (b) Does the 
area increase or decrease? Determine the percent change in area. 
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8-5. Air enters a nozzle at 60 Ib/in^, 1300°F. and 250 ft/sec. The exit static 
pressure is 30 Ib/in^. The velocity coefficient A:,, is defined as the ratio of the 
actual velocity leaving a nozzle to the ideal velocity resulting from an isentropic 
expansion. If A*,. 0.96 and the mass rate of flow is 50 Ibiri/ sec, determine the 

exit velocity and exit area. Is this a subsonic or transonic nozzle? 

8 -6. A nozzle expands 3 Ibm/sec of steam, which approaches at 300 ft/sec, 
from 200 lb, in- and 600®F to 80 lb, in-. If this is a transonic nozzle, calculate 
the area at the throat and at the exit when = 0.85. (The efficiency of a nozzle, 
7771, is defined as the ratio of the actual increase of kinetic energy to the maximum 
decrease of availability.) The viscosity of steam mav be found from Table 6 
of Keenan an<l Keyes’ Steam Tables. Determine the Reynolds number at entrance 
and exit. Is tlie flow turbulent at these locations? 

8-7. (a) A nozzle expands 1 Ibm/sec of steam from 150 lb in^ and 2 percent 
moisture to 15 Ib/inl Plot A, T')/r. r. and 13 against p, for incremental pressure 
stations on the nozzle 15 lb in^ apart. U.se a much smaller scale for p than for 
the other varialiles. Comiiare tlie results with the conclusions reached mathe¬ 
matically in Section 8-6. (b) Find the critical pressure and r^. (c) What is 

the throat velocity? (d) How does this value compare with the value for sonic 
velocity of air at the same temiierature? 

straight pipe at a velocity of 
800 ft/sec. The exit pressure is 300 lb/in=. Draw the Fanno line on an h-s 

ihagram and find the exit temperature. What is the Reynolds number at the 
exit if the mass rate of flow is 10,000 Ibni 'hr? 

8-9. What IS the maximum entropy and the corresponding pressure which 

could he achieved by the flow in problem 8-8, if the restriction on the exit pres- 
sure stated in that j'lroblem is removed? 

8-10. The static pressure of steam is often reduced by means of what is 
called a throttling (constant cross-sectional area) valve. It is generally 
assumed that this pressure reduction process occurs with dh = 0. Suppose that 
steam enters such a throttling valve at 600°F, 200 Ib/in^, and 800 ft/sec and 
leaves at 100 Ih/in^. Calculate the change in enthalpy 

8 -11. Equation (8-64) relates the friction loss in a pipe to the increase of 
entropy. Since this is a distributed loss, some correlation between state changes 
and entropy must be established and the result integrated bv numerical means 
or a throttling device, the loss is taken into account bv means of a coefficient 


As = C 


/ 


T)? 

2T, ’ 


probta M.'™'"' los. in the pipe of 



CHAPTER 9 


HEAT TRANSFER 

9-1 Introduction. The study of heat transfer is concerned with the 
mechanisms by which energy in the form of heat is transferred from one 
system to another or between parts of a system where equilibrium has 
not been attained, the rates at which heat transfer takes place, and the 
application of the laws of thermodynamics to predict the direction of 
the heat transfer. This study offers an opportunity to not only examine 
the application of some fundamental principles of thermodynamics but 
also some of its limitations. 

The mechanisms l)y which heat transfer may occur are (juite generally 
catalogued under three classifications, i.e., conduction, convection, and 
radiation. Although these are distinct modes of heat transfer, it is usual 
for more than one mechanism to be in operation at the same time. It is 
quite common, howe\'er, for one mechanism to predominate. Character¬ 
istically, conduction heat transfer depends entirely on molecular energy 
interchanges or the flow of valence electrons in a conducting medium; 
convection heat transfer is dependent on the motion of a fluid; and radi¬ 
ation heat transfer does not depend on a material medium, but takes 
place by means of electromagnetic waves which are propagated with 
a velocity comparable to that of light. 

9-2 Conduction heat transfer. (^mduction heat transfer may be 
defined as the transfer of energy because of a temperature difference 
between parts of a system, or between two systems in direct contact. 
The direction of the heat transfer must be from the region of higher 
temperature, called the source, to the region of lower temperature, called 
the sink, in accordance with the second law of thermodynamics. 

The (juantitative law of heat conduction was formulated in 1822 by 
Fourier as a generalization of his experimental investigations. Figure 
9-1 will serve as a model to permit the presentation of this law in its 
elementary form. C’onsider a differential area, dA, in a plane which 
cuts a body normal to the direction of heat transfer. For heat transfer 
to take place through this plane, it follows from the second law that 
a temperature gradient potential dT/dx must exist at the plane. The 
amount of heat d'Q which passes through dA in the time dO is given by 

Fourier's equation, 

t d?" /o 1 'i 

d'Q = -kdA --de, 

dx 
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Figure 9-1. Figure 9-2 


where k is the thermal conductivity. The thermal conductivity of a given 
substance depends on the state of the substance (solid, liquid, or gas), and 
for a given state it varies somewhat with temperature. These variables 
are discussed further in Section 9-5. The negative sign is introduced in 
the equation above to indicate that the heat tran.sfer is in the direction of 
positive dx and necessarily in the direction of decreasing temperature. 

Some very important limitations are imposed on the use of Eq. (9-1) 

Heat transfer is considered in one direction, x, only. All the heat trans- 

terred to the substance in a given time interval lea^•es the substance in 

the same interval of time in a manner analogous to steady flow These 

conditions are readily met in the model of Fig. 9-1, but for a slab of finite 

t ickness and area, and a finite temperature difference, Eq (9-1) must 

be regarded as an approximation, since the heat transfer is not strictlv 
speaking, one-dimensional. ’ ^ 

A more general expression for conduction heat transfer can be derived 
as follows. A prism of differential size (see Fig. 9-2) is assumed to be 
compo.sed of a homogeneous substance and, for convenience, the thermal 
nductivity IS assumed to be constant. Heat transfer is unsteady and 
hree-dunensional. The heat c/Q„ flowing into the system in ZTde 
through the plane yz on the left side is, from Eq. (9-1) 


^ Qax — —kdydz (—^ 

\dx / 


de 


(9-2) 


amoIrTt'^' ^ temperature gradient will changetrin 


d(dT/dx) 

dx 


dx 


or 


d'^T 

dx^ 


dx. 
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Therefore the temperature gradient at x + dx is 


dx 




Then the heat transfer out of the prism through the ^e-plane on the 
right side is 

/ dT d^T \ 

d'Qbx = -k dy dz f dx\ dS. (9-3) 

Similarly, equations may be written for the heat transfer in the y- and 
2 -directions. The heat transfer into the substance is 

d Qa = d Qax T d Qay + d^Qaz. 

The heat transfer out of the system is 

d Qb = d'Qbx + d'Qby + d'Qbz- 

% 

From the first law, the sum of the heat transferred into the substance 
and the energy released in the substance is equal to the sum of the heat 
transferred out of the substance arid the energy stored in the substance. 
The energy stored in the substance is 

d Qn = pCp{dx dy dz) — dd. 

dd 


The energy developed in the substance is 

d'Qd = Q' {dx dy dz) dd, 

where Q' is the energy developed per unit volume and per unit time. Since 

d'Q2 + d Qd — d Qb d Qs, 


we obtain, when the preceding expressions are substituted, 

^ - JL 0^ 

dd pCp\dx^ dy"^ dz^) pCp 


(9-4) 


The quantity k/pCp is called the thermal diffusivity and, like thermal con¬ 
ductivity, it is a property of the substance. 

A more general form of Eq. (9-4) is written as follows when the thermal 
conductivity of a given substance is a function of temperature and when 
the substance is not homogeneous: 
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The solutions of Eqs. (9^) and (9-5) can be quite complicated and 

are beyond the scope of this book. Reference should be made to textbooks 

devoted to the specialized science of heat transfer. However, many 

common engineering problems in conduction heat transfer can be solved 

by means of Eq. (9-1) when one-dimensional steady-state heat transfer 

is approximated and the thermal conductivity is substantially constant. 

Under these conditions Eq. (9-1) can be integrated to yield the simple 
equation, 



(9-G) 


where q is the rate of heat transfer and A.r is the length of the heat flow 

path, or the thickness of the material, through which conduction heat 

transfer takes place. Some simple applications of E(|. (9-G) are presented 
in the following section. 


9-3 Conduction heat transfer through walls of simple geometrical 
configuration. Eijuation (9-G), subject to its limitations, may be applied to 
conduction heat transfer through homogeneous or laminated flat plates 
and homogeneous or laminated tube walls as follows: 

1. Homogeneous flat plate. Equation (9-G) may be applied directly. 

2 . Laminated flat plate. Eipiation (9-G) may be applied in series to 

the layers of a laminated flat plate to determine the heat transfer rate 

The plate may be composed of layers of the same or different materials 

With reference to Fig. 9-3 it follows from the condition of steady-state 

heat transfer that the rate of heat transfer through each layer must be 
the same. Therefore, 



katA{l\ - Tb) 

(^^■)ab 


(for layer ah), 


7 

9 


hcA{T^ - Tc) 


(Ax) 


be 


(for layer 6c), 


kcdA{Tc - Ta) 


(Ax) 


cd 


(for layer cd), 


Ta - n = 


Ti- T, = 


Ta - = 


g(^x)ab 

l^ab^ 

kbcA 

kcdA 



Fig. 9-3. Laminated flat wall. 
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Adding the three preceding equations and solving for the heat transfer 
rate g, we get 



(9-7) 


or, for any number of layers, 


_ AjTg - Tg) 
% 


Example. An electric furnace has a laminated wall composed of 9 in. of 
refractory brick {k = 1.2), 6 in. of insulation {k = 0.1), and 4 in. of red building 
brick {k = 1.0). The inner and outer surface temperatures of the wall are 
1600°F and 120°F respectively. The units of the thermal conductivities are 
Btu*ft/hr*ft^ °F. If the surface area of the wall is 20 ft^, calculate the heat 
transfer rate. 

Solution. From Eq. (9-7), we get 

20 ft2(1600 - 120)°F X 12 in./ft 

a = ■ " ■ ■ ■ > 

/a a A^ in. 

\L2 (U 1.0/Btu-ft/hr ft2-°F 

q = 4970 Btu/hr. 

3. Homogeneous tube wall. Figure 9-4 shows a homogeneous tube 
wall of inner radius and outer radius Vo. The corresponding wall temper¬ 
atures are Ti and To and the temperature is assumed to vary only with 
radial distance from the axis. That is, the temperature gradient is wholly 
in the radial direction. The rate of heat transfer across a cylindrical 
surface of radius r and length L is, from Ecp (9-6), 

(IT 

g = —/c • 27rrL • > 

dr 

where dT/dr is the temperature gradient at the radius /*. Then we have 



Fig. 9-4. Homogeneous tube wall 


Fig. 9-5. 


Laminated tube wall. 
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2irkL{Ti - To) 

ln(/v/r,) 


(9-8) 


4. Laminated tube wall. Equation (9-8) may be extended to the 
radial heat transfer through a laminated tube wall by methods similar 
to those employed for the laminated flat plate. Considering a tube wall 
made up of two layers, as shown in Fig. 9-5, the heat transfer through 
each layer is obtained from Kq. (9-8) for a tube of length L as follows: 

2TkimL{l\~ 

q — - (tor inside layer), 

In — 

Ti 


2^kmoL{l\ - To) ,, . . 

q = - (tor outside layer), 


^ m 

from which 






q In (rm/r^) 

- > 

2TvkimL 

r/ln {ro/ryn) 

2Trk moL 


Adding, and solving for the heat transfer rate, we obtain 



27rL{Ti - To) 

In (r^/r,) In (r„/r^) 

^im ^mo 


(9-9) 


f his equation also may be extended to apply for any number of layers. 


Example. A 6-inch steel pipe has an inside diameter of 5.761 in. and an out¬ 
side diameter of 6.625 in. The pipe is covered with a 1-inch layer of asbestos 
insulation. The thermal conductivities of the pipe material and the insulation 
lire 25 and 0.13 Btu-ft/hr-ft^-^F respectively. If the inside-surface temperature 
nf^the pipe is 500°F and the outside-surface temperature of the insulation is 
90 F, what is the heat transfer rate from 20 ft of pipe? 

Solution. The inside diameter d, is 5.761 in. The outside diameter do is 
^•625 in., and the diameter of the interface, is 6.625 in. From Eq. (9-9), 
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Fig. 9-6. Guarded hot plate 
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Fig. 9-7. Test equipnaent for conductivity of fluids 
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9-4] 

substituting the diameter ratios for the radius ratios, we get 


7 = 


27r X 20 ft (500 - 90)°F 


In (6.625/5.761) 




In (8.625 6.625) 


25 Btu*ft/hr-ft--‘=‘F 0.13 Btu-ft, hr-ft--°F 


([ = 25,800 Btu lir. 

9-4 Experimental methods for determining thermal conductivity. The 
particular experimental techniciue used for finding the thermal conductivity 
of a given substance is governed by the physical nature of that substance. 
It will be seen that a rather simple techni(|ue is available for solid metals; 
a more ingenious method is required for solid nonmetals; and the techniques 
necessary for fluids tax the ingenuity and skill of the experimenter. All 
of these methods have a common problem in that they reciuire a strict 
accounting for energy transfers, of one form or another, into and out of 
the system in order to isolate the amount of heat transferred by conduction. 
In this respect, the hrst and second laws are extremely u.seful tools. 

A simple method for determining the thermal conductivity of solid 
metals is as follows. The specimen is formed in the shape of a bar and 
the surfaces are thermally insulated except for the two ends. One end 
of the bar is heated electrically while the other end is in contact with 
a constant temperature sink, such as running water. The temperatures 
at two points along the heat flow path are measured by means of thermo¬ 
couples. Simultaneous readings of the thermocouples and energy input 
together with the known distance between the points where the temper¬ 
atures are measured and the cross-sectional area of the bar, permit the 
solution of Ecp (9-0) for the value of the thermal conductivity The 
tmergy loss through the insulation is so small as to be negligible but mav 
le accounted for as the difference between the energy input and the energy 
absorbed by the cooling water during the test. 

Figure 9-6 shows diagrammatically a guarded hot plate which is used 
for determining the thermal conductivity of solid nonmetals. The speci¬ 
men IS prepared, as shown, in the form of thin flat plates. An electrically 
heated hot plate is sandwiched between the two specimen plates A guard 
.-.ng which ,s maintained at the same temperature as the hot pkte is 

The^ pTrp'^oro? the fsurrounds the ends of the specimens, 
he purpose of the guard ring is to ensure that all heat transfer takes 

P ace normal to the flat surfaces of the specimens. To complete the test 

\ ith the simultaneous reading of the 



278 


HEAT TRANSFER 


[chap. 9 


thermocouples and the energy input to the hot plate, and with the area 
and thickness of the specimen plates known, sufficient information is 
available to solve Eq. (9-6) for the thermal conductivity. Corrections 
can be made for the heat lost by conduction through the wires which 
supply the hot plate with electrical energy. 

The experimental determination of the thermal conductivity of fluids, 
particularly gases, is fraught with many difficulties, largely because of 
the impossibility of completely eliminating heat transfer by convection 
and radiation. It will be recalled that a temperature difference must 
exist across the substance through which heat transfer is to take place. 
Temperature differences imply density differences which, in a fluid, result 
in natural circulation and therefore convection heat transfer. Also, it 
will be seen later that radiant energy transfer can take place through 
gases and may cause considerable error if neglected. As stated earlier, 
the problem becomes one of minimizing the effects of radiation and con¬ 
vection heat transfer and then correcting for their residual effects to sift 
out the heat transfer by conduction alone. 

A number of experimental techniques are available for finding the 
thermal conductivity of fluids. Only one method will be described here, 
a variation of the so-called hot-wire method. The apparatus consists of 
two coaxial cylinders, as shown in Fig. 9-7, between which is a thin annulus 
of the fluid to be investigated. If the annulus is sufficiently thin, con¬ 
vection currents and therefore convection heat transfer are made negligible. 

A platinum wire, whose resistance and temperature characteristics have 
been carefully calibrated, is inserted in the inner cylinder. When a current 
is sent through the platinum wire, heat flows radially from it through the 
inner cylinder, then through the thin annulus of fluid, and finally through 
the outer cylinder to a constant-temperature bath. Axial heat transfer 
in the cylinders and in the fluid annulus is minimized by insulating the 
ends. When steady-state conditions have been reached, the rate of 
energy input and the appropriate temperatures are read. Then an ecpia- 
tion similar to Eq. (9-9) will give the thermal conductivity of the fluid, 
since the thermal conductivities and the radii of the cylinders are known. 

9-6 The variability of thermal conductivity. Thus far, the variability 
of thermal conductivity has not been considered. Experiment and theory 
show that thermal conductivity is affected by the internal structure of 
the substance and its temperature. For example, Fig. 9-8 shows that 
the change from the solid to the less-ordered liquid phase of either mercury 
or water is accompanied by an abrupt decrease of thermal conductivity. 
Also, it is noted that the thermal conductivity decreases with increasing 
temperature in the solid phase. In the liquid phase, the thermal con¬ 
ductivity of mercury increases with temperature. This is also true of 
liquid water up to a point beyond which any further increase in temper¬ 
ature causes a decrease in thermal conductivity. 
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Fig. 9-0. Thermal conductivities at low temperatures. 

The thermal conductivity of solid metals normally decreases with 
temperature, although the thermal conductivity of some metals such as 
silver, gold, and copper remains substantially constant over a wide range 
of ordinary temperatures. At extremely low temperatures, the thermal 
conductivity of metals can be seen from Fig. 9-9 to rise sharply with 
temperature until a peak value is reached. A further increase in temper¬ 
ature results in a decrease of the thermal conductivity. 

A further examination of Fig. 9-8 shows that solid metals are the 
best thermal conductors and gases are the poorest. However, when 
comparing the thermal conductivities of different substances, it is well 
to consider the pertinent temperature levels. For example, at ordinary 
temperatures copper is superior to aluminum as a thermal conductor, but 
at low temperatures the opposite is true. 

9-6 Convection heat transfer. Convection heal transfer is defined as the 
transfer of heat through the agency of particles of fluid which receive 
heat from a higher temperature source and move to the locality of a 
lower temperature sink to reject heat. The sink may be some body ex¬ 
posed to the fluid, or it may be cooler particles of fluid. It should be 
noted that convection heat transfer occurs by means of fluid motion, in 
contrast to conduction heat transfer, which takes place entirely by means 
of intermolecular energy transfers. 
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currents 


Convection heat transfer may be further classified according to the 

mode of motivating the flow. If the convection currents arc caused by 

density differences brought about by temperature gradients within the 

fluid, the convection is said to be natural. If the flow is aided by some 

mechanical device such as a pump, the resultant convection 
are forced. 

Consider con\'ection heat transfer from a 
heated wall to a fluid, as represented in Fig. 9-10. 

Even when the fluid in the main stream is turbu¬ 
lent, as shown, a laminar flow region exists close 
to the wall. The heat transfer through this lam¬ 
inar flow region, called the boundarj/ la/jer or film, 
is assumed to take place by conduction. A tem¬ 
perature difference across this boundary layer is 
also assumed to be the diffei'ence between the 
surface temperature of the wall and the ternpera- 
tuie of the main stream. A third assumption is 
that the temperature of the main stream is uni¬ 
form due to turbulent mixing, althougli actually 
the temperature on the main-stream side of the 

that of the main stream 
itselt. Ihis i.s tantamount to a.s.suming an etiuivalent boundary laver of 

greater thicknes.s than that of the actual boundary layer. 

In the steady state, the convection heat transfer'is cciual to the con¬ 
duction heat transfer through the film. Hence, we can write an ec,nation 
or the convection heat transfer in terms of the conduction heat transfer 
through the ecuivalent thickness of film by means of E<,. (9-G). Suppose 
the equivalent thickness of film is Ar, the contact surface area is A the 
hermal conductivity of the film is Ic, and the temperature difference be- 

heatHanX ra'te if' """ 



Fig. 0-10. Heat trans¬ 
fer by conduction and 
convection through a 
homogeneous flat wall. 


/v 


'f = = ^cA AT, 


(9-10) 


and the velocity of the fluid thp h u Physical properties 

veru.., t- flo>v .3 

formulation of the value of thn filrr. m a rigorous 

dependent on its thermodynamic state Pr entirely 

is feasible only through dimen^jin i actically speaking, a solution 

the unknown LstZ! "ith experiment yielding 
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9-7 The film coefficient in forced convection heat transfer. The film 

coefficient for heat transfer by forced convection inside tubes is observed 
to be a function of the fluid velocity T), the specific mass rate of flow G 
or pT), the specific heat capacity Cp, the thermal conductivity A:, the 
viscosity of the fluid p, and the inside diameter of the tube D. The thick¬ 
ness of the film is directly influenced by T), p, /x, and D. A rigorous de¬ 
termination of the nature of the relationship existing between the film 
coefficient and all the pertinent variables is outside the scope of this book. 
We shall resort to the methods of dimensional analysis to establish a rela¬ 
tionship between the film coefficient and certain dimensionless quantities 
involving the variables. 

To apply the method of dimensional analysis, we first write a func¬ 
tional relationship between the film coefficient and the variables in the 
form 

K = (9-11) 

where the values of the exponents are not known. We note that the 
equation must be dimensionally consistent to have physical meaning. 
For basic dimensions we select H — heat, L = length, m = mass, T = 
temperature, and 0 = time. The dimensions of the variables in Eq. 
(9-11) are 

he: H/BL^T, D: L, 

T): L/e, /.•: H/BLT, 

p: p: m/L6. 

Cp: H/rnTf 


If these dimensions are substituted for the corresponding variables in 
Eq. (9-11), we have the dimensional eciuation 



The sum of the exponents on the right side of this equation must be 
equal to the exponent on the left side for each basic dimension in order 
for the equation to be satisfied. Therefore, we can write 


ZH: 

1 

= d 

+ 

f, 

HL- 

-2 

= a 


Sb-\-c 


0 

= b 

— 

d ^ g, 

ET ’: 

-1 

— 

-d 



-1 


a 
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Solving these equations simultaneously in terms of a and /, we find 


a = a, 
h = a, 
d = I ~f, 

Substituting in Eq. (9-12) we get 


c = a 


f = f, 


1 , 


g=l-f- 


a 


hc = ct> 


(9-13) 


Collecting terms, we have 




k 





(9-14) 


The dimensionless number D13p/n will be recognized as the Reynolds 
number. The other two numbers, h,D/k and c^p/k, are called the Nusselt 
and Prandtl numbers, after early investigators. A correlation of the 
results of a number of experimenters led McAdams to propose that a = 0.8 
1 / - 0.4, and 0 = 0.0225. Accordingly, Eq. (9-14) becomes 


h, = 0.0225 - I 

D\ 


k /Z)T)A“» 


J 



(9-15) 


This equation is valid for nearly all fluids when Re > 2100 with the 
exception of the more viscous fluids, which give good correlation only 

® ^ t ’ K P'-operties are those appropriate to the mean 
film temperature, which may be taken as the mean between the wall 
surface temperature and the average temperature of the main stream 
Equation (9-15) may be used for longitudinal flow outside of tubes 
provided an equivalent diameter is substituted. This equivalent diameter 
depends on the flow area presented by a particular tube arrangement and 
s therefore, a function of the geometrical configuration. For Lw normal 
tubes It IS not possible to develop expressions similar to Eq ( 9 - 15 ) 


Example. Water flows at a velocity of ifiO ff i • 

heated from 60°F to 100°F If the insidp H’ * ^ c ^ where it is 

the film coefficient for conduction Teat T /k" u 

the inside surface of the pipe ^ *'Ough the boundary layer at 

which ,m gi„. h«mo.."eT.v tIc „ T 

«tu/lbm r. The density and viscosity will be assumed 
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to be at the mean temperature of the stream, i.e., (60 + 100)°F 2 = 80°F. From 
Table 6 of the steam tables, the viscosity of water at 80°F is 

yL = 300 X 10“^ lb*sec/ ft“. 

From Fig. 9-8, the thermal conductivity of the water at 80‘^F (540°R) is 

k = 0.36 Btu-ft 'hr-ft^*°R. 


From the steam tables, p = X/v — 1/0.01608 = 62.2 Ibni/ ft'^. 
Substituting in Eq. (9-15), we get 


0.36 


he = 0.0225 X 


Btu-ft 

hr-ft2-°R 


0.167 ft 


ft Ibrn 

0.167 ft X 160 — X 62.2 — 

_sec_f^ 

, _lb-sec ^ Ibm-ft 

300 X 10"^-— X 32.2 


0.8 


ft2 


lb-sec^ 


Btu 


lbnv°F 


X 


X 300 X 10-X 32.2 “ X 3000 


0.4 


ft^ 


lb-sec^ 


hr 


0.36 


Btu-ft 

hr-ft-°F 


he = 11,770 Btu/hr-ft-^^F. 


9-8 The film coefficient in natural convection heat transfer. If water 
is heated in a glass beaker placed on a hot plate, convection currents are 
clearly visible. The water at the bottom of the beaker is heated by con¬ 
duction, its density is reduced, and it rises to be replaced by the colder 
water of greater density. The speed at which the colder particles of 
water descend is controlled by the temperature difference between these 
particles and the hot water at the bottom of the beaker thiough the 
related viscosities and densities. Since all the water in the beaker remains 
in place, there is no mass flow of fluid and Eq. (9-15) would indicate 
that the film coefficient is zero. Hence it is concluded that the heat 

transfer takes place by natural convection only. 

The film coefficient for natural convection heat transfer depends on 

the mass density of the fluid p, the coefficient of cubical expansion 0, the 
thermal conductivity k, the viscosity p, the gravitational acceleration 
go, the temperature difference AT, between the main body of fluid and the 
heated wall surface, and the geometry of the heated wall, which may be 
taken into account by the characteristic dimension L. The characteristic 
dimension L is used to designate the distance covered by the fluid m 
passing over a surface, in contrast to the characteristic dimension D 
used for forced convection in tubes, where it designates a tube diameter. 
Accordingly, the film coefficient is expressed as 

he = f(,Ij,P,0,O,k,i^,Cp,^'l )• 
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By dimensional analysis, 




^ L^P^g0(AT) y 



1 


(9-10) 


where a new dimensionless number, 



known as the Gran/iof niunber, is introdueed. 

The physical significance of the Xusselt, Clrashof, and Prandtl numbers 
is of particular interest. The film coefficient has already been defined 
as k/Ax, where Ax is the e(|uivalent thickness of the film. Hence, the 
Nusselt number reduces to L/Ax and therefore this number actually 
represents the ratio of the characteristic dirfiension to the e(iui\alent 
thickness of the film. The Prandtl number may be expressed as 



M/P 

/'■/ pCj, 


or the ratio of the molecular diffusivity of momentum to the thermal 
diffusivity. Consequently, the Prandtl number interprets the comparative 
abilities of the system to transfer momentum and energy. The Grashof 
number will be shown to be a physical property of the circulating fluid 
analogous to the Reynolds number in forced convection. An examination 
of this dimensionless number reveals that when a particular mass of the 
fluid is heated through a temperature rise AT, the corresponding density 
change is (3(AT), and under the influence of gravity, the acceleration of 
this mass is gp{Al). The heated mass of fluid, in passing through the 
vertical distance L, is accelerated to the velocity 

= g0{AT)L. 

When this ecpiation is substituted, the Grashof number becomes 

-=(^ 0 ’ ■ 

rkjuation (9-10) may then be written 

m ■ 


k 


(9-17) 
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Table 9-1 

EXPERIMENTAL VALUES FOR CONSTANTS IN EQ. ( 9 - 17 ) 


a: = Gr X Pr 


1 

X 

C 

2 a 

b 

Vertical plates 
and 

10 ^ to 10'^ 

0.13 

1 

3 

1 

3 

Vertical cylinders 

lOUo 10< 

0.59 

0.25 

0.25 

Horizontal pipes 

10 ® to 10® 

0.33 

0.25 

0.25 

Horizontal heated plate 
facing upward 
or 

2 X lOUo 3 X 10'« 

1 

0.14 

1 

3 

1 

3 

Cooled plate facing 
downward 

Horizontal heated plate 
facing downward 

• 10^ to 2 X 10’ 

0.54 

0.25 

0.25 

or 

Cooled plate facing 
upward 

3 X lOUo 3 X 10'“ 

0.27 

0.25 

0.25 


9-9 Heat transfer by convection and conduction. Equations similar to 
those derived in Section 9-3 may also be derived for heat transfer by the 
combined mechanisms of convection and conduction from fluid to fluid 
through a wall of simple geometrical configuration. The analysis is 
identical to that used in Section 9-3 except that convection heat transfer 
is taken into account, as well as conduction through the wall. 

Consider first the heat transfer from a hot fluid to a cold fluid through 
a homogeneous wall, as illustrated in Fig. 9-10. Equation (9-6) gives 
the heat transfer rate through the wall by conduction, or 

<1 = — Tu}2)i 

Ax 

where Txd\ and Tu }2 are the wall surface temperatures on the hot and 
cold sides respectively. The heat transfer by convection is given by 
Eq. (9-10) as 

Q — ^ci'4(Ti — Tu,i), 


and 


q = hc2^{^w2 — T2), 
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where Ki and hc 2 are the film coefficients for the hot and cold sides, re¬ 
spectively, and Ti and T 2 are the temperatures of the main streams of 
hot and cold fluids, respecti\'ely. For steady-state heat transfer the 
three preceding equations are equal and can be expressed in terms of an 
over-all coefficient of heat transfer U, or 

q = UA{T, - T 2 ) 



- 7’u.2) = 



) = hc2A{T 


w2 


T 2 ). (9-18) 


By methods similar to those used in deriving E(|. (9-7), it can be shown 
that 



(9-19) 


An analogue of E(|. (9-19) is the electrical conductance of a combination 

of series-connected conductors. The equivalent resistance R of the 

combination is eiiual to the sum of the resistances of the individual con- 
ductors, or 

R = /^i + R 2 “1“ 


Electrical conductance C is the reciprocal of the resistance R, so that 

C = _1 . 

/^i "h R2 "h R:i 

If L IS the length of a conductor of cross section A and if the electrical 
conductivity is <t, the resistance is 


R = 


<tA 


Then, we have 


C = 



which is the electrical analogue of Eq. (9-19). 

It is left as an exenase to derive equations for the over-all coefficient 

of heat transfer U when heat flows from a hot fluid to a cold fluid separated 

ly a laminated flat wall, and also for heat transfer through homogeneous 

and laminated tube walls on the basis of (a) inside surface area fnd (b) 
outside surface area. ^ ^ 


I.XAMPLE, Suppose that the water in the example of Section 9-7 is heated 
s eain condensing on the outside of the pipe at SSO^F. The film coefficient 
(ondensing steam is usually taken to be 1000 Btu/hi-ft^-OF. If the pipe 
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wall is 0.38 in. thick and the thermal conductivity of steel is 25 Btu*ft/hr*ft^*°F, 
determine the over-all heat transfer coefficient based on the inside surface area 
of the pipe. 

Solution. The inside radius of the pipe is 1 in. and the outside radius is 
1.38 in. The film coefficient on the water side was found from the previous 
example to be 11,770 Btu/hr-ft^ °R. From Eq. (9-19), we get 






where the subscripts s and w refer to the steam and water sides, respectively. 
Substituting, we get 



1 


1 


11,770 


Btu 


^ 0.0833 ft X In (1.38/1) 


1 


hr*ft--®F 


25 


Btu*ft 

hMt^ 


1.38 


X 


1 


1000 


Btu 


hrft2-°F 



= 531 Btu/hr'ft^-°F (on basis of inside surface of pipe). 


9-10 Mean temperature difference. Thus far we have considered only 
heat transfer between fluids whose temperatures remain constant. Hence, 
the temperature difference across the wall separating the two fluids was 
constant at all points on the wall surface. This is a severe restriction, 
because in many cases one or both fluids undergo a temperature change 
and the temperature difference across the wall changes from point to point. 

Before considering changes in temperature differences, we shall first 
describe a simple type of heat exchanger. A heat exchanger is a device 
which provides for the transfer of heat from one fluid to another. Figure 
9-11 shows a double-tube heat exchanger in which one fluid flows inside the 
inner tube and the other fluid flows in the annulus. If the two fluids 
flow in the same direction we have parallel-flow heat transfer. When the 
fluids flow in opposite directions we have counterflow heat transfer. 

In parallel-flow heat transfer, the two fluids enter at the same end 
of the heat exchanger. As the fluids proceed along the flow path, they 
approach temperature equilibrium. If temperature equilibrium is reached, 
the maximum amount of heat exchange will have occurred. Excluding 



Fig. 9-11. Double-tube heat exchanger. 
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Fig. 9-12. Temperature distributions in heat e.\cnangers. 


phase changes, the temperature of the hot fluid increases and that of the 
cold fluid decreases continuously. However, the maximum temperature 
which can he reached by the cold fluid, or the lowest temperature reached 
by the hot fluid, is the equilibrium temperature. Therefore, in parallel- 
flow heat transfer it is impossible to cool the hot fluid to the lowest temper¬ 
ature of the cold fluid. Similarly, the cold fluid can never reach the 
highest temperature of the hot fluid. Hence, parallel-flow heat transfer 
is highly irreversible. 

In counterflow heat transfer, the two fluids enter at opposite ends 
of the heat exchanger. Thus, if phase changes are excluded, the temper¬ 
ature difference between the two fluids can be kept relatively small. 
Furthermore, it is possible to cool the hot fluid to the lowest temperature 
of the cold fluid, and to heat the cold fluid to the highest temperature 
of the hot fluid. Therefore, counterflow offers a better approach to revers¬ 
ible heat transfer and for that reason it is preferable to parallel flow. 

Figure 9-12 shows the relative flow directions and the temperature 
gradients for both parallel-flow and counterflow heat transfer. The 
letters A and B designate the respective ends of the heat exchanger 
The hot fluid has a mass rate of flow of A/' and its temperature decreases 
trom to T^. The rate of heat transfer from the hot fluid is 

^ - T's) 

and is equal to the heat transfer to the cold fluid, 

(I = Mcj,{Ta ~ Tb), 
or, 


q - M CpiT'^ — Tb) = AIcp(Ta — Tb). 

capacities of both fluids remain constant, the heat 
two fluid temperature difference ^T between the 

Then thffrttemperature changes in the fluids. 
Then the functional relationship between the temperature difference AT 
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and the heat transfer g- is a straight line whose slope is d{AT)/dq. Inte¬ 
grating between the limits of the flow path, we get 

f^d{AT) ATb - AT A 

A • ( 9 - 20 ) 

From Eq. (9-18), we have 

rqs r^T 

/ dq -= U Ad{AT), (9-21) 


assuming that 
(9-21), we get 


U is constant. Eliminating dq from Eqs. (9-20) and 


UA 


AT 


{ATb - at a) = 


AT 


B 


^d{AT) 
AT 


Integrating, we obtain 


q = UA 


{ATb - AT a) 
In {ATb/AT a) ' 


(9-22) 


where the expression 


LMTD = 


ATb - ATa 
In {ATb/AT a) 


is called the logarithmic mean temperature difference^ abbreviated LMTD. 
When ATb and ATa are nearly equal, the difference between the loga¬ 
rithmic and arithmetic means is negligible. 

As a practical matter, Eq. (9-22) is usually used to find the surface 
area required to achieve a given heat transfer rate when the temperatures 
of both fluids entering the heat exchanger, the quantity of heat to be 
recovered from one of the fluids, and the value of U are all known. 


Example. Compute the length of pipe required in the example of 
Section 9-9. 

Solution. First we find the LMTD (see 


Fig. 9-13): 


LMTD 



(350 - 6Q)°F - (350 - 100)°F 

(350-60)°F 
^ (350-100)‘’F 




= 269°F. 


Figure 9-13. 
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The mass rate of flow is 


pA'l') = 62.2 X 

ft^ 


TT 

- X 

4 V12 


2 


ft^ X 160 — X 3600 — 

sec hr 


= 781.000 l))m hr. 


The heat transferred is 


<! = r.l,(I..MTI)) = p.4TV,>(7’„., - r^,). 


from wliich we obtain 


1 . = 


p.4T)r^(7’.., - r,..|) 
r(LMTI)) 

7.S 1,000 — X 1 . (100-60)°F 


hr 


lbm-°F 


r^'M X 209°F 

lir-ft-’-°F 


= 219 

The total leiiKtli of pipe re(|uired is 


L = 


*4 , 


219 ft- 


ttD, tt X 0.167 ft 


= 418 ft 


9“11 Thermal radiation. It will he recalled that conduction and 

convection heat transfer depend on the existence of a medium to convey 

heat. The third mode of heat transfer, radiation, differs from the other 

two m that a medium is not reciuired. Radiation is the term applied 

to the proee.ss by which energy is continually emitted from the surfaces 

of all bodies. This energy is called radiant energy and is in the form of 

electromagnetic waves. These waves travel with the velocity of light 

and are transmitted through a vacuum as well as through substances 

which are transparent to them. In fact, transmission through a vacuum 

IS better, since intervening media absorl) .some, if not all, of the radiant 
energy. 

When the electromagnetic waves fall on a body which is not com¬ 
pletely transparent to them, they are absorbed and their energy is con¬ 
verted to heat. The proee.ss by which radiant energy is converted to 
heat is not completely understood. However, it is known that all sub¬ 
stances emit and absorb radiant energy at a rate which depends on the 

absolute temperature and the physical properties of the substance fsee 
Section 9-13). ^ 

The waves incident upon the surface of a substance may be partly 
absorbed, partly reflected, and partly transmitted through the substance 
the traction of the radiant energy which is absorbed is called the ah- 
>^orpttvtty, a. The fraction reflected is termed the reflectivity p and the 
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fraction transmitted through the substance is known as the transmissivity r. 

The relationship between the absorptivity, reflectivity, and transmissivity 
is written 


a + p T = 1. 


(9-23) 


When the transmissivity is zero, as it is for most solids opaque to light, 
the substance is said to be opaque to radiation. Conversely, if the trans¬ 
missivity is unity, the substance is transparent to radiation. No substance 
is perfectly transparent but the less dense fluids, such as gases, have a 
high transmissivity. 

An ideal reflector is a body whose surface reflects all radiant energy 
incident upon it. Highly polished surfaces are good appro.ximations to an 
ideal reflector. An ideal absorber, a term not in common use, absorbs all 
ladiant eneigy incident upon its surface and hence its absorptivity is 
unity. Only the radiant energy absorbed can contribute to increasing 
the internal energy of a substance, and since the rate at which radiant 
energy is emitted depends on the temperature of the emitter, a good 
absorber is also a good emitter (see Section 9-12). Therefore, we define 
an ideal radiator as a body which absorbs all radiant energy incident 
upon its surface, \^'e see that the characteristics of an ideal radiator 
are an absorptivity of unity, and reflectivity and transmissivity of zero. 
In Section 9—12 we shall return to the subject of good absorbers and 
good radiators. 


If the radiant energy emitted l)y a surface is dispersed by a prism, the 
energy will be observed to be distributed continuously among various 
wavelengths. At a temperature of 500°F practically all the radiant energy 
emitted by a body is carried by infrared waves. At a temperature of 
1500°F a body emits enough visible radiant energy to be self-luminous. 
Nevertheless, most of the radiant energy emitted is still carried by infra¬ 
red wav^es. At a temperature of 5500°F, the approximate temperature 
of an incandescent lamp filament, enough radiant energy is carried by 
short waves so that the body appears nearly '‘white hot.” 

The rate at which energy is radiated at a wavelength X, per unit area 
of surface, is called the monochromatic emissive power, E\. Figure 9-14 
shows curves resulting from a plot of the monochromatic emissive power 
against wavelength for an ideal radiator at different temperatures. The 
units of E\ are Btu/hr ft^-micron and the wavelength is in microns (1 
micron = 10““* cm = 3.937 X 10”^ in.). The total emissive power, E, is 
the energy radiated per unit time and per unit area of surface at all wave¬ 
lengths. Thus the areas under the curves of Fig. 9-14 give the total 
emissive power when the radiator is at different temperatures. Some 
important characteristics of radiation can be observed from Fig. 9-14. 
First, at higher temperatures the distribution of energy is largely in the 
range of shorter waves, as pointed out earlier. Also evident is the fact 
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Fig. 9-14. Kner^w distribution of an ideal radiator. 


that the maximum moiiochromatie cmissi\e power, /I’x,,,,,,;, increases 
with increasing temperature. 

The total emissive power of an ideal radiator may he found by inte¬ 
grating the monochromatic emissive power over all wa\Tlongths, or 

rX ^ 00 

E= (9_24) 

Jx =0 


An analytical solution of this etiuation can he obtained rather easily for 
an ideal radiator, since Ex is a function of temperature only (see Fig. 
9-14) and does not depend on the physical properties of the radiator. 
Foi nonideal radiators the solution is complicated bj' the fact that the 
value of Ex depends on the nature of the surface, geometric configuration, 
and m the case of some substances, radiation does not occur over the 
entire range of wavelengths. By the use of a dispersing prism and ther¬ 
mopiles, sufficient information can be obtained for a nonideal radiator to 
permit plotting curves similar to tho.se of Fig. 9-14. Graphical integration 
can then be employed to find the total emissive power. 


9-12 Kirchhofif’s radiation law. Xo true ideal radiator exists in nature 
although some substances, such as lampblack and platinum black are 
good approximations. Kirchhoff conceived of a method of producing a 
c ose approximation to an ideal radiator through the use of a hollow en- 
c osure, as shown in Fig. 9-15. A small hole is cut in a large hollow en¬ 
closure, such as a sphere, and the radiant energy incident upon this hole 
IS partially absorbed by the inside surface of the enclosure. The rest of 
the radiant energy is diffused within the enclosure. The radiant energy 
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Fig. 9-15. FIollow spliere for producing blackhody radiation. 


entering through the hole continues to be absorbed, reflected, and reradi¬ 
ated, but only a very small amount finds its way out through the hole. 
Hence, the hole behaves very much like an ideal radiator. 

As stated earlier, the rate of energy emission from a nonideal radiator 
depends not only on its temperature but also on the nature of the surface. 
Kirchhoff’s law, which we now derive, provides a relationship for the rate 
at which radiant energy is emitted from a nonideal radiator. Suppose 
that a body of known size and shape is placed inside an evacuated enclo¬ 
sure maintained at a constant temperature. When thermal equilibrium 
is reached, the temperatures of the enclosure and body will be the same. 
Hence, the body and the enclosure must he absorbing and radiating en¬ 
ergy at the same rates. Let a\ be the absorptivity of the body and con¬ 
sider first only the radiant energy between wavelengths X and X -f- f/X. 
If the rate of radiant energy incidence on the enclosed body is dq^ then 
the rate of energy absorbed is ax dq. The rate at which energy is emitted 
from the enclosed body is AE dX, where .4 is the surface area. Since the 
rates of absorption and emission must be etjual for the specified condi¬ 
tions of thermal equilibrium, we have 

OCX dq = AE\d\. (9-25) 

If the enclosed body were an ideal radiator, the preceding e(iuation could 
be written 

dq = AEt^^dX, (9-20) 


where E^x is the monochromatic emissiv'e power of an ideal radiator at 
wavelength X. Dividing E(j. (9-25) by Eep (9-20), we obtain 



(9-27) 


This equation is a statement of Kirchhojfs radiation law and simply says 
that a good radiator is also a good absorber, and that these characteristics 
are identical properties of a surface. However, it should be noterl that 
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the radiant energy incident on the body is at the same wavelength as that 
of the ideal radiator used as a reference. The ratio of the monochromatic 
emissive powder of a nonideal radiator to that of an ideal radiator at the 
same wavelength [see Eq. (9-27)] is called the monochromatic emissivity, ex. 

If Eqs. (9-25) and (9-2()) are integrated between the limits of the 
wavelengths X = 0 to X = x , from Eq. (9-24), we get 


€ = «■ (9-28) 

The specification of the wavelength is not needed and € is called the total 
emissivity, since it depends on the total emissive power, or the area under 
curves such as those shown in Fig. 9-14 between X = 0 and X = x. 

Table 9-2 gives representative values of the total emissivity of some com¬ 
mon surfaces. 


Table 9-2 


TOTAL EMISSIVITY OF SOME Sl*KFA('ES 


Surface 

1 

Temp. (°F) 

e 

Platinum filament 

HO-2240 

0.036-0.192 

Sih'er, polished 

440- 1100 

0.019H 0.0324 

Xickel. polished plate i 

74 

0.045 

Plaster 

o 

} 

1 

0.91 

Red brick. rouKh 

70 

0.93 

C'oncrete 

70 

0.03 

Glass, smooth 

72 

0.937 

Roofing paper 

09 

0.91 

Water 

32-212 

0.95-0.903 

Aluminum foil 

212 

0.0S7 

Asbestos paper 

100-700 

0.93 0.945 

Blackbodv 


1.00 


9-13 The Stefan-Boltzmann law. In Section 5-9 it was shown that the 
energy density per unit volume of a “batch” of radiant energy is 

u = aT\ (()_29) 

It can also he shown that the energy density in an enclosure which is an 

ideal radiator is related to the total emi.ssi\e power at the same tempera- 
ture by the e(juation 



(9-30) 


where c is the \ elocity of light and is the total emissive power of 
ideal radiator. From Eiis. (9-29) and (9-30), we get 


an 



(9-31) 
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where a is the Stefan-Boltzmann constant, which has been found to have 
the values 

(T = 0.173 X 10-« Btu/hr ft2.°R^ 


<7 = 5.672 X 10“’“ watt/cm^-^K^ 


Equation (9-31) states that ideal radiators emit radiant energy at a 
rate which is proportional to the fourth power of the absolute temperature. 
This is the Stefan-Boltzmann law. vSuppose two ideal radiators are emit¬ 
ting radiant energy to each other. The net rate of exchange of energy 
between the two ideal radiators A and B is, from Eq. (9-31), 

g = ~ T%). (9-32) 

Now suppose that the two ideal radiators are at the same temperature. 
Then no net exchange of energy takes place. This is in keeping with the 
concept of temperature. However, radiant energy is always being ex¬ 
changed between the two radiators. Only when there is a temperature dif¬ 
ference does a net exchange occur. In accordance with the second law, this 
net exchange must always be in the direction of the lower temperature. 

The Stefan-Boltzmann equation must be modified for practical appli¬ 
cations to take into account nonideal radiators, the geometry and position 
of the radiating bodies, and the presence of absorbing media between the 
two bodies. The development of these modified expressions is so extensive 
that it cannot be included here. However, the following general expres¬ 
sion is given for the net radiant heat transfer between two bodies: 



0.173/1 




(9-33) 


where q — radiant heat transfer, Btu/hr, 

<r = Stefan-Boltzmann constant = 0.173 X 10“* Btu/hr ft^ °R'‘, 

A = area of body exposed to radiation, ft^, 

Fa = configurational factor to allow for relative position and ge¬ 
ometry of bodies, 

= emissivity factor to allow for non-blackbody radiation. 


Example 1. A pipe 10 ft in length has an outside diameter of 6 in. and is 
covered with a 1-inch layer of insulation. The insulation is covered by asbestos 
paper whose surface temperature is 600°F. The temperature of the surrounding 
air is 70®F. What is the rate of ladiant energy loss from the pipe? 

Solution. The surface area of the insulation is 





6 in. 2 X 1 in. 



10 ft = 20.9 ft^. 


12 in./ft 
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From Table 9-2, e = 0.94. Then, from Eq. (9-33), 


q = 0.173 


Btu 


hr-ft2-°R 


X 20.9 ft2 


1060°R 

100 


530°R \^ 
100 


0.94 


= 40,200 Btu/ hr. 


Example 2. Suppose that the insulation in tlie preceding problem is covered 
with aluminum foil instead of asbestos paper. What is the rate of radiant 
energy loss? 

Solution, From Table 9-2, t = 0.087 for aluminum foil. The radiant energy 
transfer to the surroundings is 


q = 0.173 


Btu 


hi-ft-^R^ 


X 20.9 it- 


1060°R 

100 


530°R 

100 


0.087 


= 3720 Btu/hr. 


Example 3. A room is heated by means of hot water carried in tubes buried 

in a plastered ceiling 20 X 30 ft in area. The ceiling is 10 ft above a concrete 

floor and the walls are assumed to be nonconducting but capable of reradiating. 

The surface temperatures of the ceiling and floor are 100°F and 60°F respectively. 

If F< = 0.57 and Fa = 0.63, what is the rate of radiant energy transfer to the 
floor? 

Solution. The surface area of the ceiling is 20 ft X 30 ft = 600 ft^ From 
Eq. (9-33), we get 


q 


0.173 , ^ X 600 ft^ 

hrft-'°R^ 


9350 Btu/hr. 



0.57 X 0.63 


PROBLEMS 

9-1. The surface temperatures of a flat wall are 1200°F and 800°F, respec¬ 
tively, and the thermal conductivity of the material of which the wall is made 

IS 0.20 Btu/hr-ft-°F. The wall thickness is 8 inches. Calculate the conduction 
heat transfer rate per square foot of wall surface. 

9-2. A flat wall is composed of three layers of different materials whose 
thicknesses are 2 in., 4 in., and 10 in., respectively. The corresponding thermal 
conductivities are 25.9, 2.7, and 0.4 Btu/hr-ft-°F. The e.xposed surface tem¬ 
peratures of the outside layers are 1800°F and 200°F, respectively. Calculate 
the conduction heat transfer rate per square foot of wall surface. 

9-3. A pipe whose outside diameter is 6 in. is covered with 2 in. of insulation 
which has a thermal conductivity of 0.025 Btu/hr-ft-^F. The pipe is 20 ft long. 
The inside and outside surface temperatures of the insulation are 600°F and 
60°F, respectively, (a) Neglect axial heat transfer in the insulation and cal¬ 
culate the radial conduction heat transfer rate, (b) What thickness of insula- 
tion IS needed to reduce the heat loss to 2000 Btu/hr? 
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9-4. The insulation for the pipe of problem 9-3 consists of two layers, an 
inside layer 1 in. thick with k = 0.02 Btu ft/hr ft-°F and an outside la^^er 2 in. 
thick with k = 0.04 Btu ft/hr-ft ®F. All other conditions are the same as in 
problem 9-3. (a) Find the conduction heat transfer rate, (b) What is the 

temperature at the interface between the two layers of insulation? 

9-5. Show that the radial conduction heat transfer rate through two con¬ 
centric spheres is given by the expression 


AirkiTj - To) 

(1/Vc)-(1/V,)* 


9-6. A 9-in. by 9-in. guarded hot plate is supplied with electrical energy at 
the rate of 30 watts. The temperatures on the hot and cold sides of the two 
specimens, each of which is 1.5 in. thick, are 150°F and 50°F. respectively. 
Calculate the thermal conductivity of the specimens at the mean temperature. 

9-7. Calculate the over-all heat transfer coefficient for fiuid-to-fluid heat 
transfer through a copper plate 0.5 in. thick. The thermal conductivitv of 
copper may be assumed to be 200 Btu-ft, hr-ft-°F. The film coefficients are 
1800 and 400 Btu/hr-ft^*°F, respectively. 

9-8. Water flows at the rate of 20,000 Ibm/hr in a pipe of 2 in. nominal diam¬ 
eter (2.067 in. actual inside diameter). Heat is being transferred to the water 
and the main stream is found to have an average temperature of 200°F. Cal¬ 
culate the film coefficient for the inside pipe surface, given the following prop¬ 
erties of water at 200°F: A: = 0.39 Btu-ft/hr*ft'^-°R, c^ = 1.004 Btu/lbm- 
°R, p = 60.13 lbm/ft^ m = 63.7 X lO-^b-sec/fC. 

9-9. The film coefficient for natural convection heat transfer from a short 
vertical flat plate to air at atmospheric pressure is given by lup (9-16), where 
c = 0.59, 2n = 0.25, and h = 0.25. A vertical plate 0.5 in. thick and 18 in. liigh, 
with a thermal conductivity of 60 Btu-ft hr-ft-*’^F, has air at atmospheric pres¬ 
sure and 1000®F on one side and air at atmospheric pressure and 60°F on the 
other side. Calculate (a) the heat transfer rate by conduction and convection, 
(b) the over-all heat transfer coefficient, and (c) the surface temperatures of 
the plate. 


9-10. Derive a general expression for the over-all heat transfer coefficient 
for radial heat transfer by conduction and convection through concentiic spheres. 

9-11. A heat exchanger which warms water before entering a boiler by means 
of cooling the flue gas leaving the boiler is called an economizer and is normally 
designed to approximate counterflow. vSuch an economizer is provided with 
5000 ft^ of heat transfer surface and the over-all heat transfer coefficient is 
12 Btu/hr-ft2-°F. Water flows into the economizer at 2i0®F and at a rate 
of 75,000 Ibm/hr. Assume the specific heat capacity of water to be constant 
at the value of unity. The flue gas enters the economizer at 650°F and at a rate 
of 120,000 Ibm/hr. The specific heat capacity of the flue gas is about 0.28 
Btu/lbm-°F for the range of temperatures. Compute the water and flue gas 


exit temperatures. 

9_12. Water enters a heat exchanger at 200'^F and leav'es at 80°F. Another 
liquid enters at 20°F and leaves at 75°F. Calculate the LMTD for counterflow 

and parallel-flow heat exchange. 



PROBLEMS 


299 


9-13. A parallel-flow heat exchanger is composed of steel tubes 10 ft long 
whose outside and inside diameters are 0.625 in. and 0.495 in., respectively. 
The object of the heat exchanger is to heat 20,000 Ibm of water per hour from 
60°F to 150°F. with condensing steam on the outside of the tubes at 275°F. 
The thermal conductivity of the tubes is 36 Btu-ft, hr-ft-°F and the film coeffi¬ 
cient for the steam side of the tubes is 900 Rtu, hr-ft“*°F. The water enters 

sec. Calculate the required number of tubes. 

9-14. A counterflow heat exchanger is supplied with superheated steam at 
140 Ib/in^ and 400°F. The steam condenses and leaves at 135 Ib/in^ and 325°F. 
The water is heated from 50°F to 300°F. Calculate the LMTD. 

9-15. The total emissi\'ity of a tungsten filament in an evacuated lamp is 
0.35 at a temperature of 4410°R. How much surface area must the filament 
provide for a 60-watt, llO-volt lamp oiierating at this temperature? 

9-16. When the lamp in problem 9-15 is switched off, at what rate does the fil¬ 
ament begin to cool, assuming it to be straight? Assume that Cp = 0.05 cal gm*°C, 
the diameter of the filament is 0.0025 cm, the density is 19 gm/cm^ and the 
inside surface temperature of the bulb is 260°F. 

9-17. Prove that the rate of radiant energy transfer between two infinite 
plane parallel i)lates is given by tlie equation 


q = 0.l73Ai 




1 


L(1/€i) + (1,'eo) 



9 18. Show that tlie rate of radiant energy transfer from an enclosed body 
which is small compared with the enclosure is given by the equation 


q = 0.173.4, 


Zl 

100 


Zi 

100 


ei, 


wliere subscrij)t 1 refers to the enclosed body. 

• located in a large room where the wall temperature 

IS 60 I. The surface of the pipe is at 600°F. If the total ernissivity of the pipe 
IS 'vliat IS the radiant energy transfer rate from the pipe per foot of length? 

9-20. A room 80 ft by 50 ft is heated by means of steampipes laid in a con¬ 
crete floor. The temperature of the floor surface is 75°F and the walls and ceil¬ 
ings are at 50°F. The ceiling is 10 ft high. Calculate the radiant energy transfer 
rate from floor to ceiling if the total emissivities of the floor and ceiling are 0.92 
am .90 respectively. The walls are assumed to be nonconducting, that is. 

F, = €r€ 2 , and Fa = 0.83. 

o'' convection, and radiation 

>m a st.eam of «ater flow.nR m a 2-m. nominal diameter pipe (2.375 in and 

?5 OOn'n T1 respectivelv a the .ute o 

10,000 Ibm/hr to the walls of a large room. The average temperature of the 

conduct tv‘T ’■onni are at 70°F. The thermal 

wate a 600°F Ire c - Tsoo rT'I" ^^tn/hr-ft^^F. The properties of 

t uuu 1 are.Cp - 1.362 Btu/lbm °R, p = 42 37 lbm/ft3 - lao in -7 
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9-22. Heat is added to air which is flowing in a duct of constant cross section. 
The entering static pressure is 70 Ib/in.^ The exit Mach number is 0.9 and the 
ratio of the exit to the entering stagnation temperature is 3. Determine the 
entering Mach number and the pressure drop due to heating. Neglect wall 
friction and assume y = 1.35. 

9-23. Derive an expression for the Mach number at which the maximum 
static temperature occurs in a duct of constant cross section when heat is added. 
The fluid is air and enters at a subsonic velocity. Neglect wall friction. 
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SINGLE-PHASE AND TWO-PHASE MIXTURES 


10-1 Introduction. M’lie thermodynamic prop(‘rties of e(|uilil)rium 
mixtures of pure substanees may he established experimentally and related 
by the general eciuations of thermodynamics, just as for a single pure sub¬ 
stance. However, it is evident that an almost infinite number of possible 
mixtures can exist, depending on the constituents and their relative pro¬ 
portions in the mixture. ('onse(iuently, it is not practical to tabulate the 
properties of mixtures except when the composition is nearly constant (as 
for dry air) or when the mixture appears frecpiently in certain definite 
compositions, such as some gaseous products of combustion. It is there¬ 
fore convenient to express the properties of mixtures in terms of the prop¬ 
erties of the constituents and their relative proportions in the mixture. 
In this chapter, we shall limit the discussion to single-phase mixtures of 
gases, and to two-phase mixtures of gases and \-apors. 

We shall consider first a two-phase mixture of licpiid water and its 
vapor, both as an introduction to the study of mixtures of gases and vapors 
in general, and as an important example of a two-phase mixture. Next, 
psychrometrics and some air-conditioning processes will be discussed as a 
corollary to the study of single-phase mixtures. Finally, supersaturated 
steam will be considered as an example of the none(|uilibrium retention of 
a substance in the vapor state in a system which, under etiuilibrium con¬ 
ditions, would be a two-phase mixture. 

10-2 Dalton’s law. If a mixture of substances is in e(iuilibrium the 
temperature of each constituent and that of the mixture are the same. 
It is an experimental fact that each constituent in an equilibrium mixture 
of gases occupies the volume of the mixture. If we denote the pressure of 
a constituent as its partial pressure, Dalton’s law states that the total pres¬ 
sure of a mixture of gases is equal to the sum of the partial pressures of the 
conshtuents when each constituent occupies the volume of the mixture at 
the same temperature as that of the mixture. 

For a mixture of any number of gases 1, 2, 3, etc., a mathematical 
statement of Dalton’s law is 


if 


and 


P = Pi + P2 + Pa + 
V = r, = F2 = Fa = 

T = 7 \ = T2 = 7’3 = 

301 


( 10 - 1 ) 
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10-3 Mixtures of ideal gas. Although Dalton’s law can be applied to 
mixtures of real gases, we shall consider only mixtures of ideal gases. 
Consider three different ideal gases all at the same temperature T and 
each occupying a container having a volume F, as shown in Fig. 10-1. 
The equations of state for these gases 
are written 

PiF = rtixRxT, 
p^V = W2/?27’, 

PsF = niaRaT. 





The pressures of the.se gases are 


'"2./'2. »>3.Pi,V ,T 

(’on.-<tituont gase.'i 


Pi = 


m^RxT 


1 


7 


P2 = 


P3 = 





Fig. 10 - 1 . 
Dalton’s law. 


Mi.xtiire 

A physical concept of 


Now suppose that the gases are all confined in a single container havdng 
the volume V, and that the temperature of the gases remains at T. 
According to Dalton’s law, the pressure of the mixture is 


P ~ Pi + P2 + P3 


and, therefore, we have 


P — Pi + P2 + P3 = {^\R\ + W2/?2 + — • 

v 

In a more general form, for a mixture of any number of ideal gases, we have 


pF =: 7 ^ niiRi^ 


( 10 - 2 ) 


where i = 1, 2, 3, ... . 


It is convenient to define the apparent specific gas constant R of the 
mixture by the equation 


R = 


7n\R\ -\- w 22^2 d” 
rni + m2 d- • • 


Y^rnjRj ^ '^mjRi 

m 


Equation (10-2) can then be written 


pV — mRT^ 


(10-3) 


which has the same form as the equation of state of a single ideal gas and 
shows that a mixture of ideal gases is itself an ideal gas. 
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If the equations of state of the individual gases are written in terms 

of the number of moles of each gas and the universal gas constant we 
have 

niOlT 

Pi = ’ (10-4) 

and hence 



But from Dalton’s law, ^pi = p and therefore 

PV = ( 10 - 5 ) 

where n = X! Again, we see that the mixture has the same equation 
of state as a single ideal gas. 

The mole fraction z, of a constituent of the mixture is defined as the 
ratio of the number of moles of that constituent in the mixture to the total 
number of moles of all constituents. In a mixture of three gases, for 
example, the mole fractions of the constituents are 



n\ 

«1 + ^2 + ^3 



^2 

4 " ^2 + R3 



^3 

^1 + ^2 + n'^ 


More generally, for any number of constituents, 



( 10 - 6 ) 


Of course, the definitions of the mole and the mole fraction are not 
^dfred here” ^ ^ although only gas mixtures are con- 

sincl^^ fractions of all the constituents equals unity, 



The number of moles of any constituent is 


ni = nxi. 
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If Mi is the molecular weight of any constituent, the mass rm of that 
constituent is 

rrii = UiM i = nxiMi, 

and the total mass m is 

m = '^mi = ri^XiMi. 

The apparent molecular weight M of the mixture is defined as the ratio 
of the total mass to the total number of moles. Hence, we have 



(10-7) 



The mole fraction of any constituent of a mixture of ideal gases is equal 
to the ratio of the partial pressure of that gas to the total pressure of 
the mixture. To show this, we have from Ec|S. (10-4) and (lO-Ci), 




PM/9.T 

pV/9(r 



( 10 - 8 ) 


Example A tank contains 4 ft^ of a rni.xture consisting of 3 Ibin of CO 2 and 
2 Ibm of No at a temperature of 80°F. Determine (a) the pressure of the mixture, 
(b) the apparent specific gas constant of the mixture, (c) the mole fraction of 
each constituent, and (d) the molecular weight of the mixture. 

Solution, (a) From the equation of state of an ideal gas, we obtain the 
partial pressures of the constituents at the temperature and volume of the 
mixture. 


infR ^ 3 Ibm 1545 ft*lb/lbm-moIe-°R 1 

= _ p — _ X_ _ __ 540® H X __ 

VM 4 ft*^ 44 Ihm Ibm-mole 144in^/ ft" 

= 98.9 lb 'm-, 


pN2 


2 Ibm ^ 1545 ft-lb/lbm-mole- ^'K ^ 5490 1 
4 ft'^ 28 Ibm Ibm-mole 144in“ ft“ 


= 103.5 lb/in2. 


From Dalton’s law, we get 


11 


11 ) 


p = pco> + psi = 98.9 — 4" 103.5 7 -; — 202.4 


in 


m 


lb 


m 


(b) The apparent specific gas constant can he found from the ecpiation of 
state of an ideal gas applied to the mixture. 

pV 202.4 lb/in2 144 jnV ft^ X 4 (t^ ^ ^ ft-lb 

^ " 5 Ibm X 540'^R 


Ihm-‘^R 
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(c) Tlie number of moles of constituents is 


^COo = 


3 Ibm 


44 Ibm/mole 


= 0.0682 mole, 


«N2 “ 


2 Ibm 


28 Ibm/mole 


= 0.0715 mole. 


The number of moles of mixture is 


n = ncoi + “ 0.0682 mole -f 0.0715 mole 

= 0.1397 mole. 


and from the definition of mole fraction, we s^t 


ncoo 0.0682 mole 
xvo. = -= = - = 0.488. 


n 


0.1397 mole 


nxo 0.0715 mole 
.rx2 = —■ = -— -- = 0.512. 




0.1397 mole 


(d) From tlie definition of a mole, we K(?t 


M = = 


5 Ibm 


n 0.1397 mole 


= 35.8 Ibm mole 


10-4 The Amagat-Leduc law. The partial volume of a constituent of a 
mixture of gases is defined as the volume that would be occupied by that 
constituent at the same temperature and same total pressure as that of 
the mixture. Thus for a mixture of three ideal gases at a temperature T 
and total pressure /;, the partial volumes are 

ni3ir 

* I — ’ 1 2 = - » 1 i = - » 

V V P 

or, more generally, 

V , = -• 

V 

Summing over all constituents, we have 



(10-9) 


But from Eci. (10-5), n9iT/p equals the actual volume V of the mixture 
so ’ 


( 10 - 10 ) 

This is the Amagat-Leduc law, which may be stated: the volume of a 
mixture of ideal gases is equal to the sum of the partial volumes of the con¬ 
stituent gases, when the partial volumes are determined at the pressure and 
temperature of the mixture. 
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The mole iraction of any constitu¬ 
ent of a mixture of ideal gases is 
etjual to the ratio of the partial vol¬ 
ume of that gas to the total volume of 
the mixture (Fig. 10-2). To show 
this, we have from E(is. (10-5) and 
( 10 -(>), 


^ ^ V,p/9.T ^ n 

n Vp'9.T ~ r 


p 

V 

T 

P 

7’ 

/ 

I'l 

/ 

b2 

/ 

r., 

1 


('oiistituent gases 



Mixture 


(10 11) Fui. 10-2. A physical concept of 

the Ainagat-Leduc law. 

10-6 Gibbs’ law. d'he piirtiul entropy of a constituent of a mixtui’e of 
gases is defined as the entropy of that constituent at the same temperature 
and volume as that of the mixture. Gibbs' law states that the total entropy 
of a mixture of ideal gases is equal to the sum of the partial entropies of its 
constituents. To demonstrate the validity of this law, we shall consider a 
mixture of two ideal gases .1 and B and separate them by a reversible 
process. 

First we shall consider the semipermeable membrane^ since it is an essen¬ 
tial part of the demonstration. A semipermeable membrane is a partition 
composed of a substance which is permeable to one kind of molecule and 
is impenetrable to all other kinds. \'arious semipermeable membranes 
are available, such as the carrot often used in the laboratory demonstra- 
tion of osmotic pressure in elementary chemistry. Other semipermeable 
membranes are the intestinal walls and the walls of certain cells in plants 
and animals. A common example of a semipermeable membrane is red- 
hot palladium used in the laboratory for the production of pure hydrogen. 
In this experiment, a small tube made of palladium is closed at one end 
and the other end is inserted into a sealed flask. Then the tube and flask 
are evacuated and the sealed end of the palladium tube is placed in the 
blue flame of a Bunsen burner. The hydrogen in the flame passes through 
the palladium into the flask, and continues to do so until the pressure in 
the flask is equal to the partial pressure of the hydrogen in the flame. At 
this point, the membrane has reached etiuilibrium, i.e., the flow of hydrogen 
through the membrane takes place at etpial rates in both directions. None 
of the other constituents of the flame enter the flask, since palladium is 
permeable to hydrogen only. 

In Fig. 10-3 we have a sealed and thermally insulated cylinder with 
immovable walls. The cylinder is divided into compartments of eciual 
\'oIume by a fixed semipermeable membrane X. The cylinder is ecjuipped 
with two pistons which are connected in such a manner that the distance 
between Y and V' is always eriual to the distance between X and . 
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Initial Intennediate Final 


Fig. 10 3. Ke\'orsil)lo isotheririal separation of ideal j»:ases. 


The Homipermeahle membrane .Y is pei‘meal)le to gas A hut impermeable 
to gas B. Similarly, is a semipermeahlo membrane which is permeable 
to gas B and impermeable to gas A. 

In the initial condition, X and Y are in contact. A vacuum exists in 
the space above Y and the two gases are confined as a mixture in the space 
below X. We shall assume that the movement of pistons and Y' is 
infinitely slow and frictionless, so that both pressure and thermal equi¬ 
librium exist at all times. Let pi and p 2 » respectively, be the partial pres¬ 
sures of gases A and B in the mixture. From Dalton’s law, the total 
pressure p of the mixture etiuals the sum of the partial pressures pi and 
?> 2 - Piston Y is acted on by an upward force due to the partial prresure pi 
of gas A. Piston Y* is acted on by a downward force due to the pressure 
p and by an upward force due to the partial pressure p2 of gas B. The 
net force on the pistons is therefore zero, and no work is done when they 
are displaced. 

The cylinder is thermally insulated, Q = 0, and since no work is done 
it follows from the first law that the internal energy is constant. There¬ 
fore, since ideal gases are being considered, the temperature is constant 
also, and thermal etjuilibrium is maintained. Let s be the specific entropy 
of the gas mixture and Si and S 2 the specific entropies of the separated 
gases in the final condition. Let m\ and W2 be the masses of A and B, 
and m = mi T m2 be the total mass. The final entropy of the system is 
therefore m^si + 171-282 and the initial entropy is ms. Since the process is 
r(‘V(*rsible and adiabatic, the entropy remains constant, and we have 


7tis — m\S\ -f m2.s'2- 


(10-12) 
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The method employed in developing Eq. (10-12) may be extended to 

a mixture consisting of any number of ideal gases to yield the more general 
expression 

ms = niiSi + 7n2S2 + mgSy + - • • = (10-13) 

In the demonstration of the validity of Gibbs’ law for a mixture of 
ideal gases, it will be recalled that there is no change of internal energy 
when the constituent gases are separated from the mixture. Therefore it 
may be stated as an essential part of Gibbs’ law that the internal energy of 
a mixture of ideal gases is equal to the sum of the partial internal energies 
of the eonstifuent gases taken at the temperature and volume of the mixture, 
or 

mu = miUi + m 2?/2 + m^^u-s (10-14) 


10-6 Some other properties of mixtures of ideal gases. Dalton’s law 
relates the partial pressures of the constituents to the total pressure of 
the mixture; the Amagat-Leduc law provides a relationship between the 
partial volumes of the constituent gas in a mixture to the total volume of 
the mixture; and Gibbs’ law relates the entropy and internal energy of 
the constituent gases to the corresponding total properties of the mixture. 
In this section, we shall examine the molal relationships for internal energy 
and entropy and develop expressions for the enthalpy and specific heat 
capacities of gas mixtures. 

Internal energy. Eciuation (10-14) expresses the internal energy of a 
mixture of ideal gases as the sum of the internal energies of the constituent 
gases at the temperature and volume of the mixture. For a mixture of 
ideal gases the internal energy is a function of temperature only, and the 
volume may be disregarded. However, for real gases the volume must 
be taken into consideration. E(|uation (10-14) is based on mass units, 
the units of internal energy in engineering being Btu per pound-mass. A 
similar equation may be written on a molal basis simply by substituting 
for the mass m its ecjuivalent nM from the defining equation for a mole. 
Hence, we have 




u 


* — Xiwf 4- X 2 U* + X;p/3 + - . . = ^Xiuf. 


(10-15) 


Enthalpy. Since each constituent occupies the volume of the mixture, 
we have 

mv = m\V\ = W2C2 = m^iV^ = . . . . 


From Dalton’s law, we have 

p = Pi + />2 + p.-i + • ■ • • 

The product of the two preceding equations is 

mpv = m\piv\ -h m2P2i'2 + m^p^v^ + ■ - • . 
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When Eq. (10-14) is added to the last equation, we get 

m{^l + pv) = mi(ui + pivi) + 7)12(112 + P2V2) + + p:iV:i) + 

and from the definition of enthalpy, we have 

tfih = f 7 iihi + /« 2^2 . . . = ^ ffi . 


(lO-lO) 


Similarly, we obtain on a molal basis 

n/i* — fiih* 4“ n 2^2 4“ 4“ 

h* = I'lh* 4“ ^ 2^2 “b ^*a^^a ”b 


• • • 




(10-17) 


Specific heat capacities. The speeifie heat eapaeities at eonstant volume 
and at constant pressure are found by difTerentiating Ecjs. (10 14) and 
(10-10), respectively. Differentiating E(i. (10-14), we get 

771 dll = 77i\ dtii 4” ^2 7 IU 2 4“ du-^ 4“ ’ ' ■ • 


For an ideal gas, we have 


(la = c, dT, 


which, substituted in the preceding e(iuation, results in the following 
e(iuation 

mCyd7 = dT m 2 Ci .2 dT + ?«a^(a d7’ 4 - • • • = dT. 

Since dl must be the same for the constituents and the mixture, we get 


1 1 

c,, — — (wiCj-i 4 - W2r,.2 4 “ ^^a^ra 4 - • • •) = - y^W/c,.,-. 

777 

The molal specific heat capacity is 

nc* = nic* 4 - ^2^1*2 + '*aCi*3 4- • • ■ = 
cv = xic*i 4 - X2C*2 4 “ -r3C*3 4 - • • • = x ,c*. 

Differentiating E(p (10-10) and noting that dh = CpdT, we get 

1 I 

C/, = — ( 77 ^lCpl 4 " W2Cp2 4 “ 4 “ • • *) = — 


(10-18) 


(10-19) 


777 


771 


( 10 - 20 ) 


or 


7iCp niCpi 4" n 2 C *2 4- ^^ 3^*3 + • • ■ = n /c*.. 

Cp = U'lCpi 4" X2Cp2 4- X3Cp3 4“ * ‘ • = 

hJiU/opy. The entropy of a mixture of gases is given by Eq 
and may be expressed on a molal basis as 


( 10 - 21 ) 


(10-13) 


7is* — /iis* 4“ 712 S 2 4" ^ 35 * 4 ~ • • • = 

^ ~~ Xi^'i 4“ X 262 4“ X 3 S 3 ■ = y^x/j>*/. 


( 10 - 22 ) 
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The change in entropy of a constituent in a gaseous mixture is obtained 
by application of the T ds equations. For a constituent, we get 


_ dT ^ dpi 

dsi Cpi Rj 


(10-23) 


It should be noted that, unlike the internal energy and enthalpy, the 
entropy of an ideal gas is not dependent on temperature alone. If Eq. 
(10-23) is substituted in the differentiated form of Eq. (10-13), restricted 
to two constituent gases for conciseness, the result is 


/ dT 

m ds = nil ( Cpi — 


„ dpi\ , f dT ^ dp2 


(10-24) 


Since 


it follows that 


Vi dpi 

^' p dp 


dpi dp 


Vi 


which when substituted in Eci. (10-24) yields, after collecting terms. 


, 1 , , dT dp 

(is “1“ ^^ 2 ^p 2 ) rji — (^ 1^1 H“ - 

m 1 “ V 

This e(|uation may he expressed in molal units as 

n ds* = («,c*, + n 2 C* 2 ) - {ni(K + ^ • 

^ P 


(10-25) 


(10-26) 


The introduction of the mole fraction .r, = noting that .r, + X 2 = 1, 
permits further simplification, and we get 


ds* = (.Tic*, + .r2C*2) ^ — 

7 p 


(10-27) 


It is left as an exercise to derive the following equations and show that 
they are equivalent to Eqs. (10-25) and (10-27). 


or 


and 


ds = ~ (miC^i + ///2Cp2) ^ + ^ 2 /^ 2 ) ~ 

m I V 


. * * . rr. dv 

ds* ~ (.TiCpi + ^ 20 ^ 2 ) — + — 


1 dy 1 , .dp 

ds = — (WiCnl + W 2 Cp 2 )-1-(^l^^il T ^^ 2 ^, 2 ) 

m V m p 


(10-28) 


(10-29) 
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ds* = (.riC*i + X2C*p2) ~ + {XiC*i + X2C%) ~ ■ 

V* p 

It is important to remember that the properties of the eojistituent 
gases in all the equations of this section are at the temperature and volume 
of the mixture. 

It is interesting to integrate Eq. (10-29) for an iseiitropic process. 
Substituting from Eqs. (10-18) and (10-20) respectively, the specific- 
heat capacities of the mixtures are 

^\Cp\ + m2Cp2 

Cp — y 

m 

and 

+ m2Ci.2 

CV = - • 

m 

When these values are substituted in Eq. (10-29), we ha\-e 

dv (Ip 

(Is = Cp -h c,. — = 0, 

V p 

from which we get 

(Iv dp 

^ V p 

which integrates to 

pr'*' = constant. 

This e(iuation serves to emphasize that once the thermodynamic properties 
of a gas mixture have been determined in terms of the properties of the 
constituents, the mixture itself may he treated as a system containing a 
single substance. 


Kxamplk. For the mixture of gases given in the e.\am])le in Section 10-3. 
determine (a) the partial volume of each constituent, (h) the entropy, internal 
energy, enthalpy, and the constant-pressure and constant-volume specific heat 
capacities, (c) Find the properties specified in (b) on a molal basis. 

Solution, (a) The partial volumes are, from Ftp (IQ-IO), 


Fcoa = xcOiV = 0.488 X 4 ft^ = 1.95 ft^ 
Fn. = xn.V = 0.512 X 4 ft^ = 2.05 ft\ 


(I.) We shall take the value of entropy at the absolute zero of teini.erature 
as the clatun, state. From the third law, the entropy is zero in that state. 
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The constant-pi essure specific heat capacities of CO 2 and N 2 ai e 0.203 and 0.248 
Btu/lbnv°R respectively. The entropy of the mi.xture is 

= *^C02 “T ‘^N2 


— {mCp In T)co 2 -f {tncp In 7 ')n2 

3 Ihm X 0.203 —-f- 2 Him X 0.2-48 


lhm-®R 


lbm*®R 


In 540 


R 

R 


= 6.90 Rtu °R, 


and the specific entropy of the mixture is 


0.96 Btu °R 

=-TTT—- = 1.39 Btu, lbm-‘=’R. 

o Ibm 

Again selecting the absolute zero of temperature as the datum state, the 
internal energy of the mixture is 

f = (»jc,.T)(‘02 H- (ffiCyT)^^ 

= ( 3 ll>m X 0.158 -p 2 Ibm X 0.177 ] rAOm 


lbm-®R 


lbnv°R 


= 447 Btu. 


The specific internal energy of the mixture is 


44/ Btu ^ ^ ^ ^ 

- - = 89.5 Btu Ibm 

5 Ibrn 


The enthalpy of the mixture is 
// = (mCpT)c(h 

= ( 3 Ibm X 0.203 -P 2 Ibm X 0.248 


lbm-°R 


Ibrm^R 


540‘=*R 


= 597 Btu. 

and the specific enthalpy is 


, 597 Btu 

= —-- =11.9 Btu, Ibm. 

5 Ibm 


The s[)ecific heat capacities are 




(fnCp)co2 “h (^^^Cp)n2 


m 


3 Ibm X 0.203 Btu/lbm-^R -P 2 Ibm X 0.248 BtU/lbm-‘=^R 


5 Ibm 


= 0.221 Btu/lbm*°R, 


and 


— 


3 Ibm X 0.158 Btu/lbrn-°R + 2 Ibm X 0.177 Btu/ lbnv°R 


5 Ibm 


= 0.106 Btu lbm*®R. 
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(c) From the previous problem, the number of moles of mixture is 0.1397. 
The molal properties can be found by dividing the total properties found in 
(b) by the number of moles of mixture. 


H* = 




//* = 


= 




6.96 Btu/°R 
0.1397 Ibm-mole 

447 Btu 

0.1397 ibm-mole 
597 Btu 

0.1397 Ibm-mole 


= 49.8 Btu ll)m-mole*°R, 


= 3200 Btu Ibm-mole, 


= 4270 Btu ll)m-mole, 


1.105 Btu Ibm-^R 


0.1397 Ibm-mole 


= 7.91 Btu ll)m-mole*®R, 


0.828 BtiLlbm-^R 


0.1397 Ibm-mole 


- = 5.93 Btu Ibm-mole-^H. 


10-7 Irreversible mixing of ideal gases. I'lio mixing or (liftu.sion of 
gases, like all processes which occur in nature, is always an irreversible 
process. Even if a mixture were to experience an isentropic process, it 
does not necessarily follow that each constituent gas would also undergo 
an isentropic process. For example, it is quite po.ssible to conceive of a 
mixture of two gases in which one gas experiences a decrease in entropy 
equal to a corresponding increase in entropy of the other. The entropy 
of a mixture undergoing such a proce.ss would be unchanged. It is sug¬ 
gested that the student discuss the circumstances under which such an 
isentropic process could be made to occur. 

Returning to the irreversible mixing of gases, we shall consider two 
ideal gases .1 and B separated by a partition in an insulated and rigid 
container, as .shown in Fig. 10-4. The volume of the container is equally 
divided between the two gases and the pressures and temperatures of the 

Jo tuT tl' the gases diffuse 

nto each other and each gas occupies the entire volume of the container 

1 here will be no change in total pressure or temperature. 

pressure and temperature of the mix- 
turc, and after mixing each constituent gas is at the volume and tempera- 

tuie of the mixture. The pressure of the constituent gases has changed 

rom the total pressure of the mixture to their appropriate partial pfes 

sures. Applying Eq. (10-24) to the mixing proc- apres- 

C.SS, after integrating and noting that the tern- 
porature does not change, we get 


In - mnl{„ In ^ 
P p 


(10-30) 


Bi 


tiG. 10-4. Irreveisible 
mixing. 


w As = 
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1 he partial pressures p .4 and pb must be lower than the total pressure of 

the mixture, and therefore the entropy change of the mixture is positive. 

Ihe process is therefore irreversible, since the system is isolated and the 
entropy has increased. 


10-8 Mixtures^ of ideal gases at different pressures and temperatures 
prior to mixing. 1 hus far we have considered mixtures of gases which were 
at the same temperature and pressure before mixing' Suppose now that 
thiee ideal gases at different temperatures and pressures are contained in 
three rigid containers having different volumes, as shown in Fig. 10-5. 
The containers are interconnected by pipes which are closed by valves 
and the entire system, bounded by containers and pipes, is thermally 
insulated. The initial temperature, pressure, and volume of each gas are 
identified by the subscripts 1 , 2, and 3, as shown in the figure. The valves 
are now opened, permitting the gases to thoroughly diffuse into one another 
and occupy the total volume of the three containers. When diffusion is 
complete, we shall assume that complete eciuilibrium is established. 

Since no external work is done, and no heat transfer takes place in the 
diffusion process, the internal energy of the mixture is constant and is 
equal to the sum of the internal energies of the gases in their original state 
(the constant in the energy equation drops out). This relation is written 

iTifi = Tn\}i\ -f~ W2R2 T 

where mu i.s the internal energy of the mixture. (The subscripts in the 

equations of this section refer to the constituents in their initial state and 
not in the mixture.) 

For an ideal gas, the internal energy is a function of temperature only, 
and if we assume that the specific heat capacity is independent of tem¬ 
perature, we can write 


wr,./ / 1 “b 2 T 


from which 


rnCp 






/>2A'2.7’2 


I 


P3.'’3.73 


Fig. 10-5. Mi.ving of ideal "asc.s originally at different pre.ssui'es and tem¬ 
peratures. 



10 - 8 ] MIXTURES AT DIFFERENT PRESSURES AND TEMPERATirRES 315 


But for the mixture is given by Eq. (10-18), so that 


T = 


+ ^2Ci. 2^2 + Wl3Cy37^3 
WlCfl + W2Ci.2 + W3C,3 


(10-31) 


An alternate expression for the temperature of the mixture in terms 
of the molal internal energies is 


TIU^ — 7l\ll[ -\- H 2 U 2 ^3^3 


and 


nc*l — nic*i 7 \ + n2C*2T2 + 


* rri 


from which, with the aid of Fa\. (10-19), we have 


y, ^ + n2C*2T2 + nsC%Ts 


*T 
* 


niCfi + n2C,,2 + ^30*3 

Substituting the molal equation of state of an ideal gas, pV = n^JlT, and 
assuming that the gases are all monatomic or diatomic, we have 


y. ^ 1 + 

, P 2 f '2 ^ 3^3 

7’ ' T ' 'r 
'I i 2 IA 


(10-32) 


If the apparent specific gas constant is substituted in the denominator of 
the preceding etiuation, we have 


7 ’ _ £ 1 ,^ ‘ P 2 I 2 + P 3 E 3 


(10-33) 


It follows from the application of the eciuation of state of an ideal gas to 
the mixture that 


_ Pi_|j_+ P2l'2 + PsV'a 

T 


(10-34) 


If the pressures of all the gases are eciual before mixing Eu (10-32) 
reduces to *' ^ 


rj. ^ ^ 1 + E 2 + r3 

li , Ij T':, 

7’, ^ T, T, 


(10-35) 


o? Uie m^:!r" temperatun 


T = 


_ Pi + P 2 + Va 
I P2 , ^3 

rn ' rjy “T 

I 2 1 A 


(10-3(i) 
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Example. If 10 ft® of Nj at a temperature of 120°F and at a pressure of 

100 II) are mixed adiabatically with 6 ft® of CO 2 at a temperature of 40°F 

and at a pressure of 150 lb, in®, determine the temperature, pressure, and internal 

energy of the resulting mixture if it is contained in a vessel having a volume 
of 16 ft®. 


Solution. The temperature can be found from Eq. (10-32) 


as 


100— X 144 — 


lb 


in 


X 10 ft® + 150 — X 144 — X 6 ft® 


r = 



100 — X 144 — X 10 ft® 


m-' 


ft2 


150 — X 144 — X 6 ft' 


580° R 
= 538° R = 78°F. 




in 2 


ft 2 


500°R 


The pressure can be found from Kq. (10-34) as 


100 


lb 

in 2 


II 


) 


X 10 ft' + 150 — X 6 ft' 


P ^ 


m- 


16 ft 


3 


= 1 IH.7 lb in2. 


The mass of each constituent, from the e(iuation of state of an ideal gas, is 


II • o 

100 X 144 — X 10 ft® 


ftls-} = 


• O 

in“ 


ft2 


154 5 


ft-lb 


X 


1 


= 4.5 Ibm, 


lbm-mole*°R 28 Ibm Ibrn-mole 


X 580°R 


ffl CO; = 


• *> 

150 — X 144 ^ X 6 ft® 
in® ft® 


1545 ftdl) lbm-rnole'°R X 1 '44 Ibm/lbm-mole X 500°R 


= 7.4 11 ) 111 . 


The specific heat capacities (at constant pressure) for the constituents are 

X.»: r,. = 0.177 Btu llmi-°R, 

C’Oq; r,. = 0.158 Btu lbin'°R. 


Assuming that tlie constituents are ideal gases, the internal energy of the mi.xture 
is 

4.5 Ibm X 0.177 X 580°R + 7.4 ll)m X 0.158 X 500°R 


lbm-°R 


lbm-°R 


u = 


1 1.9 Ibm 


= 88 Btu Ibm. 


10-9 Mixtures which include gases and vapors. When a licjuid and its 
vapor exist in equilibrium, both the liquid and the vapor are said to be 
saturated. At the interface between liquid and vapor, the higher-velocity 
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molecules of licjuid may possess sufficient energy to escape or e\'aporate. 
On the other hand, vapor molecules which strike the free surface of the 
liquid may be sufficiently decelerated to condense and be held by the 
attractive forces of the liquid. Equilibrium exists when the rate of vapor¬ 
ization of lifiuid equals the rate of condensation of vapor. The ec|uilibrium 
pressure in this ecjuilibrium state is called the vapor pressure, and is depend¬ 
ent only on the corresponding etiuilibrium temperature. The relative 
masses of vapor and li(|uid have no effect on the ^'apor pressui’c. 

Now the (luestion arises as to the effect of introducing other gases into 
the space occupied by the vapor. At low pressures the effect on the equi¬ 
librium vaporization-condensation process is negligible and such a mixture 


of gases and \*apors may be handled by the methods described for mix¬ 
tures of gases, with one important exception. Since the partial pressure 
of the vapor (the vapor pressure) is dependent on temperature, the sum 
of the paitial pressures of the other substances in the mixture is e(|ual to 
the total pressure of the entire mixture less the partial pressure of the 
vapor. Suppose we raise the temperature of the mixture, keeping the 
pressure constant, while the vapor constituent is in e(|uilibrium with its 
liquid. The result is that more licjuid will evaporate. After the li(|uid 
phase disappears if we raise the temperature of the mixture further the 
vapor will become superheated. The resulting mixture may now be 
treated as a mixture of gases, i.e., the partial pressure of the superheated 

vapor, like the other constituent gases, is related to the total pressure 
through its mole fraction. 


10-10 Psychrometrics. The detailed study of mixtures of air and 

water vapor is of such importance that it constitutes the separate science 

of psychromelry with its own vocabulary. Because of the importance 

of mixtures of air and water vapor, we shall study this type of mixture as 

an example of a mixture of gases and a vapor. We shall introduce some of 

the more important terms from the ^'ocabulary of psychrometry to facili¬ 
tate reference to its literature. 

Dry air is a mixture of the constituent gases which comprise atmos- 
pher.c a.r, excluding water vapor. The composition of dry air is substan¬ 
tially constant at 78 percent nitrogen, 21 percent oxygen, and 1 percent 
argon by volume. Argon and traces of other rare gases which are present 
m the air are usually grouped with nitrogen in what is called “atmospheri^ 
■utiogen. Hence, the volumetric analysis is often given simply as 21 per 
<ent oxygen and 79 percent atmospheric nitrogen. The corresponding 

Saturated air is a mixture of dry air and saturated water vapor Actuallv 
>t IS the water vapor which is saturated and not the air ’ ' ’ 

nmturated air is a mixture of dry air and .superheated water vapor. 
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Specific humidity or humidity ratio is defined as the ratio of the mass 
of water vapoi to the mass of dry air in a given volume of mixture, or 


O) 


m 


V 


m 


a 


} 


where co is the specific humidity, m, is the mass of w^ater vapor in a given 
volume of mixture, and ma is the mass of dry air. in the same volume of 
mixture. Since the dry air and the w^ater vapor each occupy the entire 
volume of the mixture, the specific humidity may be also defined in terms 
of the specific \’olumes, or densities, of w ater vapor and dry air. 


CO - — - 

Pn 


^ _ P,. 

/ r) rjy rj 

p^l 


(10-37) 


The derivation of E(|. (10-37) presupposes that the behavior of the 
vapor is adequately represented by the etiuation of state of an ideal gas. 
Although this supposition is quite adetiuate for normal humidity problems, 
it w'ould be entirely inade(|uate in the case of high-temperature drying. 

Relative humidity is defined as the ratio of the partial pressure of the 
water vapor in a mixture to the saturation pressure of the \'apor at the 
same temperature. Atmospheric air, which is a mixture of dry air and 
water vapor, is at a sufficiently low pressure so that it closely approximates 


an ideal gas. Ihider these conditions, the relative humidity may also be 
defined as the ratio of the density of the vapor in the mixture to the density 
of saturated vapor at the same temperature. Although the difference in 
the values obtained from the two definitions for atmospheric air at normal 
temperature and pressure is negligible, it may be significant at higher 
pressures. Since both definitions are in use, it is necessary to ascertain 
on w^hich basis relative humidity data are presented. In mathematical 
symbols, the relative humidity is 


<i> = — ^ (10-38) 

Po 

where 0 is the relati\'e humidity, pr is the partial pressure of the water 
vapor in the mixture, and py is the saturation pressure at the same tem¬ 
perature. If the ideal gas relations are assumed to hokl, the re]ati\'e 
humidity can be written 



R'l 


/ 


i: 


V 


V 


RT^v 


a 




(10-39) 


It can be seen from Eq. (10-38) or E(|. (10-39) that \vhen — 1 the 
vapor in the mixture is saturated. 
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A comparison of Eqs. (10-37) 
and (10-38) shows that the specific 
humidity and relative humidity are 
related as follows: 


CO = <f>^ = <f>~ = 0.622<^. ^ 
Pa V 


Q 


Va 

(10-40) 


If Dalton’s law is applied, we get 


o) = 0.022 


V 


P ~ P 



|)01 


where p is the total pressure of the mixture or the l)arometrie pressure for 
atmospheric air. 

The dew-point temperature is defined as the temperature at which 
uusaturated air becomes saturated, i.e., the \-apor begins to condense, 
following a cooling process at constant pressure and constant specific 
humidity. It is instructive to investigate the effect of such a process on 
the partial pre.ssure of the vapor. From E(i. (10-41), 


Vv = 


wp 


o; -h 0.022 

and since Uie total pressure of the mixture and the specific humidity are 

constant, it follows that the partial pressure of the vapor must also be 

constant. Figure 10-0 shows clearly that if the vapor pressure is constant 

the partial pressure of the water \'apor is the saturation pressure of the 

vapor at the dew-point temperature. Hence the vapor pressure may be 

lound from steam tables as the .saturation pressure corresponding to the 
dew-point temperature. 

'Phe drtj-hulb temperature is simply the c<iuilibrium temperature of the 

air-vapor mixture as indicated by an ordinary thermometer. In Fig 10-6 

the dry-bulb t,-mperaturo is shown as 1\, and the dew-point temperature 
as I 

The thermodpnamic wet-bulb temperature or adiabatic saturation tem- 
pcatwe IS, as the alternate name implies, the equilibrium temperature 
leached when an air-vapor mixture experiences an adiabatic cooling process 

o saturation. 'ITe concept of the thermodynamic wet-bulb tempe atu e 

IS developed in the next section. ‘peiaiure 

f inflated chamber 

area an uith a dry-bulb temperature Tj, enters the chamber at m 
tons at constant pressure over the water surface, and leaves as saturated 
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air with a dry-bulb temperature Ta 2 at (2). Since the chamber is insu¬ 
lated, no heat transfer takes place between the system, consisting of the 
air-vapor mixture and the water, and the surroundings. No work is done, 

and the difference between the \'elocities entering and lea\'ing the chamber 
is assumed to be negligible. 

When the unsaturated air passes o\'er the water surface, some of the 
water is evaporated. Since the energy for evaporation comes from both 
the aii-vapoi mixture and the water in the chamber (the system is iso¬ 
lated), the dry-bulb temperature of the air decreases and the temperature 
of the water also decreases. This process continues until the dry-bulb 
temperature of the air and the water temperature reach equilibrium. At 
this point, the air is saturated and the eijuilibrium temperature is called 

the thcTModyufiyyiic xvct-hulb tcuipcvcituvc or the cidi(i})(itic SQluvcitioTi 
temperature. 

1 he adiabatic cooling pi’ocess is shown for the \'apor of the air-vapor 
mixture in the Is diagram of kig. 10-8. 'Fhe vapor is initially at the 
dry-bulb temperature and is cooled adiabatically to the dry-bulb 
temperature / fi 2 which is eciual to the thermodynamic wet-bulb tempera¬ 
ture Tu 2 - ft should be noted that although the dew-point, dry-hulb, and 
wet-bulb temperatures have the same \'alues for the saturated state 2, 
these temperatures are not identical for the unsaturated state 1. 



Fig. 10-8. Adiabatic saturation process on Ts diagram for vapoi-. 
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The exact determination of the thermodynamic wet-bulb temperature 
is not practical, but a close approximation can be obtained by means of a 
wet-bulb thermometer. We shall refer to the temperature read from a 
wet-bulb thermometer as simply the wet-bulb temperature, to distinguish 
it from the thermodynamic wet-bulb temperature or the adiabatic satura¬ 
tion temperature. The wet-bulb thermometer is identical to an ordinary 
thermometer except that the bulb is provided with a wick moistened with 
clean water. The wick prov ides a thin film of water on the bulb and hence 
the term “wet-bulb.” The ordinary thermometer is called a dry-bulb 
thermometer when it is necessary, for clarity, to make the distinction. 

A sling psychrometer consists of matched wet-bulb and drj^-bulb 

thermometers which are attached to a holder. This assembly can be 

whirled in the air to induce turbulent air flow over the wet-bulb'and thus 

provide for convection heat transfer. If the air is unsaturated the water 

m the wick is cooled by evaporation until its temperature falls below the 

dry-bulb temperature of the air. Then heat transfer from the air to the 

wick continues the evaporation proce.ss until the eiiuilibrium or wet-bulb 
tomperature is reached. 

It is clear that the wet-bulb temperature is dependent on the heat and 
mass transfer rates between the water film on the wet-bulb and the air 
The heat tran.sfer is primarily by convection. However, radiation heat 
transfer may be significant if the thermometers are not shielded. In any 
event, the over-all heat transfer rate is primarily a function of the geometry 
of the wet-bulb, the film coefficient, and the air velocity over the film A 
temperature drop acro.ss the film cau.ses heat to flow in and a vapor pres¬ 
sure drop causes the vapor to diffuse out. Since thermodynamics cannot 
predict heat transfer rates, it must be concluded that the wet-bulb tern 
perature, as iletermined by a wet-bulb thermometer, is not a property of 
the sy.stem. It is left as an e.xercise to e.xplain why the thermodynamic 
wet-hull) temperature is a property of the system. 

The difference between the wet-bulb temperature and the thermo¬ 
dynamic wet-l,ulb temperature is negligible for atmospheric air at baro¬ 
metric pressure, normal temperature, and low air velocities. However 
this IS not necessarily true of other mixtures of gases and vapors. 

10-12 Calculation of the properties of atmospheric air. The properties 
of Ihc of an- airf wato,- vapor rvhioh oonatitotoa the atme^phere 

may 1.0 ooovoiaeojl, p.oseptorl in . gi.phioal form known a, the ..rfal 
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va|)()r mixturo must be calrulatocl. Furthermore, the psychrometric chart 
l)e(a)mes more meauiiiRful when one has first learned to calculate the prop- 
erties. In this .section, the calculation procedures are summarized with 
direct refercTice to the supporting equatiotis developed thus far. 

Vapor pressure. It is possible to develop expressions for the vapor 
pressure by writing an energy equation for the adiabatic .saturation process. 
'I'liis equation may then be expre.s.sefl in terms of the.dry-bulb and wet- 
bulb temperatures and the specific humidity. However, it is more con- 
\ enicnt to ti.sc a semi-empirical equation first developed by Carrier. This 
('(Illation is usually- stated as 


Pr = P 


ip - P,r){'I\, ~ 7\,.) 

2<S00 - 1.37’,, 


(10-42) 


wlieie p„ the \apor pressure eorrespondtnji; to tlio \vet-l>ull) temperature 
(obtainable from steam tables), p, is the actual vapor pressure, 7’,/ is the 
dry-l)ulb temperature. 7',, is the wet-bulb temperature, and p is the total 
or liarometric pressure. 'i'he pressures may have the units of lb in^ or 
inches of and the temperatures may be in °V or °H. 'i’he drv-bull) and 
wet-bulb temperatures are measured by means of a psychrometer. 

I{(iaiiv( humid/fn. 'I'he relatixc humidity is gi\-en by Ivj. (10-38), 
where /;„ is the saturation pressure of the \'apor corresponding to the dry- 
bulb tem|)erature and is obtainable from tlie steam tables. 

Specific fnnnidPif. 'I'he specific humidity is t>;i\-en by Jvj. (10 -11 ). 

Specific rohnne and dez/.s-d// of air in ynixtare. 'I'he specific \'()lume and 
density of the air in the rni.xture are obtained b\' api)lyinf>; Dalton’s law 
and the e(jUation ot state of an ideal jias as follows: 




h\,T, 


Co = 


(10 43) 


and 


Po = 


Rn'l\ 


(10 44) 


Specific volnnie and denHitp of vapor. 'I'he specific \'olume and density 
of the \'apor are found fi'om I'Aj, (U) 37) as 


Cr = 


(10 45) 


and 


P, = (Xip,,. 


(10 -4(i) 


Specific rohnne and d( nsihj of mixture, 'i'he specific \'olume and density 
of the mixture are 

Pm = Po + pv = Pa + (^Pa = P</( 1 + ) 


(10-47) 
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and 


— 


Vo 


1 “f“ CO 


(10-48) 


Enthalpy. The enthalpy of the mixture is equal to the sum of the 
enthalpy of one pound-mass of dry air and the enthalpy of the accom¬ 
panying vapor, each taken at the dry-bulb temperature, or 

h = h„ + cu/i,, (10-49) 

where ha = 0.247’^ and h„ is obtained from the steam tables. The enthalpy 
of the vapor may be taken from the saturation-temperature table of the 
steam tables, since it is very nearly independent of the pressure at the low 
vapor pressures encountered in the atmosphere. \\'hen high temperatures 
are encountered, as in some drying processes, the effect of the vapor pressure 
must be taken into account. This may be done by assuming the constant- 
pressure specific heat capacity of superheated vapor to be 0.44 Btu/lbm °r. 


bx.AMPLK. Atino.spheric air at 14.7 II) in- lias a (Irv-bulh teinpcrature of 

no F, an,l a wet-bnll. teinpcrature of S0°F. Compute (a) the vapor pressure 

(b) tlio relative liuinulity. (e) the specific humidity, (d) the density of the 

dry air in the mixture, (e) the density of the vapor in the mixture, and (f) the 
enthalpy of the inixtme. 

Solution, (a) From the steam tables, we find that the saturation jiressure 
at a wet-bulb temperature of S0°F is ()..a0()9 lb ini Then, from Hi,. (10-42) 
we set for the vapor pressure 

/),. = ()..70(i9 lb in-’ - <14.7 - ()..50fin) 11, in^(90-S0)°F 

2S()() - 1..3 X K0®F 


= 0.454 


o 

) iir. 


(i)) The saturation pressure at a diy-hull) temperature of 90°F which is 

tl.e temperature of tl,e mixture, is O.dOS Ih in^ Then, from the definition of 
relative humidity, we j^et 


<P = 


P, 


0.454 11) in- 

— = 0.65. 


Pa 0.698 11), in- 


(O A.ssuininK that the vapor and the air in the mixture are ideal gases the 
s|)ecific humidity is obtained from F(|. (10-41). ’ 


CiJ = 0.622 


0.454 11) in2 


(14.7 - 0.454) lb/in2 
= 0.02 Ibm (vapor) Ibm (dry air), 
(d) The density of the dry air is, from I-ap (10-44). 

(14.7 — 0.454) Ib.dn- X 144in2/ft‘^ 


p.) = 


53.35 ft lb lbm-°R x 550°H 


= 0.07 Ibm ft’’. 
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(e) Tlie density of the vapor is 


p.. = 0.02 X 0 07 

lhn\ (diy air) ft^ 

= 0.0014 0 ^^ ) ■ 

ft' 

(f) Tlie enthaljyv of the vapor, /(„, at the drv-bulb temperature of 90°F 

IS fountl from the steam tables to be 1100.9 Btu/lbm. The specific heat capacity 

of the air at the dry-bulb temperature is 0.24 Rtu Ibm-°F. Then the enthalpy 
of the mixture, from Kq. (10-49), is 


// = 0.24 


Btu 


^ Ibm (vanor) 

- -— : , X 90 F 4- 0.02-?-1 X 1100.9 -_ 

Ibm (air)' I IPni (air) Ibm (vapor) 


= 43.0 Btu Ibm (air). 


10 13 Psychrometric charts. A 1111011 ) 01 ’ of difloroiit psvchromotric 
cdiarts are available. Clonerally speaking*', a psychrometric* chart is a graph¬ 
ical plot with specific humidity and vapor pressure as ordinates and dry- 
bulb temperature as aliscissa. The specific lolurne of the mi.xture, the 
wet-bulb temperature, the relative humidity, and the enthalpy of the mix¬ 
ture appear as parameters. An^' two of these properties, including the wet- 
bulb temperature, fix the condition of thc^ mi,\tur(\ It is important to note 
that a psychrometric chart is plotted tor one barometric pressure, usually 
14./ lb in^, and is based on one pound-mass of diy air and the cjuantity of 
v^apor which accompanies it. In this way, a constant reference mass is 
provided, since the composition of dry air is constant, whereas the com¬ 
position of the mixture is variable. If the barometric pressure does not 
differ too greatly from that of the chart, the data may be used with little 


C 


0/ 







Fig. 10-9. Principal comjionents of psychrometric chart 
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sacrifice of accuracy. Otherwise, properties which are seriously affected 

by pressure must be calculated by the methods given in the preceding 
section. ^ 

A complete psychrometric chart will be found in the Appendix (C^hart 
). iguie 10-9 presents a skeleton form of a typical psychrometric 

chart to aid in identifying the ^-arious coordinates and parameters on the 
actual chart. 


10-14 Air conditioning processes. A few of the simpler tiiermodvnamie 

processes encountered in air conditioning are presented here to emphasize 

the importance and application of many of tlie principles presented in the 

pieceding sections. Air conditioning embraces many other functions 

such as air sanitation, besides the regulation of the temperature and 

midity of air, but only the thermodynamic processes fall within the 

scope of this book. For detailed information and design techniciues a 

specia ized textbook on the subject of air conditioning should be consulted 

All air conditioning processes are stead 3 '-fiow processes and are most 

conveniently expressed in terms of the flow of a unit mass of dry air 

\\ork effects are usually negligible. The energy equation, neglecting 

po ential energy and kinetic energy changes and work, may be uStei as 
follows for a flow of unit mass of dry air: 

o, = ''"2 + “2/n.2 + Wf2hn + q (10-50) 

hi + Wfihfi = /i2 + Wf2h/2 + (j, (10-51) 

where the subscripts 1 and 2 refer to the entrance and exit conditions 
le symbol ,s the mass of liquid water per unit mass of dry air which 

the^imi r h, is the saturation enthalpy of 

in the m temperature. Usually the diffeSice 

the mass of liquid water entering and leaving the svstpm i*« iU 

evaporated, so that ^ is the amount 

^2 - oji = m/i - m/2. (10-52) 

in a^^l^aZeTIncfthe adiabatically 
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or leaves the chamber except that which accompanies the air. Under these 
conditions the energy equation is written 


^a\{ha\ + OiiKx) + ma2{ha2 + = rilasihaZ + . 

But trial + Wa 2 = ^a 3 ^^d TRaiCOj + ma 2^2 — ^a 3^3 for Steady floW. 
Eliminating rua^, the last equation is written 


^al ^3 “ ^2 
Wfl2 — ^3 

Similarly, it can he shown that 

_ (ha3 + ^3^r3) ~ (^ri2 + 0^2hv2) 
mn2 (^rti ^ihvi) (^«3 “h ^ 3 ^ 1 - 3 ) 


and therefore 



^3 

~ ^2 

0^3 

— 0)2 

W„2 

“ ih 

- ^'3 

0)1 

— W 3 



(10-53) 


Three possible conditions can be found to exist when E(|. (10-53) is solved, 
i.e., 03 < 1 , 03 = 1 , or 03 > 1 . The last condition means that some of 
the vapor has condensed and the actual state is 03 = 1 , or that of saturated 
air at a wet-bulb temperature eriual to the dry-bulb temperature of the 
mixed stream. 

The adiabatic mixing process may be shown graphically on the psychro- 
metric chart, as shown in Fig. 10-11. A straight line joins the points repre¬ 
senting the states of the two original streams, since w and h are linear on 
the chart. The final state is found by dividing the line 1-2 into segments 
proportional to the relative masses of dry air before mixing takes place. 
Figure 10-12 shows the solutions when 03 = 1 and 03 > 1 . 

Humidification processes. A humidification process simply means that 
the specific humidity of the air is increased. Humidification does not 
necessarily imply an increase in relative humidity, since it is possible to 
increase the specific humidity and actually decrease the relativ^e humidity. 



Fig. 10-11. 


(ijaphical solution of adiabatic 


mixing j>roce.ss. 
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Apparent condition, 
<ki > \ \ 

(foKKed air) 3^ 


' Actual 
condition. 
= 1 


l7’,.;iand/^r^^\^ 

-7’,/ = 7V = 7V 



<^2 


7’,/. 


(a) 


r 

7 ,r.i = 
( 1 )) 


r.n 

7' 'r 

^ 7,3 = /,/x, 


Iwo types of humidifieation processes ivill be considered, i.e., Iiiimidtiica- 
lion With cooling of the air and humidificalion with heating of the air. 

e first process can be achieved by adiabatic evaporative cooling as 
shown in Fig. 10-13. A large (,uantity of water is constantly circulated 
rough a spray t-hamber. The air and vapor mi.xture is passed through 
the spiay and, in doing so, evaporates some of the circulating water The 
air may leave m a saturated state or at some particular specific humidity 
depending on the controls employed. In any event, the increase in specific 

mass of di^ air passed through the chamber. No heat transfer takL place 
letween the chamber and the surroundings. Therefore the energy required 
for evaporation is supplied by the air and, as a result, the dry bulb tem- 

ength of time, the circulating water approaches the thermodynamic wet- 
bulb temperature which, it will be recalled, differs slightly from the ordinary 

Lted L Fi, ?; a 7 as indi- 


= r„, 


T 

J It 


T,t2 


Imc;. 10 13. Adiabatic* evaporativ 


e ooolinK (humidification) 
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Fig. 10-14. 
heatinjr. 


T,r2 

Iluniidififation with 



t fi] - hn 

Fig. 10-15. Dehumidification hy 
cooling hoiow dew point. 


the fact that the temperature of the (droulating water may differ from the 
equilibrium or wet-bulb temperature has a negligible effect. 

A common process for humidification and heating occurs in a conven¬ 
tional warm-air furnace provided with a humidifier which may be a spray 
type, but more usually is simply an open pan of water. After the air has 
been heated by passing o\'ei‘ the hot surfaces of the fui’nace, it passes 
through the humidifier. The process is illustrated in Fig. 10-14. Note 
that the specific humidity has increased and the relative humidity has 
decreased. Tt it is assumed that h/\ = h/o^ Kq. (10-51) may be written 
as 


112 — “h (^2 — o^i)h/ — /y 


(10-54) 


since w/i — w /2 = 0)2 — ^\- 

Dchnmidijicaiion. Although water \'apoi’ may be remo\ed from air 
by chemical and physical means, only the process of cooling below the dew 
point is considered here. This process is particularly interesting because 
it also involves simple cooling and simple heating of the air and vapor 
mixture. The dehuniidification process is shown in Fig. 10-15. A mixture 
of air and water vapor at state 1 is cooled at constant specdfic humidity 
(over cooling coils) to the dew-point temperature at 1^ C’ontinued cooling 
causes some of the vapor to condense until some desired dew-point tem¬ 
perature at 2 ' (or some specific humidity 0 ) 2 ) is reached. The condensed 
vapor is then removed from the mixture. From 2' to 2 the remaining air 
and vapor mixture is heated at constant specific humidity to the original 

temperature by means of heating coils. If desired, the final dry- 
bulb temperature may be different from the original one. 

F'or this process, noting that w/x = 0 and 10 / 2 ' = oji — 0 ) 2 , Ecp (10-51) 
may be written as 

hx — ho — (^1 — ^2)hf2*’ 

It should be noted that q is the net heat transfer in the process from 1 to 2. 
Of greater significance is the heat transferred from the system in the cooling 
process from 1 to 2^ and the heat transferred back into the system from 
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2 to 2. Accordingly, the preceding eijuation may he written in two steps 
to give the heat transferred for cooling and heating individually: 


and 


7i-2' hi /( 2 ' — (coi — o) 2 )hf 2 ' (cooling), 


72 - 2 ' = h-y -- 


2 ' 


(heating). 


(10-55) 

(10-50) 


U’arrn 

water 


Coolimj lower. We have already seen that evaporative cooling can be 

used to humidity and cool air. It was noted earlier that the circulating 

water can be cooled only to the wet-bulb temperature as a limit The 

cooling tower utilizes the phenomenon of evaporati^•e cooling to cool warm 

Nvatei below the dry-bulb temperature of tlie air. However, the water 

never reaches the wet-bulb temperature, .since an excessively large cooling 

tower won d be required. Also, since warm water is continuously intro 

diced to the tower, the eiiuihbrium conditions obtained in the previously 

desciibed evaporative cooling proce.ss are not achieced, and the dry-bulb 

temperature of the air is increased. Hence, while the water is cooled the 
air IS heated and humidified. 

figure lO-K) shows a schematic 
arrangement of the cooling tower. 

'I'hc warm water is introduced at the 
top of the tower and is sprayed flown 
o\-er baffles which assist in pre.senting 
a largo surface for e\-aporation by 
keeping the water in small droplets 
or thin sheets. Atmospheric air circu¬ 
lates up through the water and lea\-es 
at the top very nearly saturated. 

1 he energy eiiuation written in the 
form of Kf,. {10-.5()) i.s more useful for 
■solving cooling-tower problems, since 
most psychrometric charts do not 

present a sufficient range of properties I'm. 10-16. Schematic arrange- 

and It may be neee.s.sary to compute of cooling tower. 


(’ool 
water 



and 


hn.-i + -I- wMjl = h„„ + + Wnhfo, 


(10-57) 


^/1 Wj2 = W.4 - 


I ' _ 

example, a cooling tower cool*? ‘^nn nno i\ » 

Air enters the cooling tower with a d 

a wet-bulb temperature of 00°F and le-ivo ' temperature of 70"F and 

iHilh temperature of 1 ,0°F Deten i 'e tl e " ‘‘h a drv- 

-d the rate at which water l e'p'ilr'"" 
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Solution. Refer to Fig. 10-16. Assuming a standard atmospheric pressure 
of 14.7 Ih/in^, the vapor pressure of the air entering the tower is 


PvA = 


0.2563 ^ - 
in^ 


(14.7 - 0.2563) (70 - 60)°F 

in^ 

2^0 - 1.3 (60°F) 


= 0.2032 lb/in2. 


Since the air leaving the cooling tower is saturated, the vapor pressure is ob 
tained directly from the steam tables for a dry-bulb temperature of 110°F, 


p,B = 1.2748 Ib/inl 


The specific humidity of the entering air is 


oj.i = 0.622 X 


0.2032 lb/in2 


(14.7 - 0.2032) lb/in2 


= 0.0087 


Ibm (vapor) 
Ibm (dry air) 


and for the leaving air, it is 


o)/? = 0.622 X 


1.2748 lb /in2 


(14.7 - 1.2748) lb/in2 


= 0.059 


Ibm (vapor) 
Ibm (dry air) 


The enthalpy of the vapor in the entering air is, from the steam tables, 


/l .i = 1092.3 Btu/lbm, 


and for the leaving air it is 


h, n — 1109.5 Btu dbm. 


The enthalpies of the water entering and leaving the tower are, from the steam 
tables, 

— 87.92 Btu/lbm, 
h /2 = 48.02 Btu/lbm. 

From the energy balance, the mass of water per unit mass of dry air is 

__ _ , Ibm (water) 

w/i — w/2 = oj/i “ oiA = (0.0o9 — 0.008/) 


Ibm (dry air) 


= 0.0503 Ibm (water)/Ibm (dry air), 

Btii Ibm (drv air) Ibm (vapoi’) 

0.24- ^ -(110 - 70)'’F -b 0.0087 ^ • -- X 1092.3 


Ibm (dry air)*°F 


4- iv/i 


Ibm (vapor) 
Ibm (water) 


Btu 


Ibm (dry air) 


X 87.92 


Btu 


Ibm (water) 


= 0.0.59 X 1109.5 


Ibm (dry air) 


Ibm (vapor) 


Ibm (water) ^ -q 

-b (Wfi - 0.0503) -- X 48.02 


Ibm (dry air) 


Ibm (water) 


= 1.1 Ibm (water)/lbm (rlry air). 
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The mass flow of air (including vapor) entering the tower is 


Mass flow of air = 


300,000 Ibm (water)/hr 
l.l Ibm (water)/lbm (dry air) 

-|- 0 0087 (vapor) ^ 300,000 Ibm (water)/hr 


Ibm (dry air) 1.1 Ibm (water)/lbm (dry air) 
= 275,000 Ibrn (atmosphere)/hr. 

The rate of water evaporation is 

Water evaporated = 0.0503 X 


Ibm (dry air) l.l Ibm (water) Ibm (dry air) 

= 13,700 Ibm (water) -hr. 

10-16 Nonequilibrium states. The state of a system is completely 
specified by its properties. If we select the properties p, r, and T then 
a p-v-T surface such as that shown in Fig. 2-7 contains all points defin¬ 
ing states of the system, provided the system is in equilibrium. However, 
it is possible to conceive of a point whose coordinates p, v, and T do not 
place it on this surface. In such an event, the system is said to be in a 
nonequilibrium or melastable state. For example, when superheated steam 
IS expanded in a nozzle the temperature and pressure of the steam de¬ 
creases until at some point in the expansion a saturated-vapor state is 
reached. Beyond that point, further expansion is normally accompanied 
by progressive condensation of the steam, the initial condensation taking 
place instantaneously on passing into the two-phase region. However, 
there is ample experimental evidence that the incipience of condensation 
IS delayed with the nonequilibrium retention of water in the vapor phase, 
a state which commonly is said to be supersaturated. A similar occurrence 
IS observed if saturated liquid water is expanded rapidly, and is mani¬ 
fested by the nonequilibrium retention of water in the liquid phase. 

Classical thermodynamics is limited to equilibrium states and is in¬ 
capable of predicting rates. To make an adequate analysis of nonequi¬ 
librium states requires the aid of statistical mechanics and is beyond the 
scope of this book. The justification for the inclusion of the described 
nonequilibrium states lies in their importance in some phases of engineer¬ 
ing and also for their value in emphasizing some of the limitations of 
thermodynamics. We shall confine the discussion here to a general de¬ 
scription of the supersaturated state and a few quantitative relationships 
uunng leisurely expansion of a vapor, condensation begins when the 

It' r. i«e™ofe»ular .ttrac! 

These minute to nuclei they form minute droplets. 

free JuZf f condensation nuclei and present a 

> urface for the condensation of other molecules. In this way, the 
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condensation process progresses. It is clear that time must elapse before 
the process is completed, although the period of time may be extremely 
short. When the expansion of a vapor is extremely rapid, its temperature 
drops much more rapidly than the speed at which condensation nuclei 
can be formed, and a correspondingly higher vapor pressure is required 
to initiate condensation. In the absence of foreign nuclei such as dust 
particles, and of condensation nuclei, initial condensation must depend 
on the accidental formation of the molecules of vapor into discrete drop¬ 
lets of critical size, i.e., drops of such size that they can remain stable at 
the actual vapor pressure. Because the saturation temperature for water 
in very small drops is lower than steam table values, the drops can be 
stable at temperatures much lower than steam table temperatures for 
given vapor pressures. It is statistically improbable that droplets of 
critical size can be formed before the temperature of the supersaturated 
vapor has dropped below that required for phase equilibrium at the actual 
vapor pressure. (Hence a supersaturated vapor is sometimes said to be 
subcooled.) At this point, the actual vapor pressure is higher than the 
saturation vapor pressure corresponding to the actual temperature. In 
these circumstances, the molecules of vapor possess insufficient kinetic 
energy to resist molecular attractions and condensation occurs suddenly 
with shock. 

These condensation shocks are not shock waves in the sense used in 
Chapter 8, but may be characterized as irreversible processes accompanied 
by a sharp increase in entropy. They represent a flow discontinuity which 
cannot be solved by the equilibrium methods of thermodynamics. Ther¬ 
modynamics can only predict the direction in which eciuilibrium is attained. 

Since thermodynamics cannot enable us to establish the properties 
which will define a nonecjuilibrium state, the question now arises as to 
how such states can be handled. We may regard the nonequilibrium state 
as being merely an extension of the vapor, or liquid, phase beyond the 
range of stability. This permits the extrapolation of the properties of the 
stable phase. For example, if 

py” — constant 

describes the expansion path of a vapor, then the same eciuation with the 
same values of the exponent and constant are retained in the aonequilib- 
rium state. After condensation has occurred, equilibrium is re-established 
and the usual equilibrium relationships are employed. 

PROBLEMS 

10-1. One ft^ of nitrogen and 2 ft^ of hydrogen which are at 60°F and 14.7 
Ib/in^ are thoroughly mixed. The mixture is at 60°F and 14.7 Ib/in^. Find 
(a) the partial pressures of the gases in the mixture, (b) the volume of the 
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mixture and the partial volumes of the constituents in the mixture, (c) the 
mole fractions of the constituents, and (d) the specific heats and apparent 
gas constant of the mixture. 

10-2. A gaseous mixture consists of 2 Ibm of oxygen and 5 Ibm of nitrogen 
at 70°F and 60 Ib/in^ total pressure. Find (a) the apparent molecular weight 
of the mixture, (b) the mole fraction of each constituent, (c) the apparent 
gas constant, volume, and density of the mixture, (d) the partial pressures 
and partial volumes of the constituents, and (e) the mass analysis, molal analy¬ 
sis, and volumetric analysis. 

10-3. Find the molal specific heat capacities at constant volume and constant 
pressure for the gas mixtures of problems 10-1 and 10-2. 

10-4. (a) If the gas mixtures of problems 10-1 and 10-2 are cooled at constant 
pressure to 40°F, find the change in internal energy, enthalpy, and entropy of 

a mass of 1 Ibm. (b) Calculate the change in molal internal energy, molal 
enthalpy, and molal entropy. 

10-5. Solve problem 10-4 for a constant-volume process. 

10-6. Two insulated containers are connected through an insulated pipe 
provided with a valve. One of the containers holds two moles of nitrogen at 
50 Ib/in^ and 80°F. Three moles of hydrogen are in the other container at 
6 Ib/in^ and 130°F. The valve is opened and sufficient time is permitted to 
elapse for equilibrium to be attained, (a) Calculate the temperature and 
total pressure of the equilibrium mixture, (b) What is the change of entropy 
of each constituent and of the mixture? 

10-7. An equilibrium mixture of helium and nitrogen occupies a total volume 

of 150 ft^ at 100 ib/ in2. The mole fraction of the helium is 0.2. The temperature 

of the helium in the mixture is 90°F. (a) What are the partial pressures of the 

constituents? (b) If the partial pressure of the helium is 40 Ib/in^, what is the 
temperature of the mixture? 

10-8. Four gases which are each at 50°F and 20 Ib/in^ are mixed isothermally 

Ihe mass of each gas is as follows: hydrogen, 5 Ibm; oxygen, 3 Ibm; helium, 

6 Ibm; nitrogen, 2 Ibm. (a) Assuming a datum state at 0°F, compute the 

internal energy, entropy, and enthalpy for a mass of 1 Ibm and 1 Ibm-mole of 

mixture, (b) Compute the specific heat capacities at constant volume and 

at constant pressure, the apparent molecular weight, and the apparent gas 

constant of the mixture, (c) Find the partial pressures and partial volumes 
of each constituent. 


essentially as follows: nitrogen 75.58% 
oxygen 23.08% argon 1.28% by mass. Traces of other gases may be neglected 

»' ‘i- 

2.5 ft^ Whflt ;c. * * 1 6 ^ A-*./ lu/in . me mixture occupies 

It . \\ hat IS the total pressure of the mixture? 

10-11 A rigid insulated container is divided into two compartments of 
equal volume by an imnermeahlp + ^compartments ot 

by oxygen at the sn I . ' “ompartments are occupied 

elapse so that a homogeneous mixture is obtained, (a) Find for the 



334 


SINGLE-PHASE AND TWO-PHASE MIXTURES 


[chap. 10 


mixture the change in molal internal energy, molal enthalpy, and molal entropy, 
(b) What is the change in each of these properties on the basis of 1 Ibm? 

10-12. The atmosphere on a particular rainy day is saturated at a dry- 
bulb temperature of 80°F. The barometer reads 29.5 in. Hg. Compute (a) 
the partial pressure of the water vapor, (b) the partial pressure of the dry air 
in the atmosphere, (c) the dew-point and the wet-bulb temperatures, (d) the 
specific humidity, (e) the specific volume of the air-vapor mixture. Make 
calculations on the basis of 1 Ibm of dry air and the accompanying vapor. 

10-13. Solve problem 10-12 if the relative humidity is 65%, all other condi¬ 
tions remaining the same. 

10-14. Compare the results obtained for problems 10-12 and 10-13 with 
those obtained by use of the psychrometric chart. 

10-15. The air in a room has a dry-bulb temperature of 70°F and the ba¬ 
rometer reads 29.6 in. Hg. One wall is found to have a mean surface temperature 
of 50°F. What is the highest relative humidity at which condensation on the 
wall can be avoided? 

10-16. Saturated air at 14.7 Ib/in^ and 80°F is cooled at constant volume 
to 40°F. (a) What is the state of the air after cooling? (b) How much heat 
has been transferred from the air. (c) How much moisture has been removed 
in the process? 

10-17. An air-water vapor mixture at 65°F dry-bulb temperature, 14.7 
Ib/in^, and 70% relative humidity, enters a spray chamber at the rate of 1000 
ft^/min. The mixture leaves the chamber in a saturated state at 60°F and the 
pressure during the process is constant. The spray water is continously re¬ 
circulated and make-up water is supplied at 80°F. Calculate (a) the heat 
removed to maintain a constant spray-water temperature, and (b) the rate of 
make-up. 

10-18. Suppose that the spray water in problem 10-17 is not recirculated, 
and instead that which is not evaporated is removed from the chamber. If 
the spray water enters the chamber at 80°F and at a rate of 2 Ibm/min, per 
pound mass of dry air, at what temperature does it leave the chamber? 

10-19. Two streams of air are mixed adiabatically at 14.7 Ib/in^ and it is 
required to find the dry-bulb temperature, wet-bulb temperature, specific 
humidity, relative humidity, and density of the mixed stream. One stream 
flows at the rate of 200 ft^/min at 70°F and 60% relative humidity. The second 
stream flows at the rate of 1500 ft^/min at 80®F and 70% relative humidity. 

10-20. Compute the enthalpy, internal energy, and entropy of the mixed 
stream of problem 10-19 from the corresponding properties of the two separate 
streams. 

10-21. Atmospheric air at 14.7 Ib/in^ and 70°F undergoes an adiabatic 
saturation process at the end of which the air is at a dry-bulb temperature of 
55°F. Find the wet-bulb temperature, density, specific humidity, and relative 
humidity of the air before the adiabatic saturation process takes place. 

10-22. Atmospheric air at 85°F and 80% relative humidity flows at a rate 
of 30,000 ft^/min over cooling coils. Condensed vapor is removed at 45 F. 
The remaining air-vapor mixture flows over heating coils until a dry-bulb tem¬ 
perature of 70°F and a relative humidity of 60% are reached. Compute (a) the 
rate of condensation of water vapor, (b) the net heat transfer for the process, 
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(c) tne individual heat transfers for the cooling and heating processes. The 
barometric pressure is 14.7 Ib/in^. 

10-23. A mixture of air and water vapor at 14.7 Ib/in^ 60°F, and 65% 
relative humidity is compressed isothermally to 35 Ib/in^. If the mixture 
includes 1 Ibm of dry air, find (a) the mass of vapor condensed, (b) the relative 
and specific humidities at the end of the process, (c) the work done and the 
heat transferred. 

10-24. Suppose dry air at GO'^F and 14.7 Ib/in^ is substituted for the air and 
vapor mixture in problem 10-23. Compute the work done and the heat trans¬ 
ferred and compare with the results obtained in part (c) of problem 10-23. 

10-25. Substitute an isentropic process for the isothermal process in problem 
10-23 and (a) find the temperature of the mixture after compression, (b) 
Find the change of entropy of the dry air and of the vapor in the mixture. 

10-26. A cooling tower operates under the following conditions: 


Temperature of water entering 

150°F 

Temperature of water leaving 

115^F 

Temperature of air entering 

70°F 

Temperature of air leaving 

105'’F 

Relative humidity of air entering 

65% 

Relative humidity of air leaving 

95% 

Barometer 

30 in. Hg. 


Find the quantity of air entering the tower if 10,000 gal/min of water are to 
be cooled. How much make-up water must be supplied? 

10-27. Steam at 120 Ib/in^ and 500°F expands isentropically in a nozzle 

to a pressure of 30 \h/\n\ Find the velocity at the exit (a) if equilibrium exists 

between vapor and liquid in the two-phase region, and (b) if a nonequilibrium 

state exists in what would normally be the two-phase region. Calculate the 

discharge area required for conditions (a) and (b) if the mass rate of flow is 

10 Ibm/sec. Use an appropriate value of k from Fig. 8 of Keenan and Keyes’ 
Steam Tables. 

10-28. A nozzle is designed to expand 10 Ibm/sec of saturated liquid water 
at 150 Ib/in^ to a pressure of 15 Ib/in^ However, in operation it is found that 
the flow leaving the nozzle is substantially greater than that anticipated. What 
IS the probable cause? Calculate the required exit area, assuming isentropic flow. 
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VAPOR POWER CYCLES 

"ll-l Introduction. The prospect of continuously converting heat into 
work has intrigued man since ancient times. To the successful achieve¬ 
ment of this conversion, so important to the evolution of our modern 
civilization, is due the credit for some of the most significant contributions 
to the science of thermodynamics. The power cycle, which is the instru¬ 
ment for the continuous conversion of heat into work, presents an illumi¬ 
nating application of the first and second laws that is always exacting and 
often can be very subtle. 

This chapter is devoted to a thermodynamic analysis of power cycles 
in which the working substance undergoes a change of phase. Specifically, 
steam and, to some extent, mercury are used as the working substances 
for the purpose of discussion, but the general principles are applicable to 
all other similar substances. Power cycles which use a gas as the working 
substance will be examined in Chapter 12. 

Abridged tables of the thermodynamic properties of steam and mer¬ 
cury, with instructions for their use, are included in the appendix. The 
reader should be familiar with this material before proceeding with the 
work of the present chapter. 

y 

^ 11-2 The need for a power cycle. It follows from the first law that if a 
system undergoes a process in which the sole effect is the conversion of 
heat into work, or vice versa, there can be no net change in the internal 
energy of the system. But internal energy is only one property of a sys¬ 
tem, and two independent properties are required to define its state. 
Hence, even though the internal energy of the system remains constant 
during a process in which heat and work are mutually convertible, the 
end states of such a system may be quite different. Therefore the system 
must eventually reach equilibrium with its surroundings and no further 
conversion of heat into work, or vice versa, can take place. For example, 
consider a system consisting of an ideal gas which undergoes an isothermal 
expansion. Since there is no temperature change, the internal energy of 
the gas remains constant. Work is done by heat flowing to the gas from 
the surroundings and the sole conversion of heat into work takes place. 
However, the pressure of the gas decreases and its volume increases. 
Therefore, a change of state has occurred. The limit for the expansion 
process is reached when the pressure of the gas is equal to that of the 
surroundings. When this limit is reached the process ends. The only 
way in which heat can be continuously converted into work is to return 
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the system to its original state periodically. An alternative, but imprac¬ 
tical, solution would be to replace the system periodically. Clearly, if 
heat is to be continuously converted into work we need a process which 
will return the system to its initial state. Such a process is readily found 
for the continuous conversion of work into heat. For example, electrical 
energy may be continuously converted into heat by means of a resistor 
submerged in a large reservoir of water. If the reservoir is sufficiently 
large the thermodynamic properties of the system, i.e., the resistor, are 

unchanged. A similar process for the continuous conversion of heat into 
work is not available. 


Although a single process for the continuous conversion of heat into 
work appears to be elusive, it will be recalled that the definition of a ther¬ 
modynamic cycle requires the system to be returned to its initial state 
periodically. We know from our study of the Carnot cycle and the sec¬ 
ond law that heat must always be rejected from a system which experi¬ 
ences a cyclic process. We can never hope to convert into work all the 
heat added in a cycle. However, from the first law it is evident that the 
rate of the resultant heat transfer into the system is alwaj's equal to the 
resultant work done by the system. Since the rate of producing work is 
called power, a cycle which provides for the continuous conversion of heat 
into work is known as a power cycle. The engine or device which provides 

for the working substance to undergo a cyclic process in the conversion of 
heat into work is known as a heat engine. 

It is essential for clarity and convenience that a few definitions be 

introduced at this point. The system is defined as the working substance 

which undergoes the cyclic process. The resultant heat transfer into the 

system is the heat added less the heat rejected or, considering all Q’s to 

be positive, Q 2 - Qi (see Fig. 11-1). Similarly, the resultant work done 
by the system, commonly called the 

net work, is the work done by the 
system less any work done on the sys¬ 
tem. Then from the first law and 
the definition of a cycle, we have 



Q2 - Qi = 


. 1- Continuous conversion 

Ul-l) of heat into work by means of a cycle. 


The ratio of the heat added to the 
of the heat engine, or 


net work is called the thermal efficiency 


= 




Q2 


Q2 


( 11 - 2 ) 
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is recjuired is a strict accounting of energy. To obtain a more meaningful 
appraisal of a power cycle, we need to do more than merely account for 
energy. Equally significant is the search for lost opportunities to convert 
heat into work as manifested by irreversibilities within the system and in 
its interaction with other systems. To evaluate the irreversibilities, and 
indeed to recognize the simple fact that Qi is always greater than zero, 
the second law must be introduced. 

Cll-3 The heat source and heat sink. The second law recjuires that a 
heat engine operate between a high-temperature source and a low-temper¬ 
ature sink. The source supplies the heat added to the engine, while the 
sink receives the heat rejected from the engine. The temperature levels 
reached in the heat engine lie between the limits imposed by the tempera¬ 
tures of the source and sink (see Fig. 11-2). Also, the source and sink 
must be capable of supplying and absorbing heat, respectively, without 
temperature change. Otherwise they would e\'entually reach ecjuilibrium 
and no further heat transfer could take place. In effect, the source and 
sink have an infinite heat capacity. 

No truly infinite source or sink exists, but nature provides a good 
approximation to an infinite heat sink in the form of oceans, rivers, and 
the atmosphere. Nature has not been as generous in providing an approxi¬ 
mation to an infinite source which is both accessible and is at a temperature 
sufficiently higher than that of any of the natural sinks as to permit eco¬ 
nomical and practical exploitation. C'onsecpiently, it is necessary to rely 
on a finite source in the form of a continuous exothermic chemical reac¬ 
tion, such as the combustion of fuels, or of nuclear reaction. The thermo¬ 
dynamics of chemical reactions will be studied in Chapter 14. Here we 
shall consider the combustion of fuels merely as a heat source. 

Since the source must be maintained by some continuous reaction 
which releases energy, it is of paramount importance that, as nearly as 



Fig. 11-2. Relationship of system to source and sink. 
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possible, all the energy released appear as heat added in the cycle. The 
owner of a power plant pays, in effect, for the chemical energy of the fuel 
and is interested in converting as much of this energy as possible into 
useful work, which is the commodity he sells. An analysis of the cycle 
may explain the losses between the heat added in the heat engine and the 
net work done by the engine, but only an analysis of the source and cycle 
together can adequately explain the losses attendant on the over-all con- 
\'ersion of the chemical energy of the fuel into work. 

When a fuel is burned completely in a suitable quantity of air, maxi¬ 
mum flame temperatures of the order of 3500°F may be reached. From 
the standpoint of the performance of the heat engine, it is desirable that 
all the heat be added to the working substance at this temperature. Fn- 
fortunately, the working substance in a \'apor cycle must be conducted 
through steel pipes which, because of metallurgical considerations, impose 
at present a maximum of about 1150°F on the highest temperature reached 
in the cycle. As a result of the large temperature difference between the 
source and the working substance of the heat engine, the heat addition 
process is necessarily highly irreversible. Furthermore, if all the heat 
were to be added isothermally at a temperature of 1150°F a considerable 


amount of the energy released in burning the fuel could not be recovered, 

since the products of combustion would have to be rejected from the 

furnace and boiler at this high temperature. Some recovery can be made, 

as far as the source is concerned, by preheating, by means of counterflow 

heat exchange between the combustion air and the products of combustion 

leaving the boiler. Theoretically, the combustion products could be cooled 

to the ambient air temperature, but practical considerations make 300°F 
about the limit. 


From the preceding discussion of the source and cycle it is seen that 
an analysis of the power cycle can be very misleading if losses in the finite 
source, the irreversibilities in the source (combustion is irreversible), and 
the irreversibilities incurred in the transfer of heat from the source to the 
working substance of the cycle are not considered. 


■ 

11-4 The vapor heat engine and its processes. In both the steam 
engine and the turbine, the working substance, water, goes through essen¬ 
tially the .same seiiuence of states. The boiler, in the schematic diagram 
of Fig. 11-3, receives heat from a source (a furnace), and in it saturated 
iquid water is converted to saturated steam at a temperature determined 
by the pressure m this part of the system. A superheater may or may not 
be included. If one is provided, the saturated steam is led from the boiler 
to the superheater, where it receives more heat from the source and its 
temperature increases. A maximum temperature of 1150°F is imposed 
on the steam leaving the boiler, or superheater if one is used The super¬ 
heater IS directly connected to the boiler. The pressure of the .superheated 
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Fig. 11-3. Schematic diagram of a vapor heat engine. 


vapor is the same as the vaporization pressure during the superheating 
process. The flow paths of the working substance and of the gaseous 
products of combustion are arranged to approximate counterflow heat 
transfer. The superheater is exposed, of course, to the products of com¬ 
bustion where their temperature is highest. 

The superheated steam (or saturated steam if there is no superheater) 
then flows to a steam engine or turbine, where it delivers mechanical work 
and at the same time undergoes a decrease in temperature and pressure. 
A portion of the steam is usually condensed in this part of the cycle. The 
resulting mixture of saturated liquid and vapor then flows to the condenser, 
where the remaining vapor is liquefied and the heat of condensation is 
given up to a sink, which may be the atmosphere, or cooling water from a 
river or the ocean. The pressure in this part of the system is determined 
by the temperature of the sink. That is, the pressure is at least as great 
as the vapor pressure of water at the temperature of the sink. The con¬ 
densed liquid is finally forced into the boiler at the desired boiler pressure 
by the pump. This completes the cycle. 

The reciprocating steam engine and the turbine differ only in the means 
by which energy is abstracted from the flowing steam and converted into 
mechanical work. In the former, a mass of steam in a cylinder expands 
against a piston. In the latter, the steam flows through stationary nozzles 
at a steady rate, acquiring kinetic energy in the process at the expense of 
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a decrease in enthalpy, as explained in Chapter 8. The rapidly moving 
steam then impinges on the blades fixed to the turbine rotor and gives up 
its kinetic energy as work. The process is approximately adiabatic in 
both devices, but is not completely reversible and hence is not isentropic. 

Steam may expand in a turbine or reciprocating engine in one or more 
steps called stages. Figure 11-4 shows iu^an h-s diagram the expansion 
process for a single-stage turbine. The process is assumed to be adiabatic, 
and the maximum work can be obtained from a reversible adiabatic proc¬ 
ess. This simply means that the energy available for conversion, within 

the meaning of the second law, is all converted into work. The final 

% 

state is defined by the entropy of the steam entering the turbine and the 


exhaust pressure. The exhaust pres¬ 
sure is fixed by the pressure of the 
atmosphere, the condenser, or the 
pressure in the region into which the 
steam exhausts. If the flow is steady, 
and kinetic energy and potential 
energy differences in the end states 
are negligible, the maximum work per 
unit mass of steam and the decrease 
of availability are equal to the isen¬ 
tropic enthalpy change, or 

^max “ = ha hf,. (11—3) 



S 


Fig. 11-4. Expansion of steam in a 
turbine. 


If the kinetic energy difference between the end states is significant, which 
is not usual for a steam turbine, Eq. (11-3) may be written in terms of 
the stagnation enthalpy, or 


^niax ^Oa ^06- (11^) 

No real process is reversible, and an isentropic expansion in a turbine 
must be regarded as an ideal We know from the second law that the 
entropy must increase, but how much it increases depends on the irre¬ 
versibilities encountered in the process. However, the final state can be 
defined, since the temperature, pressure, and quality of the steam may be 
found by actual measurement. Therefore, the final state can be repre¬ 
sented by the point b' in the /i-s diagram. The actual expansion path ab' 
IS not known and its nature is immaterial, since we are expressing work 
m terms of the change of a property, enthalpy. Accordingly, the work 
done by the turbine in the irreversible adiabatic expansion from a to b' is 

^int — ha ~ hi)/. (11-5) 

This work i^s known as the internal work, since only the irreversibilities 
within the flow passages of the turbine can affect the state of the steam 
External losses incurred because of bearing friction, gears, auxiliaries, etc.. 
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can have no effect on the state of the steam. If the external losses are 
deducted from the internal work the result is the brake (a term originating 
in the use of a Prony brake) or shaft work, TPbrakc- 

We define the engine efficiency of a reciprocating steam engine or tur¬ 
bine as the ratio of the work actually done by the engine to the ideal work 
as given by Eq. (11-3). From the definition of engine efficiency we see that 
this term has the same meaning as the effectiveness of a turbine or steam 
engine. The term “engine efficiency” is introduced here only because of 
Its wide use. As an example, the internal engine efficiency 7 ,i„t for the tur¬ 
bine whose expansion is shown in Fig. 11-4 is defined as follows, assuming 

that the expansion is adiabatic and that changes in kinetic energy are 
negligible. 


llint 



Similarly, the brake engine efficiency is defined as 


( 11 - 6 ) 



W 


brnko 


ha h 


(11-7) 


If the turbine drives a generator, the over-all or combined engine efficiency 

is defined as the ratio of the work done by the generator to the ideal 
work, or 


^coinb 



( 11 - 8 ) 


The external losses may be taken into account by means of the mechanical 
efficiency rjmt which is defined as the ratio of the brake work to the internal 
work. Accordingly, the brake engine efficiency is 



(11-9) 


The engine efficiency is a measure of the performance of the turbine and 
hence is of particular interest to the turbine designer. The thermal effi¬ 
ciency is a measure of the performance of the cycles or of the cycle and its 
source and sink. As stated before, the owner of a power plant is more 
interested in the thermal efficiency. 

Most turbines have more than one stage. However, the relationships 
developed for the single-stage turbine are equally valid for any turbine 
taken as a whole. We shall consider the individual stages of a multistage 
turbine, taking the three stages in Fig. 11—5 as an example. The maximum 
work per cycle which can be developed in the turbine per unit mass of fluid 
is shown by the isentropic process ad. The pressures pb and pc are fixed, 
as a result of design considerations. The maximum work which can be 
done in the first stage is ha — hi, and the actual work is ha — hb>. The 
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enthalpy difference, hh> — hb, is made 
unavailable for conversion to work in 
the first stage because of the irreversi¬ 
bilities, although a part of it becomes 
available to do work in the second 
stage. The maximum work of the sec¬ 
ond stage is not/(& — he, hut hb' — he', 

which is greater than hb — he because 
the slope of the constant pressure lines 
increases with temperature. This fol¬ 
lows from the fact that {dh/ds)p = T 

in the vapor region.* Similarly, 
if the entire expansion is in the vapor 

region, (he'* — h^') > (he — ha) of steam in a 

Then the sum of K - h, h,. - h,.,, multistage turbine. 

and he" - hj' is greater than ha - hj. Does this mean that the ma.ximum 
work which can be done in the turbine has been increased because of the 
irreversibilities? Certainly this cannot be true, since it would contravene 
the second law. Suppose the expansion process followed the path abh'c'c'd. 
The work done then would be the difference of the enthalpies in the end 
states, or ha — hd>, and clearly ha — ha is greater than ha — hd'. A closer 
scrutiny of Fig. 11-5 reveals that the sum of the maximum work of the 
stages is greater than the maximum work of the entire turbine, since the 
energy made unavailable in each stage because of irreversibiliti^ becomes 
available in the succeeding stage. 

The locus of the end states of the stage expansion, or ab'c'd", is called 
the condilion line of the steam expansion in the turbine. The stage effi¬ 
ciency, which is actually the engine efficiency of the stage, is defined as the 
ratio of the actual work done by a stage to the ideal work of that stage. 
Now the sum of the actual work done by the stages must equal the internal 

work done by the turbine. Assuming a uniform value y, for the stage 
efficiency, we have 

^ = Vsiha ~ hb + hb' — he' + he" — hj') = — ha), 

whence 

’7int ha — hb hb' — he' + he" — hd' 

Vs h^^d -■ > 

Hence, the sum of the maximum work of the stages is greater than the 

maximum work of the turbine. Equation (11-10) is commonly called the 
reheat factor. 



* However, in the two-phase region, where a constant-pressure nrocess 
IS also isothermal, the slope is seen to be constant. ^ 
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P 


P2 


Pi 



(a) 



. ^1-6 The Carnot steam cycle. We 
shall now consider the various vapor 
power cycles. A Carnot cycle, it will 
be recalled, is a reversible cycle 
bounded by two isothermals and two 
adiabatics. The nature of the work¬ 
ing substance is immaterial. Fig¬ 
ure 11-6 (a) is a diagram, in the p-v 
plane, of a Carnot cycle operated in 
the liquid-vapor region. Starting at 
point a with saturated liquid in the 
compression cylinder of a Carnot en¬ 
gine, we carry out a reversible isother¬ 
mal expansion at the temperature T 2 
until the liquid is completely vaporized 
(point 6). During this part of the 
cycle heat Q 2 is withdrawn from a 
source at temperature T 2 . An adia¬ 
batic expansion in the expansion cyl¬ 
inder then lowers the temperature to 
Ti (point c). If the working substance 
is steam, this adiabatic expansion car¬ 
ries it back into the licpiid-vapor re¬ 
gion. In other words, some of the 
saturated vapor condenses. (Not all 
substances behave in this way. For 
some, the slope of the adiabatic is less 
than that of the saturation line and the 
point corresponding to c lies in the 
vapor region.) An isothermal com¬ 
pression is now carried out at the tem¬ 
perature Ti to the state represented 
by point d, and heat Qi is rejected to a 
sink. The cycle is completed by an 
adiabatic compression, during which 
the remainder of the vapor condenses 
and the state of the system returns to 
that represented by point a. 

The same cycle is shown in a T-s diagram in Fig. 11-6 (b) and in an 
k-s, or Mollier, diagram in Fig. 11-6 (c). Since areas in a T-s diagram 
represent heat absorbed or liberated, the area abef in Fig. 11-6 (b) repre¬ 
sents the heat Q 2 absorbed in the reversible expansion at temperature T 2 , 
the area dcef the heat Qi rejected at temperature Ti and, from the first law, 
the area abed represents the net work W done in the cycle. (We are con- 


V 


(b) 



Fig. 11-6. 
p-v diagram. 


Carnot cycle 
(b) a T-s 


in (a) a 
diagram, 


(c) an h-s diagram. 
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sidering Q 2 , Qi, as all positive quantities.) The thermal efficiency of 
the cycle, therefore, is 


_ area abed Wnet 

area abef Q 2 

_ (^'2 ~ ^l)(S2 — Si) 

_ T 2 - T, 

7’2 

Consider next the same cycle, represented in the Mollier diagram in 
Fig. 11-6 (c). Reversible adiabatics (isentropics) are represented by 
vertical lines, and isotherms and isobars (which are the same in the liquid- 
vapor region) by straight lines sloping upward to the right. Since the heat 
flowing into a system in any reversible isobaric process is equal to the in¬ 
crease in the enthalpy of the system, the heat Q 2 supplied in the isothermal- 
is^obanc expansion from a to 6 is equal to - ha- The heat Qi given up in 
the isothermal compression from c to d is /i, - hj. The net work fT„et done 

in the cycle is ecjual to the difference between the magnitudes of Q 2 and Q,. 

Therefore the efficiency is 

_ If net Q 2 — Q\ 

~q7~ ’ 


^ (^f> ^ c) (ha — hd) (hb — ha) ~ (hr ~ kd) 

h-K --( 11 - 12 ) 

1 he advantage of the Mollier diagram is that heat, work, and efficiency 
can all be determined from the ordinates of points in the cycle, obviously a 
simpler procedure than measurements of area which must be made on a 
1-8 diagram. Of course, the values of h at points a, h, c, and d may be 
taken from steam tables instead of being read from a graph 

cot " pf ^Carnot steam 

Idded 11-6 (a) and 11-6 (b), it is seen that heat is 

added and rejected at constant temperature and constant pressure Since 

t^hese two processes occur entirely within the two-phase region, they may 
be approximated very closely by a boiler for the heat addition process and I 
condenser for heat rejection. A highly efficient turbine can provide a 
asonable approach to the reversible adiabatic expansion, since the steam 
s expanded rapidly and with very little friction. However a reasonable 

^T:ZssiWe HThf''^ ^ 

can b^e maintail^tt^r^^^^^^^^^^ “hlT^’ 
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Furtheimore; a bulky machine would be required. If compression is 
carried out rapidly, the process will be essentially adiabatic. However, 
each of the two phases will also be compressed adiabatically and there will 
be negligible heat transfer from vapor to liquid. Compression of the liquid 
phase is accompanied by a slight increase in temperature, while compres¬ 
sion of the vapor phase results in considerable superheating. (Compare 
values obtained from Figs. 3 and 9 of Keenan and Keyes’ Steam Tables for 
a pressure rise of, say, 1000 Ib/in^) Consequently, equilibrium between 
the phases cannot be maintained and reversibility is out of the question. 

There are other difficulties with the Carnot steam cycle. It will be 
recalled that at present metallurgical considerations place an upper limit 
of 1150°F on the highest temperature achieved in a vapor cycle. For 
optimum thermal efficiency all the heat should be added at this tempera¬ 
ture. However, the critical point of steam is at 705.4°F and 3206.2 Ib/in^. 
Then if heat is added at 1150°F a simple change of phase is no longer 
possible and isothermal heat addition can take place only at variable 
pressure, a very difficult feat to accomplish. Furthermore, if the com¬ 
pression process must take place from saturated liquid, at the tempera¬ 
ture at which heat is rejected, to 1150°F, as shown by the process da in 
Fig. 11-7, a pressure rise of the order of 100,000 Ib/in^ would be required. 
Therefore we are faced with the alternatives of keeping the temperature 
of heat addition below 705.4°F, a severe limitation on the efficiency of the 
cycle, or a fantastic compression range coupled with a difficult variable- 
pressure isothermal heat addition process. Even if we keep the tem¬ 
perature of heat addition below critical, the work of compression would 
approach, in order of magnitude, the work done in the expansion process, 
and consequently the net work done in each cycle would be very small. 

Finally, if source and system are considered together the products of 
combustion can be cooled only to the highest temperature of the cycle. 



.9 


Fig. 11-7. Carnot steam cycle with highest temperature al)ove the ciitical 
point. 
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Since a large temperature difference exists between source and system 
and counterflow heat transfer is impossible, because the source is at vari¬ 
able temperature while heat addition in the cycle is at constant tem¬ 
perature, it is clear that heat transfer from source to system is highly 
irreversible. Hence the over-all thermal efficiency of source and cycle 
would be considerably lower than indicated by an analysis of the cycle 
alone. 

The preceding discussion can lead only to the conclusion that even 
though the Carnot steam cycle appears to be very desirable from a theo¬ 
retical standpoint, it is impractical to build such an engine. The actual 
thermal efficiency of the real cycle would be poor because of the highly 
inefficient compression process and an upper temperature limit of less 
than 705.4°F, the net work developed in one cycle would be small, and the 
efficiency of utilization of energy released in the source would be poor. 
We must look for another reversible cycle which is more compatible with 

the characteristi(*s of steam and a\’aiiable machinery for (*arrving out the 
processes. 


Kxample. a Carnot steam cycle operates between a source temperature of 
600°F and a sink temperature of 60°F. Determine the thermal efficiency and 
the ratio of turbine work to compressor work (a) when all the processes are 

reversible, and (b) when the internal engine efficiency of the turbine is 0.80 
and that of the compressor is 0.60. 

Solutio7i. (a) When all the processes are leveisible the thermal efficiency 
is 

T, - 7\ 1060°R - 520°R 

^- --- 0.51. 


r, 


1060°R 


\\ e refer to Fig. 11-6. From the steam tables we obtain 
fib = 1165.5 Btu/lbm and 


= .s'6 = .s, = 1.3307 Btu, lbm-°F. 


The (juality at c is 


(1.3307 - 0.0555) Btu/lbm-°F 

•Tr “ ------ () (iOZ 

2.0393 Btudbrn-^F 


Therefore the enthalpy at c is 


h, = 1088 - (1 - 0.(525)(1059.9) = (590 Btu/Ibin. 


From the steam tables, we get 

fin = 617 Btu/lbm and 


X, = .sv. = = 0.8131 Btu, IbncH'^ 


and the (piality is 




^ (0.8131 - 0.0555) Btu /lbm-°F 
^393 Btu/lbm-°F 


= 0.372. 
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Hence the enthalpy is 

hd = 1088 - (1 - 0.372) (1059.9) = 422 Btu/Ibm. 
The turbine work for an isentropic expansion is 

— hb he = 1165.5 — 690 = 475.5 Btu/lbni, 
and the isentropic work done in the compressor is 

w^max = - hd = 617 - 422 = 195 Btu/Ibm. 

Therefore the work ratio is 
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^^turb _ 475.5 Btu/Ibm 
^comp 195 Btu/Ibm 


= 2.44. 


(b) If the internal engine efficienry of the turbine is 0.80, the actual enthalpy 
leaving it is 

he' = hb - »7int(//6 - h,) = 1 165.5 ~ - 0.80(1165.5 - 690) — 

Ibm Ibm 

= 785.5 Btu Ibm. 


Similarly, the actual enthalpy after compression is 

h,,' = //d H- - (ha — hd) = 422 — (617 

Vint Ibm 0.6 

= 747 Htu/ Ibm. 


- 422) 


Btu 

Ibm 


The internal work done bv the turbine is 


w>jnt = hb — hr’ — (1165.5 — 785 


785.5) -— = 380 Btu Ibrn, 
Ihm 


and in the compressor it is 


W'int — ha' — hd — (/4/ — 


422) - = 325 Htu Ibm. 

Ibm 


The work ratio is 


»’turb _ 380 Btu/Ibm 
l^’coinp 325 Btu/ lbm 


= 1.17 


The thermal efficiency is 


^th = 


(hb — hg') — (he' — hd) 

hb — ha' 

(1165 - 747) — - (785.5 - 422) — 

Ibm Ibm 


(1165.5 - 747) Btu/lbm 


= 0.13. 
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11-6 The Rankine cycle. The 

Rankine cycle is a reversible cycle 
which corresponds more nearly than 
the Carnot cycle to the sequence of 
states assumed by the working sub¬ 
stance in a steam power plant. We 
consider first a cycle in which the 
steam is not superheated, as shown 
in the three diagrams of Fig. 11-8. 
Starting at point a, which corre¬ 
sponds to the conditions at the en¬ 
trance of the boiler in Fig. 11-3, 
saturated liquid is converted revers¬ 
ibly to saturated vapor at tempera¬ 
ture T 2 and pressure p 2 (point b). 
1 he vapor then expands reversibly 
and adiabatically to the pressure pi 
and temperature 7\ (point c). This 
process corresponds to the passage 
of steam through the steam engine 
or turbine. The mixture of vapor 
and licjuid is then completely liq¬ 
uefied at the temperature Tj, cor¬ 
responding to the process in the 
condenser of Fig. 11-3 (point d). 
The liquid is then compressed revers¬ 
ibly and adiabatically to the boiler 
pressure p 2 (point e). This operation 
is performed by the pump in Fig. 11-3. 
As we have shown in Section 7-9, 
the temperature of a liquid increases 
but very slightly in an adiabatic 



compression, so that heat must be sup- 

plied to the compressed liquid alona / ^ Rankine cycle in 

the line Fi,. U-8 ,,i«, to 

temperature to T 2 . In Fig. 11-3, this 

heating takes place after the liquid has been pumped into the boiler If 
cycle IS to be reversible, however, the heat must be supplied by a 
senes of heat reservoirs ranging in temperature from that S point e 
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The thermal efficiency of the Rankine cycle can be determined directly 
from the Mollier diagram, Fig. 11-8, by the same method used for the 
Carnot cycle. Heat Q 2 is supplied along the path eab and heat Qi is 
rejected along the path cd. Although eab is not an isothermal process it 
is isobaric (see Fig. 11-8) and the heat Q 2 supplied is equal to the en¬ 
thalpy difference h - h,. The heat Q, rejected is - hj, and the net 

work IF„et eciuals the difference between Q 2 and Q,. The efficiency is 
therefore 


= (^‘0 -K) - {K- hg) ^ (hb - h,) ~ {he- hj) _ lF„ot Q2 - Q, 

hb - h, hb - h] 

(11-13) 

Note that the expression for the efficiency in terms of enthalpy differ¬ 
ences is the same as foi the C arnot cycle, except for differences in labeling 
the diagrams. However, Eq. (11-13) does not reduce to 

_ 7^2 - r, 

- — - » 

^ 2 

and the reason is clear from the fact, as seen in Fig. 11-8 (b), that heat is 
not added entirely at the temperature T2. The efficiency of the reversible 
Rankine cycle is therefore lower than that of a Carnot cycle operating 
betweeji temperatures T2 and Ti. Now the efficiency of any cycle can 
be expressed as 

Q2 - Qx 


and since all processes in a reversible cycle must also be reversible, we can 
define Tm 2 = ^ 2/^52 and = Qi/Asj as the mean effective tempera¬ 
tures at which heat is added and rejected, respectively. Referring to 
Fig. 11-8 (b), we may write for the thermal efficiency 


Vth 


^m2i^b Se) T’mlfSc Sj) 

7 m2 (^6 Se) 


(11-14) 


and since de and be are isentropic processes, Sb — Se = Sc 
Eq. (11-14) reduces to 

Tm2 ~ T’ml 
Vth = - - - • 

J m2 


Sd- Therefore, 


(11-15) 


The mean effective temperature at which heat is rejected is the same 
for the Carnot cycle and the reversible Rankine cycle, since in either case 
heat is rejected at the constant temperature Tj. To increase the thermal 
efficiency of the reversible Rankine cycle, we must direct our attention to 
the mean effective temperature at which heat is added. This temperature 
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may be increased by increasing T 2 , increasing Te, or adding a larger pro¬ 
portion of the heat at temperatures close to T 2 . Since T 2 is fixed at a 
limit of 1150°F* for both the Carnot and Rankine cycles, and the other 
two alternatives cannot be used without altering the cycle itself, it is seen 
that the thermal efficiency of even a reversible Rankine cycle must always 
be lower than that of the Carnot cycle. 

The effect of irreversibility on the expansion in the turbine is shown by 
the broken lines in Fig. 11-8, and the efficiency of the irreversible cycle may 
be found by substituting the actual enthalpy of the steam leaving the 
turbine, for the enthalpy after isentropic expansion. For a given con¬ 
denser temperature, the expansion terminates at the same pressure and 
temperature in either case, since pressure and temperature are independent 
variables in the two-phase region. However, the enthalpy and entropy are 
dependent variables, and the higher entropy results in a higher enthalpy 
at the end of the expansion. A similar correction should be made for the 
irreversibility in the pumping process from d to c. The pressure rise is the 
same for the reversible and irreversible pumping processes, since it is fixed 
by resistance to flow in the piping, elevational differences imposed by the 
physical layout of the plant, and the desired pressure level in the boiler. 
The increase in entropy due to irreversibility results in an increase in the 

temperature and enthalpy of the liquid leaving the pump, or entering the 
boiler (not shown in Fig. 11-8). 

We have noted that the efficiency of a reversible Rankine cycle is lower 
than that of the Carnot cycle if each operates between the same values of 
T 2 and 7'i. However, the efficiency of an actual engine operating on the 
Rankine cycle may exceed that of an actual engine operating on the 
Carnot cycle, particularly when the source and engine are considered 
together. First, the pumping of a liquid can be accomplished with high 
efficiency. Second, the furnace is much more efficient since, theoretically at 
least, the products of combustion can be cooled to the lowest temperature 
of the cycle. Third, reversible heat transfer from source to heat engine can 
be much more closely approximated by counterflow heat transfer. Further¬ 
more, pump work IS insignificant in comparison with turbine work and the 
net work developed in each cycle is large compared with that of a Carnot 


KXA.MPLE. Suppose the Carnot cycle in the example in Section 11-5 is replaced 

.t Determine the thermal efficiency and the ratio of tSrbine 

woik to pump work when (a) ail processes are reversible and (h) wh^n ih 
mternal e ngine efficiency of the turbine is 0.80 and that of the pump is 0.96. 

Actu&llv neither the Rcinkine nm* a. i 

temperature,' for the reasons given in Section '^^hieve this 
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prob":':: »<* 


hb = 1165.5 Btu/lbm, 
/'c = 690 Btu/lbm, 
hd = 28.06 Btu/lbm, 


Pe = pb= 1542.9 lb/in2, 
Pd = 0.2563 Ib/in2, 
i*d = 0.01604 ftVlbm. 


The isentropic work done in the turbine and pump is 

WtuTb = hb - he = (1165.5 - 690) Btu/lbm = 475.5 Btu/lbm, 


0.01604 


ft^ 


lb 


w 


pum 


p = i'd(p^ — pd) = 


ib^ 0542,9 - 0.2563) - x 144 


in*' 

ft2 


ftdb 

Btu 


= 4.6 Btu/lbm. 


The work ratio is 


^^•turb 4/5.0 


U’nu 


pump 


4.6 


= 104. 


The enthalpy of the water leaving the pump is 

he — hd + i/’pump = 28.06 + 4.6 = 32.7 Btu/lbm, 
and the heat added is 

Qa = hb - hr = (1165.5 - 32.7) = 1132.8 Btu/lbm 
The thermal efficiency is 

„ _ ^’turb W’pump (4/5.5 — 4.6) Btu/Ibm 

vth — — --- 




1132.8 Btu/lbm 


= 0.42. 


(b) Considering the efficiencies of the turbine and pump, we get 

he' = hb Vint (hb he) 

= 1165.5 Btu/lbm - 0.8(475.5) Btu/lbm = 785.5 Btu/lbm, 


and 


he’ — hd - (he — hd) 

Vint 


= 28.06 Btu/lbm -\- 


1 


0.92 


(4.6) Btu/lbm = 33 Btu/lbm. 


The work done in the turbine and pump is 


u>turb = hb — he' = (1165.5 — 785.5) Btu/lbm = 380 Btu/lbm, 
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and 

w^pump = he’ — hd = (33.1 - 28.06) Btu/Ibm = 5 Btu/lbm. 
The work ratio is 

w’turb 380 Btu/lbm 
—^ 70 

^^'pump 5 Btu/lbm 

The heat added is 

Qa = hb - he- = (1165.5 - 33.1) Rtu'lbm = 1132.4 Btu/lbm, 
and the thermal efficiency is 


a.’turb — W'punip 

Vth = -^- - » 

9.1 

(380 - 5) Btu Ibm 

9th ---- = 0 33 

1132.4 Btu Ibm 


.aJ/-? Rankme cycle with superheat. In practically all steam cycles the 
vapor IS superheated to a temperature higher than that of the saturated 
vapor before ,t is expanded in the turbine. Superheating is represented by 
the line segment cd m Fig. 11-9, where T, is the temperature of the superb 
heated steam. There are three reasons for superheating. First it will be 
recalled that the Rankme cycle without superheat and the Carnot cycle 
both suffer from the fact that the critical temperature of steam is 705 
Superheating permits raising the highest temperature of the cycle without 
a corresponding increase in pressure. Hence, the highest temperature of 
the cyde can appro.d, n 50"F at moderate pressure,. Second, rvlth supe^ 
heat the mean effective temperature at which heat is added is increaL 
esultmg in a corresponding increase in thermal efficiency. Third and 

the s.a« of saturated vapor a. c. the'tjte", rder.T.ir 1 T 

expansion IS represented by c'. The moisture content at e' is greater thl 

at at e, the end point of the isentropic expansion of superheated steam 
If the moisture content of the steam is tnn oroot u ^ steam. 

turbine blades become, excessive and the T" 

Superheating is carried to a sufficiently highTempeTatt^^ 
lure content will not exceed 10 to 12 percent ° 

proems- il*aHj.'r ^ s““ T’ t“ 

the efficiency is ^ Qj = 


9 th 


. (j. _ 1, 


hd ~ h 


a 


hd — ha 


( 11 - 16 ) 
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Figure 11-10 shows the Rankine cycle with superheat as it appears in 
the p-v-Tj s-p-T, and h-s-p surfaces. 

Example. The Rankine cycle of the example in Section 11-6 is modified to 
include superheated steam at 600°F. The pressure in the boiler is 600 Ib/in^ 
Determine the thermal efficiency and the ratio of turbine work to pump work 
when (a) all processes are reversible, and (h) when the internal engine efficien¬ 
cies of the turbine and pump are 0.80 and 0.96, respectively. 

Solution, (a) We refer to Fig. 11-9. From the steam tables and the pre¬ 
vious j)roblems, we obtain 

hd = 1289.9 Btu Ihm aiul sj = ,9,. = 1.5823 Btii lhni-°F, 

(l.o323 - 0.0555) Btu 

•IV = ---- 0 724 

2.0393 Btu Ibrn-^F ’ 

h. = 1088 Btu.lhni - (1 - 0.724)( 1059.9) Btu ll.in = 796 litu Ihm, 

It/ = 28.06 Btu ll)m. 

= prf = 600 11) in2, 

Pf = 0.2563 \h/m\ 

Vf = 0.01604 ftMbm. 


The turbine and pump work is 

W’turh = hd - he = (1289.9 


^^’r>ump — ^'/ipn — p/) 


- 796) Btu Ibm = 493.9 Btu 11 


)m, 


• 0 
in- 


f 1 i 

0.01604 — (600 - 0.2563) -- X 144 — 
Ibm in2 ft 2 


The work ratio is 


ft-lb 
/ /8- 

Btu 


u’turb 493.9 


— 1.78 Btu Ibm. 


^|)Uinp 1.78 


= 278. 


1 lie enthalpy of the water leaving the pump is 

h„ = h/ 4 - w-pump = 28.06 Btu/lhm -j- 1.78 Btu/lbiu 
= 29.84 Btu/lhm. 

The heat added is 

^ - <.2™.9 - 2!. M, . ,2,0., 

and the thei tnal efficiency is 


^ ^ (493.9 - 1.78) B tu/lh 

<lA 


m 


1260.1 Btu/lbm 


- 0.39. 
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(b) Taking the efficiencies of the turbine and pump into account, we get 


he' = hd- Vintihd - he) = 1289.9 - 0.8(493.9) — = 894.9 — 


Ibm 


Ibm 


Ibm 


(The subscript e' refers to the actual conditions leaving the turbine and not to 
the point e/ of the figure.) 

ha' = hy + — (ha - hy) = 28.06,^ + ~ (1.78) ^ = 29.9 Btu/lbm. 


^int 


Ibm 0.96 


ibm 


The work done in the turbine and pump is 


w'turb = hd — he’ — 395 Btu/lbm, 


XV 


pump 


= //„' — hf = 1.85 Btu/lbm 


The work ratio is 


W.’turb 395 


IV 


pump 


1.85 


= 214. 


The heat added is 


7.1 = hd ~ 


h,,' = 1289.9 — - 29.9 — = 1200 Htu/lhm, 


Ibm 


Ihm 


and the thermal efficiency is 


^th 


^’turb ^^*punij> 

7l 


_ (3 95 - 1.85) Btu/lbm _ ^ 

1260 Btu dbm 

^11-8 The reheat cycle. The mean effective temperature at which heat 
is added in a Rankine cycle, either with or without superheat, is raised 
most easily by simply increasing the vaporization pressure. However, it is 
clear from Fig. 11-11 that the increased thermal efficiency realized by 
raising the mean effective temperature at which heat is added may be 
largely nullified by expansion in the two-phase region. This latter problem 
could be easily solved if the cycle were not limited to a top temperature of 
1150°F. To remain within safe values of moisture content, and yet not 
exceed the metallurgical limit on the highest temperature, the vaporization 
pressure cannot be much in excess of 1400 Ib/in^ for direct expansion of the 
steam from boiler to condenser. 

A solution to the moisture problem is suggested by Fig. 11-11 and is 
shown in Fig. 11-12. Steam is superheated to point d and allowed to 
expand in a turbine to point e. It is then returned to another superheater 
(resuperheater) located in the boiler, superheated again to the same high 
temperature, and again expanded in a turbine to point g. At no time is 
the turbine exposed to steam with excessive moisture. Although the 
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T-r 


7'.>k- 


/yh 


lU- 


! 


7’.U- 



Img. 11-11. Kffect of raisinjj; \-a 
porization pressure. 


Img. 11-12. The reheat f'vele. 


highest temperature remains the same, it is seen tliat because of reheating 

moie heat is added m the higher temperature range, resulting in an increase 

■n the mean effective temperature at which heat is added. Hence there i.s 
ati increase in thermal efficiency. 

'rho thermal efficiency of the reheat cycle is 


>7tl 


(h. 


^a) + {hf — he) 

_ 

{hd — /i(j) + {hf 
+ {hf — hg) 
{h(i — ha) {hf 


(Jh 

he) 

he) 


— hh) 


hf,) 


(11-17) 


I t should be pointed out that the increase in thermal efficiency by reheating 

hicreVsfnrtV”'^"' '»frease in thermal efficiency realized by 

cnih vaporization pressure to a high level is significant. Pra/- 

there is little economic justification for reheating when the 
vapoiization pressure is much below 1400 Ib/in^. 

inXdereheJi'"'"-7 m inodilied lo 
and I. leheaW ®““’ ^ .1, 

»'"" ..n.;:: 7 o 7.2 oS 

= 1289.9 Btu/lbm and = i., 5,323 Btu IbncHt. 

T he quality of the steam leaving the turbine at G is 

^ (1.5323 - 0.5435) Btu/lbin -°R 

1.0018 Btu,'lbm-°R " 


= 0.988. 
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Figure 11-13. 


The enthalpy at this point is 

/?6 = 1198.4 Btu/lbm - (1 - 0.988)(843) Btu/lhm 
= 1188.3 Btu/lbm. 

The enthalpy of the steam leaving the reheater is 

h^ = 1322.1 Btu/lbm and .vy = Ss = 1.6767 Btu/lbm- 

The quality of the steam entering the condenser is 

(1.6767 - 0.0555) Btu/lbm-°R 

Xa — - _-_-_ = 0 70 ^^ 

2.0393 Btu/lbm-'^R ' ’ 

and the enthalpy is 

= 1088 Btu/lbm - (1 - 0.795)(1059.9) Btu/lbm 
= 871 Btu/lbm. 

From the previous example, the pump work is 1.78 Btu/lbm. The turbine work 


w^turb — (^3 — 4- {h^ — hz) 

= (1289.9 - 1183.3) — + (1322.1 - 871) ^ 

Ibm Ibm 

= 552.7 Btu/lbm. 


The work ratio is 


^turb 552.7 
^pump 1.78 


= 311 



11-9] 

The heat added is 


THE REGENERATIVE CYCLE 


359 


Qa — — /12) + (hy — he) 

= (1289.9 - 29.84) Btu/lbm 
= 1393.9 Btu/lbm, 

and the thermal efficiency is 


- (1322.1 - 1188.3) Btu/lbm 


(552.7 — 1.78) Btu/lbm 

Vth - -^^- = 0 40 

1393.9 Btu/lbm 

(b) Taking the irreversibilities in the turbine expansion into account, we get 

= 1289.9 Btu/lbm - 0.88(1289.9 - 1188.3) Btu/lbm 
= 1200.4 Btu/lbm. 

= 1322.1 Btu/lbm - 0.88(1322.1 - 871) Btu/lbm 
= 925.8 Btu/lbm. 

The actual enthalpy of the water leaving the pump is 

/m = 28.06 Btu.lbm +^( 1 . 78 ) Rtu Ibm 

U.9b 


— 29.9 Btu/lbm. 


T he turliine work is 


w’turb = (1289.9 - 1200 . 4 ) Btu/lbm 
= 485.8 Btu/lbm, 

and the j)um|) work is 


- (1322.1 - 925.8) Htu Ibm 


u 


pump 


1.78 Btu/lbm 
0.96 


= 1.85 Btu/lbin. 


Tlie work ratio is 


^turb 485.8 Btu/lbm 
pump 1,85 Btu/lbm 


w 


= 262. 


The heat added is 

(iA = (1289.9 — 29.9) Btu/lbm (1322.1 
= 1441.5 Btu/lbm, 

and the thermal efficiency is 


- 1200.4) Btu/lbm 


= (-^58.8 - 1.85) Btu/lbm 
1441.5 Btu/lbm 

= 0.34. 


SSTSi'c pt? '™'” ““-“-tions, the 

h.. tee di,«,ted tid 1„''f »heat 

-- i. ..hed h. 
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limit. But the mean effective temper¬ 
ature can also be increased by raising 
the temperature at which the liquid 
water enters the boiler, i.e., by de¬ 
creasing the amount of heat added 
at lower temperatures. The regen¬ 
erative cycle offers this opportunity 
and at the same time eliminates, to 
some extent, the irreversible flow 
of heat that takes place if the con¬ 
densed litiuid is pumped directly into 
the boiler. 



Fig. 11-14. Theoretical legeiiera- 
tive cycle. 


It is instructive to examine first the completely reversible regenerative 
<‘ycle shown in the T-s diagram of Fig. 11-14. Heat is received from the 
source isothermally at T 2 and is rejected isothermally at Ti. Heat is 
rejected reversibly from c to e to an infinite number of reservoirs each at an 
infinitesimally lower temperature ranging from T 2 to Tj. These reser¬ 
voirs similarly supply heat reversibly from / to b. What the individual 
paths ce and/6 may be is of no importance. The only reciuirement is that 
corresponding points in the two paths have identical temperatures and 
slopes in a T-s diagram. We now have a reversible cycle where all the heat 
re(‘eived from the source is at T 2 and all the heat rejected to the sink is at 
7’i. The heat transfer between ce and fb is within the system and hence 
does not cross the boundary. C'onsecjuently, the efficiency of the theo¬ 
retical regenerative cycle is the same as that of a Carnot (’ycle operating 
between the same temperatures T 2 and 1\. 

The theoretical regenerative cycle described is impossible for the fol¬ 
lowing reasons, (a) It is clearly impossible to closely approximate an 
infinite number of reservoirs, (b) The expansion from c to c is no longer 
adiabatic and occurs with a marked decrease of entropy, thus seriously 
aggravating the problem of steam with a high moisture content, (c) No 
physical arrangement is possible which could provide for the transfer of 
heat from the steam while it is doing work in the turbine, (d) Even if 
such an arrangement were possible, the expansion of steam in a turbine is 
so rapid that the heat transfer could not even approach completion before 
the steam left the turbine. 

To achieve a practical regenerative cycle, we must sacrifice efficiency 
by introducing irreversibilities. A portion of the steam flowing through 
the turbine is withdrawn at a number of points along the flow path. The 
steam so extracted is condensed in a series of heat exchangers through 
which flows the condensed liquid (feedwater) from the condenser on its 
return to the boiler. The arrangement is shown schematically in Fig. 11-15 
for two extractions. It will be noted from the T-s diagram that as more 
heaters, or extraction points, are added, the temperature of the liciuid 
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-//) Ibm 


Fig. 11-15. 
cycle. 



Vapor heat engine operating on crude approacl> to regenerative 

a. a temperatune Jd™, ZZn TlZ'l Th ““ '‘T.’” 
by one-half. If two heaters are used end / is reduced 

tures which divide the temperature diffe ^ withdrawn at tempera- 

into three e,„al p.m ZZZ JmZi: r d ^ " ' “1 

Thus It is seen that the incremental reducti two-thirds, etc. 

addition of successive heaters ? “-reversibility with the 

that a point is reached where anv further ^ smaller. It is evident 

could not be economically justi^d bv th ^‘"''ters 

thermal efficiency of the cycle No™allv"‘'‘"^®^°”'*'"^ improvement in 

n...in,u„ i„«i„ah,e and then 
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Special note should be taken of the T-s diagram of Fig. 11-15. The 
flow paths of the steam are represented, but in no sense does the area of 
the diagram bear any relation to the net heat added in the cycle. A close 
examination of the diagram shows that the actual regenerative cycle, so- 
called, is not a cycle at all but a combination of cycles. In fact, there 
are three cycles in the T-s diagram of Fig. 11-15, as follows: x Ibm of 
steam experiences the cycle abcdka while y lb and (1-x-i/) Ibm of steam 
experience the cycles jkabcdeij and hijkabcdefgh, respectively. To deter¬ 
mine the heat and work transfers between system and surroundings, it is 
essential to consider the portions of the system which participate in these 
transfers. If 1 Ibm of steam flows through the boiler the heat added is 


be ha. 

Heat is rejected from (1 — x — y) Ibm of steam, or 

Qi = (1 - .r - y){hf — hy). 

One pound-mass of steam does work from c to d, (1 — x) Ibm from d to c, 
and (1 — X — y) Ibm from e to/. The total work done in the turbine is 

W = {he - h,i) -b (1 - x){hj - he) + (1 - X - y){he - hf). (11-18) 

Similarly, the total work done by the pumps is 

ir = {h„ — hk) -t- (1 — x){hj — hi) -b (1 — X — y){hh — hy). (11-19) 

Using the eciuations for the heat added and rejected, the thermal efficiency 
may be written 

(h - Qi {he - ha) - (1 - X - y){h/ - hy) 

VtU - - = - ] - 7 - ■ 

Q 2 he 

An alternate expression for the thermal efficiency can be obtained from the 
ratio of the work done in the cycle, as given by the difference of Eqs. (11-18) 
and (11-19), to the heat Q 2 added. 

The regenerative cycle is subject to the same limitations on the high¬ 
est temperature as in the other cycles previously studied. Moreover, 
steam of high moisture content must be avoided in the expansion process. 
Therefore it is necessary to superheat the steam and, if a high evaporation 
pressure is employed, it may be necessary to also reheat the steam for the 
same reasons as in there heat system. The analysis made of the regenera¬ 
tive cycle without super heat is equally appropriate, the superheat being 
neglected in locating the extraction points for optimum reduction in the 
irreversibility of the heat addition process. Figure 11-16 shows a regen¬ 
erative cycle with superheat in a T-s diagram including the effect of 
irreversibility in the expansion process. 
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Fig. 11 - 16 . Regenerative cycle with superheat. 


The internal engine efficiency of a turbine operating as part of a re 
generative cycle may be written, with reference to Fig. 11-16, as 

„i,„ = - h'l') + (f - x){hi. - K.) + (1 - .T - y){h,. - hr) 

{he - ha) + (1 - x)(hd - he) + (1 - .T - y){he - hf) 


V 




1 he efficiency of a regenerative cycle is high compared with that of a 
Rankine cycle with superheat or that of a reheat cycle, because the mean 
effective temperature at which heat is added is materially increased. Now 
let us consider the efficiency of source and system together. In the regen¬ 
erative cycle the liquid enters the boiler at a higher temperature than in 
the previous cycles, except for the Carnot cycle. Hence the lowest tem- 
peiature at which the products of combustion leave the boiler is sub¬ 
stantially increased. Unless measures are taken to improve the perform- 
mice of the boiler and furnace, the efficiency of cycle and source together 
may be considerably lower than the corresponding efficiency of a Rankine 
cycle and its source. The practical solution is to employ an air preLatei 

as previously described, so that in effect the efficiency of the source an 
be maintained at a high level regardless of what happens in the cyCe 


ativt^ciJl J rel^^ting to the regener- 

by making an e^yTaTancetTtn^^^^^ “^ed 

in general use l . • Wes of heaters are 
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\y = 0:Q = 0 ir 0: Q = 0 

(^l) (1)) 

Open heater C’losed heater 


Fig. 1 1-17. Feedwater lieaters. 


stream, and the closed heater, in which the stream and feedwater are 
kept separate, heat transfer taking place through the walls of tubes. 
Figure 11-17 illustrates schematically the two types of heaters. In mak¬ 
ing the energy balance, we consider each heater as a separate system, as 
shown in Fig. 11-15 (a). The flow is considered to be steady. We begin 
with the heater nearest the boiler to avoid introducing two unknowns in 
the energy eciuation. Following the notation of Fig. 11-17 (a), the en¬ 
ergy balance for the open heater is written 

xha + (1 — x)hj — hk = 0, 

neglecting potential and kinetic energy differences and noting that A/? = 0 
since Q = 0 and II' = 0. Solving for .r, we have 



Referring to Fig. 11-15 (b), it is seen that ha is the enthalpy of the steam 
extracted from the turbine, is the enthalpy of saturated lic|uid water at 
the extraction pressure, and hj is the enthalpy of saturated liquid water 
at the pressure of the next extraction point plus the enthalpy rise due to 
pump work from i to j. If the pressures and temperatures are sufficiently 
low so that water can be considered as being practically incompressible, 
the enthalpy increase due to pumping from i to j is 


Ml = W 


pump 


V Ap 


where the pump efficiency Tjp is defined as the ratio of the enthalpy rise 
for an isentropic pumping process to the actual enthalpy rise. When com¬ 
pressibility is significant, the properties of compressed licjuid water given 
in the steam tables should be used. 

For the closed heater shown in Fig. 11-17 (b), the energy balance is 

yhe + (1 — X — y)hh — (1 — x)hi + If p,,mp = ff- 


X 
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y = 


(1 - x){hi - hn) - W 


pump 


hp — h 


The \alue of .r will be known from the energy balance of the preceding 
heater. 1 he enthalpy hh is found in the same manner as the enthalpy hj. 
If the heater is perfect, Ju will be equal to the enthalpy of saturated liquid 
water corresponding to the extraction pressure at c. The pump work 
depends on the physical arrangement of the heater and the related piping. 
The temperature of the feedwater leaving the heater at i' is always less 
than the saturation temperature corresponding to the pressure at c, the 
difference being known as the terminal temperature difference of the heater. 
T herefore, an energy balance is nece.ssary at the point where the feed- 
water and drips from the heater are mixed in order to determine the 
value of /q. Fortunately, if the terminal temperature difference is known, 
or can be estimated, this energy balance can be made without the nece.s- 
•sity of first making an energy balance for the heater. This is important 
since, It will be recalled, the value of /i, must be known before the energy 
eeiuation for the preceding heater can be solved. 

Other arrangements of heaters and methods for disposing of the drips 
are used in plants operating on this cycle. For details of these arrange¬ 
ments a book on the subject of .steam power plants should be con.sulted. 


bx.^m>LK. Tlie reheat cycle in thee.xarnple in Section 11 8 is modified to include 
one stage of fee.bvater heating. Steam for feedwater heating is withdrawn from 
he turbine at a temperature of 270°F. Determine the thermal efficiency and 
the ratio of turbine work to pump work when (a) all processes are reversible 

t>'e internal engine efficiencies of the turbine and pump are 0.88 
.ind 0.90, respectively, and the terminal temperature difference is G°F 

Solutron. (a) Ueferring to Fig. 11-18. we find from the .steam tables 

_ (1..5.32.8 - 0.39.58) Rtu Ibim-R 

1.2709 Btu lbm ‘>R ^ 

/'c. = 1170.0 Btu, Ibm - (1 - 0.89)(931.8) Btii Ibm 
= 1068 Btu/lbm. 

A ]jumj). called a condensate pump, is ieciuire<l to ounn. i ^ c 

......"u,."f'l".t™" 

''pump — '*6(^9 — pit) 

= 2:!^ijjgl ftVlbm (41.80 - 0.2.i 03) Ib/in'^ X 144 inVfC 

TT^tdb. Btu 


aitd 


— 0. 1 24 Btu Il)in. 
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Figuhk II-IS. 


The enthal])y of tlie water entering; the lieater is 

+ w^pump = 28.06 FUu/ll)m + 0.124 Btu/lbni 
= 28.18 Btu/lbm. 


Similarly, another pump (called the boiler feed pump) laises the pressure of 
the water from = pio to boiler pressure pw. The work done in this j)ump is 


w 


pump 


0.0 1717 ftVlbm (600 - 41.86) Ib/in^ X 144 inVft" 

778 ft-lb/Btu 


= 1.77 Btu/lbm. 


The enthalpy of the water leaving the heater is eciual to the enthalpy of saturated 
liquid water at the e.xtraction pressure pin == 41.86 lb in-. The enthalpy of the 
water leaving the boiler feed pump is 

fl\\ ~ h\{) tCpunip 

= 238.84 Btu/lbm -j- 1.77 Btu Ibtn 
= 240.6 Btu/lbm. 

An energy balance for the heater gives the quantity of steam extracted from tlie 
turbine, assuming a flow of 1 Ibm entering the turbine: 

m/u2 ”h = 0, 

since no work is done in the heater and it is thermally insulated from the sur¬ 
roundings. Solving for m, we get 

(238.84 - 28,19) Btu/lbm 

Hi — - — —--- ^ 

/ii 2 - (1068 - 28.19) Btu/lbm 


m = 0 . 202 . 
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This is the ratio of the mass of steam extracted from tlie turbine to the mass 
entering the turbine. Since we are considering a flow of 1 Ibni enteiing the 
turbine, 0.202 Ibm of steam is e.vtracted. 

The work done by the pumps per pound-mass of steam entei ing the turbine 

IS 


W’punip — (1 — ffOUh — //&) -f- (/hi — Ajo) 

= (1 - 0.202)1^(0.1237)^+ (/hi 


Ibm 


Ibm 


— 2.76 Btu Ibm (enteriiif^ tui'bine) 


Sitnilaily, the tinbine work is 



litu 


’'■turb - (/hi - hr,) + (ll; - + (1 - ///)(/,,._; - //^) 

= ( 1289.9 - 1188 ., 3 ) ( 1 , 322.1 - 1068 ) 


Ibm 


-h (1 - 


oI2.7 Htii Ibm (enterinj^ turbine). 


Ibm 

0.202) — (1068 
linn 


- S71) 


Btu 


The work ratio is 


^^'turb 512.7 Btu/ lbm 

- = ____ I 

^^'puiiip 2.76 Btu/lbm 

It IS noted that I Ibm flows through the boiler and tlie heat added is 
7i = (/h ~ /hi) + (/h — Ae) 

= (1289.9 - 240.6) Btu Ibm + (1322.1 - 1188.3) Btu Ibm 
= ! 183.1 Btu/lbm. 

The thermal efficienc\' is 


Vih = 


«’turb — W 


I>unip 


•/a 


_ (512.7 — 2.76) Jitu/ll)m 


1183.1 Btu Ibm 


= 0.43 


(b) Taking the internal engine efficiencies <»f flic* i 

account, we find ^niciemies ol tlie turbine and pumps into 

Ihv = 1322.1 Btu/lbm - 0.96(1322.1 - 1068) Btu Ibm 
= 1078.1 Btu/lbm, 

= 28.06 Btu/lbm + — ( 0 . 124 ) Btu/lbm 


0.96 


— 28.19 Btu/lbm. 
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Considering the terminal temperature difference for the heater, 


Tu = 270‘^F - 6®F = 264°F 


and 


hn = 232.72 Btu/lbm. 


We note that p9 = = Pio = Pu = 41.86 Ib/in- and that pw = pu 

= 600 Ib/in-. The isentropic work done in the boiler feed pump is 


— P\A 


u 


0.0172 fC/lbin (600 - 41.86) Ib/in^ X 144 inVft^ 


pump 


778 ftdb/Btu 


= 1.77 Btu Ibrn. 


The isentropic enthalpy leaving this pump is 


//|.| — 232./2 Btu/Ibm -f" 


= 234.6 Btu Ibm. 


I 


0.96 


(1.77) Btu, Ibm 


The (piantity of steam extracted per pound-mass flow entering tlie turbine is 


A 13 — It 


9 


/// = 


It 12* — ^^9' 


(232.72 - 28.1 9) Btu/lbm 
(1078.1 - 28.19) Btu/lbm 


= 0.195 Ibm Ibm. 

The actual wor k done in the turbine and by the pumj)s is 

^ Ibm Btu ^ Btu 

= (1 - 0.195) — (0.13) — + 1.85 


Ibm 


Ibm 


Ibm 


= 1.96 Btu/lbm, 


and 


W’turb = 


(1289.9 - 1200.4)^+ (1322.1 - 1078.1) 


Ihm 


Ibm 

+ (1 - 0.195) — (1078.1 - 925.8) 

Ihm 


Btu 


= 456.2 Btu Ibm. 


Therefore, the work ratio is 


^T'turb _ 456.2 Bt u/lbm 

1.96 Btu dbm 


= 233 


IV 


pump 


The heat added is 


7.1 = ” ^ 04 ') + (^'7 ~ ^^ 6 ') 

Btu 


= (1289.9 - 234.6) 


Ibm 


-h (1322.1 - 1200.4) 


Btu 

Ibm 


= 1177 Btu/lbm 



11-11] 


THE BINARY-VAPOH HEAT ENGINE 


3()9 


and the thermal efticiencv is 


Vth = 


_ (456.2 - 1.96) Btu Ibiu 


1177 Btu Ibm 


= 0.39. 


11-11 The binary-vapor heat engine. Before analyzing the bi/ianj- 
vapor heat engine, it is appropriate to ask what is wrong with steam as a 
working sub.stanee. We have seen repeatedly in the previous analysis of 
vapor cyeles that the eharacteristie.s of steam have limited an approaeh 
to the ideal eyeles. First, it was noted that the metallurgieal limit of 
1150 F is much higher than the critical temperature of 705 4°F which 
necessitates superheating and permits the addition of only an infinitesimal 
amount of heat at the highest temperature of the cycle. Then the prob¬ 
lem of excessive moisture in the steam requires considerable superheating 
because the entropy of saturated steam increases rapidly with decreasing 
pressure. Still another difficulty is observed in the high evaporation pres¬ 
sures encountered when an attempt is made to add more heat isother- 
mally, i.e., m the vaporization proce.ss, in order to increase the mean 
effective temperature of heat addition. Hence it is common for steam 
Lower plant engineers to .speak of “going to higher temperatures and 
pressures to improve the thermal efficiency, ft must he remembered 
t idt It IS a high mean effective temperature that is of importance, and the 
high pressures are forced upon us by the characteristics of steam If high 
vaporization temperatures could be employed at moderate pressures tL 
metallurgical limit might well be lifted by 100°F or more 

Less attention has been given to the saturation pressures .'orrespond- 
■i.g to the temperatures at which heat is rejected from the steam Mwer 

<'y<'le. .\n examination of Table 1 of the steam tables reveals that for the 

noimal range of sink temperatures (G0°F to 80°F) the satnmtinn 

ranee from n 9 n o c;i u /• 2 tu ou r ; tne saturation pressures 

.he'o„r« “.ioTiToftt' .^r'r "■ 

I his poses two problems. First the air mii«t 
a vacuum pump from the condenser when the cycle 

ation or expansion could take place onlv to ptmn. i! * ope*- 

of cour.se, does not correspond to the saturation preslure ortS*^st 
the sink temperature. Second, air leaking into thf u ^ 
eontinuously removed durimr on*.rnfi • ^ c-ondenser must be 

of steam and air exceeds that of the ^ ^ Pi*essure of the mixture 

i. the prerr,vh “h l,;“I 

temperature higher thmi t^ o/ h T heat at a 

a'-le in the cycl^ , ot tomen io1 Z " temperature attain- 

mention the energy re(,uired to operate the con- 
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Fig. 11-19. Cliaiacteiistics of an 
ideal woikirif:; substance for Rankine 
cycle. 



P'lG. 11 21. Mercurv-steam binary- 
\’apor c^'cles. 



Fig. 11-20. Schematic diagram of mercuiy-steam heat engine. 

denser vacuum pump. In this case the steam power plant engineer speaks 
of “going to higher condenser vacua” to improve the thermal efficiency 
of the plant. Once again it is noted that the necessity of a vacuum is a 
disagreeable characteristic of steam, and it is a low temperature of heat 
rejection that is of real interest. 

Finally, we note that the efficiency of the Rankine cycle could approach 
more nearly that of the Carnot cycle if the heat capacity of liquid water 
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were very small relative to the enthalpy of vaporization. This would 
have the effect of increasing the mean effective temperature at which heat 
is added, since less heat would be added in the lower temperature range. 

If a fluid exhibiting all the desirable characteristics which are not 
present in steam were available, it would probably appear somewhat as 
shown in the T-s diagram of Fig. 11-19. Unfortunately, such a fluid does 
not exist, and it appears that we have exhausted all possible modifications 
of the Rankine cycle to adapt it to the characteristics of steam. We 
therefore seek a method by which two fluids can be used so that advan¬ 


tage may be taken of the favorable characteristics of each. 

A binary-vapor heat engine, in which mercury and steam are the work¬ 
ing substances, has been used successfully in a number of instances. This 
heat engine consists, in fact, of two separate cycles, one utilizing mercury 
and the other steam as the working substance, as shown in Figs. 11-20 
and 11-21. It will be noted that it is entirely feasible to vaporize the 
mercury at the metallurgical limit. But, on the other hand, at a typical 
condenser temperature of 70°F the vapor pressure of mercury is so small 
and the specific volume is so large, that the size of the machinery requirecl 
to handle the exhaust vapor renders the cost excessive. This difficulty is 
avoided and the advantage of vaporizing at a high temperature is retained 
when mercury is vaporized at a temperature near the metallurgical limit 
and expanded until its temperature is about 450°F. The heat flowing 
from the condensing mercury is used to generate steam at a pressure of 
about 325 Ib/in , and the steam is then expanded to a condenser tempera- 

ure of about 70°F. The steam is usually superheated in a superheater 
located in the mercury boiler, as shown in Fig. 11-20. 

I o determine the thermal efficiency of the mercury-steam heat engine 

It IS necessary first to write an energy balance for the mercury condenser’ 
\\ e assume a unit mass flow of steam, and 


+ ha' — he' — jchc = 0 

since = 0 and 11^ = 0. Solving for .r, we get 


X = 


he' hfi> 


hd — he 

1 he thermal efficiency may be written 


Vlh 


^ Hhc hg) + {h^,, - he) - {hd' - he 


) 


or, alternatively. 


^{hc h„) -)- {h^'t — hc>) 


( 11 - 21 ) 


( 11 - 22 ) 


m. = /!.-) - x{h„ ~h,)~ (h. ., - he) 

- h,)+jh;; 7 ^rj^ ( 11 - 23 ) 

I ».lly, ...gener.tiv, healing „f ,he feedwaier i. employed in the ste.m 


cycle, but in the interests of simplicity it 


IS not considered here. 
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Example. In a mercury-steam power 
plant saturated mercury vapor flows into 
the mercury turbine at a temperature 
of 1000°F and leaves it at 600°F. The 
mercury condenser also serves as a boiler 
delivering saturated steam at 600®F. 
If cooling water for the steam condenser 
is available at 60°F, determine the 
thermal efficiency of the combined plant. 
Assume that the mercury and steam 
undergo a Rankine cycle, and that all 
processes are reversible. Neglect pump 
work. 

Solution. We refer to Fig. 11-22. 
Consider first the mercury cycle. The 
properties of mercury are obtained from 
the mercury tables in the appendix. 
The enthalpy of the mercury vapor en¬ 
tering the turbine is 

he = 155.32 Btu Ibm (mercury) 



Figuke 11-22. 


after determining 


Btu 

- } 

Ibm (mercury) 


Btu 

Ibm (steam) 


and 


Sc = Sd = 0.120 - 


Btu 


lbm-°F (meiTury) 

The enthalpy of the meicurv leaving the turbine is found, 
the quality, as 

(0.120 - 0.025) Btu/lbm-°F 

•Trf = - . . _ . ^ -r:- ttt = 0.8, 


(0.144 - 0.025) Btu Ibnv^F 


hd = 144.6 Btu Ibm - (1 -0.8)(I26.1) = 119.2 


and from the steam tables, 


h„ = 18.52. 


For the steam cycle, we get from the steam tables: 

he' = 1165.5 Btu/Ibm (steam) and Sc' = Sd' = 1.3307 


Xd' = 


h^> - 


(1.3307 - 0.0555) Btu/lbm-°F 
(2.0948 - 0.0555) Btu Ibm-°F 


— 0.625, 


1088 Btu/lbm - (1 - 0.625) (1059.9) Btu Ibm 
690 Btu/lbm (steam), 


ha' = 28.06 Btu/lbm (steam). 


The mass of water per unit mass flow of mercuiy is obtained from an eneig} 
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balance for the mercury condenser (steam boiler). Assuming a flow of 1 Ibm 
of mercury, the mass of steam is 


— ha (119.2 — 18.52) BtU'lb (mercury) 
whoo = ■;-:— -- — 

hc> — ha> (1165.5 — 28.06) Btu/lb (steam) 
= 0.0886 Ibm (steam) Ihm (mercury). 

The thermal efficiency for the binary-vapor heat engine is 


^th 


(/((. — hd) -j- wh2o(^(c' “ hfi>) 

he ha 


(155.32-119.2) 


Btu 


Ibm (mere) 


+ 0.0886 (1105.5-690) 

Ibm (mere) 


Btu 


ll)m (stm) 


(155.32 - 18.52) 


Btu 


ll)m (mercury) 


= 0.57. 


11-12 Second-law analysis of the heat engine. The processes which 
comprise the heat-engine cycle involve the steady flow of a working sub¬ 
stance with changes in its velocity and elevation. The availability of a 
mass of substance entering or leaving the components of a vapor power plant 
must take into consideration flow work, kinetic energy, potential energy, 
and other forms of energy with a suitable datum state in the environment 
for each form of energy. Since the heat-engine processes are designed to 
keep velocity changes to a minimum, and a consideration of elevational 
changes requires a detailed knowledge of the physical arrangement of the 

power plant, kineti(‘ and potential energy changes will not be taken into 
account here. 

For a system in steady flow which experiences a change of state from 
1 to 2, the maximum change of specific availability is 


— Ox — bo. 




The Hrst step in the second-law analysis of a heat engine is the deter¬ 
mination of the availability of the source. As pointed out before, the 
source is finite and exists in the form of gaseous products from the com¬ 
bustion of fuels. The irreversibilities in the combustion process itself are 
not considered here (see Chapter 14). Therefore we may consider the 
source to be a system consisting of gases, in steady flow, which are cooled 
at nearly constant pressure from the flame temperature to the lowest 

addition in the cycle. The maximum work is ob- 

envUonmeTt reversibly to the temperature of the 
envuonment, i.e., the atmosphere. 
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For example, if the flame temperature is 3500°F and the temperature of the 

atmosphere is 60 F, the availability of the source is found by means of Eq. (11-24) 

as follows, assuming that the products of combustion have the same properties 
as air. 

Aa = {h\ — /i 2 ) — 7^2(si — Si) 

= (^^1 — /ii) — T2(<i>l — 02), 


- (1076.2 - 520 X 1.13) - (124.3 - 520 X 0.592) = 672 Btu/lbm gas. 

The properties of air are obtained from the air tables in the appendix. Since a 
constant-pressure process is under consideration, As is equal to the change in 
the function 0 of the air tables. 

Now suppose that a Carnot engine operating between 600°F and 60®F is 
supplied with heat by the gases. The lowest temperature to which the gases 
can be cooled is 600®F. The heat added in the heat engine is 

72 = Ah = 1076.2 - 256 = 820 Btu/lbm gas, 
and the thermal efficiency of the heat engine is 


Vth 


1060°F - 520°F 
]060°F 


0.51. 


Therefore the useful work produced by the engine is 


w’net = Vth 72 = 0.51 X 820 = 418 Btudbm gas. 


The effectiveness of the cvcle is 

« 



418 

672 


0.64. 


For purposes of comparison, let us find the effectiveness of a reversible 
Rankine cycle in which the highest temperature is 600®F and the sink tempera¬ 
ture is 60°F. From the steam tables, we find, with reference to Fig. 11-8, 

hi, = 1165.5 Btu/lbm, h^ — 693 Btu/lbm, ha — 28 Btu/lbm, 


hr = hd 4- I’ Ap = 28 Btu/lbm -|- 

= 33.8 Btu/lbm, 


0.2ftVlbm (1542.9 - 0,2563) lb/in=^ 144inVft^ 

778 ftdb/Btu 



_ (1165.5 - 33.8) Btu/lbm - (693 - 28) Btu/lbm ^ 

(1165.5 - 33.8)Btu/lbm 

The heat added to the working substance of the heat engine per pound-mass of 
gaseous products of combustion, noting that the products can be cooled to Te, 
which is approximately 66®F, is 


= Ah = (1076.2 - 125.7) = 951 Btu/lbm gas. 


The useful work produced by the engine is 

Wnet = J 7 th 72 = 0.41 X 951 = 390 Btu/lbm gas. 
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The effectiveness is 


& = 


W^net 

Aa 


390 


672 


= 0 . 6 . 


The irreversibility for the Carnot engine is 

^ ~ ~ w’net = 672 — 418 = 254 Btu/lbrn gas, 

and for the reversible Rankine engine, it is 

/ = 672 — 390 = 282 Btu/lbm gas. 


It should be carefully noted that the two cycles used in the preceding 

example are reversible, and that the irreversibilities exist between the 
source and the cycle. 

Next we shall determine the availability, effectiveness, and irreversi¬ 
bility of an expansion process (see Fig. 11-8). If potential and kinetic 
energy changes are neglected, and if it is assumed that the actual process 

IS adiabatic (but not reversible), the work delivered by the turbine to the 
surroundings is 

w = hb ~ he. 


he temperature at c is fixed by the environment, which in this case is 
the condenser. The system experiences a decrease of availability, while 
some other system m the surroundings experiences an increase of availa¬ 
bility equal to the actual work delivered by the turbine. Equation (11-24) 
gives the decrease of availability of the system for a reversible change of 
state to the final state fixed by the pressure and temperature of the con¬ 
denser. We note that the process is adiabatic, and that a reversible adia¬ 
batic process is isentropic. Then the maximum decrease of availability 

of the system, or the maximum work which can be delivered by the svs- 
tern to the surroundings is 


— 62 = {hb — he) — 


^ Sc) = hb ^ he. 


Ul-25) 


Following the sign convention for the work done by the system a. is « 
The' eretrsfr.he^urrJu^dir 


^ _ hb he' 

^ - he 


(11-26) 

From the preceding equation, we see that the effectiveness has the 
mnltisuge turbine.) The irreversibility of the »ran.l° p‘o'ce^r * 

f A A y ■ 


^ ^®ninx W 


(hb he) - (hb - he') = (he' - he) 

I - ^r')] - (hb ~ he') 

i c(Sc' — Sb). 
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pump shows that the effectiveness and irre- 


and 



I = — + = — {he ~ h(i) + {he* — ha) = {he* — he) 

= — {he* — hd) + Td{Se* — Sd) + {he* ~ hd) = Td{Se* — Sd). 

The development of expressions for the availability, effectiveness, and 
irreversibility of feedwater heaters and condensers is left as an exercise. 

The methods discussed in this section may be used in the following 
manner to evaluate the effect of irreversibilities in a heat engine, (a) The 
irreversibilities between the source and system may be found by assuming 
that the cycle is reversible, as in the sample problem, (b) The irreversi¬ 
bilities in the real cycle may be determined by assuming that the availa¬ 
bility of the system experiencing the cyclic process is given by the increase 
of availability of the same system in the heat-addition process, (c) The 
irreversibilities in the processes may he discovered by methods similar to 
those used in this section for the turbine and pump. The net useful work 
developed in the actual cycle, divided by the maximum decrease in avail¬ 
ability of the source, will give the effectiveness of the source and system 
combined. Similarly, the effectiveness of the cycle alone is equal to the 
net useful work done by the system divided by the increase in the avail¬ 
ability of the system as determined in (b). Items (a), (b), and (c) enable 
us to find the process or processes responsible for a poor effectiveness of 
the cycle, or of the cycle and source. 


PRORLEMS 


11 -1. Figure 11-6 (b) shows a Carnot cycle in the liquid-vapor region. The 
working substance is 1 Ibm of water, = 360°F, and Ti = 100°F. All processes 
are nonflow. 

(a) Show that in the process ab, 

Q ab b fj bfif ^Vnh — bf, //(, Hf) { lia- 

(b) Show that in the process be, 

Qbc ~ Oj = tif, Uf. 

(c) Show that in the process cd, 

Qcd bd he, ~ bfj be Wrf “b 

(d) vShow that in the process da, 


Qda — 0, Wda 


W rf ti a* 
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(e) Let X 2 and a-i represent the fraction of the mass of the system in the 
liquid phase at points c and d, respectively. Show that 


^ _ 56 Se 

Xo - y 

Sf Sc 


:ri = 


Sc 

Sf Sc 


(f) Show that 


= Uc + X.{Uf - Uc), he = he + X^ihf - /(,). 


Hd — Ue -\- X\{Uf ^ 


~ he X\{hf — he). 


(g) Compute m ftdb the work of expansion in the cycle, along the path abc. 

(h) Compute in ft*lh the work of compression along the path eda, and find 
the ratio of expansion work to compression work. 

(i) Compute the net work done in the cycle in foot-pounds. 

(j) Compute the efficiency of the cycle from (i) and show that it is eoual 

to (7^2 - T,)/T 2 . * 

11 -2. Recompute parts (g), (h). and (i) of problem 11-1, if the exj)ansion 
efficiency is 85 percent and the compression efficiency is GO jiercent. 

11-3. A Rankine cycle is substituted for the Carnot cycle of problem 11-1 
(a) Compute the expansion, compression, and net work in the cycle, (b) Com¬ 
pute the cycle efficiency and compare with that obtained in problem 11-1. 
(c) Compare the ratio of expansion work to compression work in this problem 

with the ratio obtained in problem 11-1. What is the significance of this 
comparison? 

11-4. Suppose the expansion efficiency and pumping efficiency are each 
5 percent in problem li-3. (a) Compute tlie expansion work, compre.ssion 

work, and net work done in the cycle, (h) Compute the cycle efficiency and 
compare It with that obtained in problem 11-2. (c) Compare the ratio of expan- 
s.on work to compression work in this problem with the ratio fouml in problem 
11 2. Discuss the significance of the above comparisons. 

11-5. In the reyersible Rankine cycle with superheat, steam enters the 
turbine at 250 Ib/in^ and 800-F and exhausts at 1 lb/ini (a) Find the net work 
pel lb of steam, (b) If as a result of irreyersible expansion in the turbine the 

of rn’/ " 1 ® O Ofi Rtu/lbm-“R at the exhaust pressure 

^ Vi '’®'' pound-mass of steam? 

100 livt^ anVonoT receives steam at 

luunvin and 900 F and exhausts at 1.4 in. Htr fal Tf tLo 

efficiency and the mechanical efficiency of the turbine are 0.86 and 0 98 respe? 

tnely, and if the generator efficiency is 0.96. what is the cvcie (thermal Iffi 

ciencj. ()) Suppose that steam enters the turbine at 850 Ib/in^ and 900°F 
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11-8. What is the thermal efficiency of a heat engine which is supplied with 
steam at 3206.2 Ib/in^ and 1150®F and which exhausts steam at 1 in. Hg? Is 
this a practical cycle? Explain your answer. 

11-9. What is the thermal efficiency of a heat engine which is supplied with 
steam at 4500 Ib/in^ and 1150®F and which exhausts steam at 1 in. Hg? Is this 
cycle practical? Explain your answer. What modifications should be intro¬ 
duced in this problem and in problem 11-8 to make these cycles practical? 

11-10. A steam turbine is supplied with steam at 200 Ib/in^ and 390®F and 
exhausts the steam at 1.5 in. Hg. (a) What is the cycle efficiency if the turbine 
operates in a Rankine cycle with superheat? (b) Suppose a turbine receives 
steam at 630 Ib/in^ and 640°F and exhausts at 200 Ib/in^. What is the efficiency 
of this Rankine cycle? (c) If the two turbines are combined so that the high- 
pressure turbine (“topping” turbine) exhausts to the low-pressure turbine, 
what is the efficiency of the cycle in which the combination operates? (d) How 
do you explain the fact that the heat engine employing the two turbines in 
combination has a greater thermal efficiency than the heat engines employing 
the turbines in independent operation? 

11-11. A heat engine is supplied with steam at 1260 Ib/in^ and 900°F. The 
steam expands in a turbine to 250 Ib/in^, where it is resuperheated to 800°F. 
It then expands to 1.5 in. Hg. (a) What is the thermal efficiency? (b) How 
does this efficiency compare with that of a heat engine where the steam expands 
from 1260 Ib/in^ and 900®F, without reheat, to 1.5 in. Hg, neglecting the effect 
of moisture in the steam? (c) If a pressure loss of 10 Ib/in^ is sustained in the 
reheat process, how does the thermal efficiency compare with that of the heat 
engine without reheat? 

11-12. Solve problem 11-11 for the condition of reheat, if the internal 
engine efficiency of each portion of the turbine is 0.85. What is the internal 
engine efficiency of the entire turbine? 

11-13. In a regenerative cycle, steam is received by the turbine at 1200 Ib/in^ 
and 1100°F and is exhausted at 1.5 in. Hg. One feedwater heater is used and is 
supplied with extraction steam at the optimum temperature. What is the 
thermal efficiency? Assume drips (condensed extraction steam) are pumped 
into the condensate line leaving the heater, and neglect the drip-pump work. 

11-14. Suppose that in problem 11-13 the internal engine efficiency of the 
section of the turbine before extraction is 0.87, and that of the section after 
extraction is 0.82. Compute the thermal efficiency of the heat engine and the 
internal engine efficiency of the entire turbine. 

11-15. Solve problem 11-13 if two feedwater heaters are used. 

11-16. Solve problem 11-13 if three feedwater heaters are used. 

11-17. Solve problem 11-14 if two heaters are used and the internal engine 
efficiencies of the three turbine sections are 0.87, 0.85, and 0.82, respectively. 

11-18. Solve problem 11-14 if three feedwater heaters are used and the 
internal engine efficiencies of the four turbine sections are 0.88, 0.86, 0.84, and 
0.82, respectively. 

11-19. Compare the incremental improvement in thermal efficiency for each 
feedwater heater introduced in problems 11-13, 11-15, and 11-16. Explain. 

11-20. A binary-vapor cycle operates on mercury and steam. Saturated 
mercury vapor at 1000°F is supplied to the mercury turbine, from which it 
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exhausts at 1.9 lb, in^ The mercury condenser generates saturated steam at 
500°F which is expanded in a steam turbine to 1 in. Hg. (a) P’ind the thermal 
efficiency of the binary-vapor heat engine, (b) If 100.000 Ibm/hr of steam 
flows through the steam turbine, what is the flow through the mercury turbine? 
(c) Assuming all processes are reversible, what is the useful woik done in the 
binary-vapor cycle for the specified steam flow? 


11 -21. The steam leaving the mercury condenser in problem 11-20 is super¬ 
heated to a temperature of 800°F in a superheater located in the mercury boiler. 
The internal engine efficiencies of the mercury and steam turbines are 0.85 and 
0.87, respectively. The mercury and water feed pumps each have an efficiency 
of 0.85. Calculate the thermal efficiency of the heat engine. 

11-22. Extend problem 11-21 to include two feedwater heaters supplied 
with extracted steam at the optimum temperatures. 


11-23. For the feedwater heater in problem 11-13, determine the increase or 

(lecrease of availability of the extracted steam and the condensate (feedwater) 

Specify the magnitude, and whether or not the availability of the svstem increases 
or decreases. 


11 24. (a) Determine the irreversibility of the process in problem 11-23 
<'onsidering (1) the steam as a system, (2) the condensate as a system, and 
(3) the steam and condensate as comprising the system, (b) Is the irrever¬ 
sibility for the entire process the sum of the irreversibilities experienced bv the 
steam and the condensate and, if not, why? 


11 25. (a) What is the effectiveness of the turbine in 
(b) What is the effectiveness of the cycle? (c) Determine the 
the irreversibilities. 


problem 11-6? 
magnitudes of 


11-26. (a) Determine the effectiveness of the turbine and 

11-14. (b) Find the magnitude of the irreversibilities in the 

their nature. 


cycle in problem 
cycle and specify 



CHAPTER 12 


THERMODYNAMICS OF INTERNAL COMBUSTION 

ENGINE PROCESSES 

12-1 The internal combustion engine. It will be recalled that the heat 
engine comprises a closed system which is supplied with heat from an 
external source and which rejects heat to an external sink. The system 
returns periodically to its initial state, and therefore chemical changes 
within the system are excluded. Heat transfer into the system occurs 
primarily by conduction and radiation, and a material wall is required 
to keep the substances of the source and system separated. At least 
a portion of this wall must be at a higher temperature than that of the 
'system, thereby placing a metallurgical limitation on the highest temper¬ 
ature achieved in the system. 

The internal combustion engine provides for the release of internal 
energy through combustion of a suitable mixture of air and fuel within 
the confines of the engine. Thus the need for heat transfer from an 
external source is eliminated, and with it the metallurgical limitation. 
Because of chemical changes due to combustion, the system can never 
be returned to its initial state and we must conclude that the internal 
combustion engine is not a heat engine. Furthermore, the air for com¬ 
bustion is supplied from the environment, i.e., the atmosphere, and the 
products of combustion are rejected to the environment. These mutual 
intrusions of system and environment make the system an open one. 
In fact, it is extremely difficult to define in specific terms what constitutes 
the system as opposed to the environment. Hence the simple statement 
of the first law, dU ~ d'Q — d'W^ cannot be applied to the internal 
combustion engine and a much more complicated analysis is required. 
Although the internal combustion engine does not operate on a thermo¬ 
dynamic cycle, it carries out a thermodynamic process or a sequence of 
thermodynamic processes which are noncyclic. It will be interesting to 
examine these individual processes later in the chapter. 

First, we shall consider the physical operation of an idealized internal 
combustion engine as an aid in interpreting the thermodynamic analyses 
which follow. For this purpose it is convenient to classify internal com¬ 
bustion engines into the reciprocaling and gas-turbine types. The recipro¬ 
cating engines may be classified further into spark-ignition and com¬ 
pression-ignition types. 

An idealized spark-ignition reciprocating internal combustion engine 
is shown schematically in Fig. 12-1. In Fig. 12-1 (a) a mixture of air 
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Fig. 12 I. Elemental four-stroke internal combustion engine. 

and vaporized fuel is drawn into the cylinder by the downward stroke 
of the piston, known as the intake stroke. On the return stroke, called 
the compression stroke, the mixture is compressed as shown in Fig. 12-1 (b) 
At the end of the compression stroke, and before the power stroke begins 
the mixture of air and fuel is igtiited by a spark and combustion takes 
place at constant volume. (In the actual engine, combustion is initiated 
before the completion of the compression stroke and continues during 
part of the power stroke.) The expansion which follows combustion is 
shown as the power stroke of Fig. 12-1 (c). At the end of the power 
stroke the exhaust valve is opened and the products of combustion flow 
out of the cylinder while the cylinder volume remains constant. This 
How IS possible because the pressure of the products in the cylinder is 
higher than that of the atmosphere. The products which remain in the 
cylinder when pressure equilibrium with the atmosphere is reached are 

Tsmlu ‘’y/he exhaust stroke of Fig. 12-1 (d), with the exception of 
a small ,,uantity of products which remain in the clearance space Then 
the sequence of events previously described is repeated. It will be noted 
at four strokes of the piston occur in two revolutions of the crankshaft 
Su h an engine is called a four-stroke engine, since four stroke of the 

IcmpSlure ol Z?;,er‘‘o °l,‘ thenTth"??' 
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(b) 

Fig. 12-2. Indicator cards for ideal reciprocating internal combustion engines. 

power stroke. The remaining events are identical to the corresponding 
ones of the spark ignition engine. Figure 12-2 shows indicator cards for 
theoretical spark-ignition and compression-ignition reciprocating internal 
combustion engines. The indicator card is a plot of the pressure in the 
cylinder against the total volume of the substance in the cylinder. The 
intake stroke takes place from a to b and the compression stroke from 
6 to c in both engines in Fig. 12—2. In Fig. 12-2 (a) combustion takes 
place with no movement of the piston but with an increase in pressure 
from c to d. In Fig. 12-2 (b) combustion takes place at constant pressure, 
causing the movement of the piston from c to d. The power stroke in 
Fig. 12-2 (a) occurs from d to e, with movement of the piston to the right. 
The power stroke in Fig. 12-2 (b) includes the movement from c to d and 
from d to e. In both Figs. 12-2 (a) and 12-2 (b) gases escape from the 
cylinder between e and d with the piston remaining in place. The exhaust 
stroke in both engines occurs when the piston moves to the left from b to a. 

The gas-turbine internal combustion engine will be discussed later 
in the chapter. 

12-2 The air-standard cycle. An internal combustion engine may be 
imagined to operate in a thermodynamic cycle by considering a closed 
system of air which experiences no chemical change. The intake and 
exhaust strokes are therefore unnecessary. Combustion takes place 
externally and heat is transferred to the system through the cylinder 
walls. Similarly, heat (but not matter) is rejected from the system. 

Since the actual internal combustion engine involves a noncyclic 
sequence of processes, an attempt to make the actual processes conform 
to those of the air-standard cycles is somewhat pointless. Nevertheless, 
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an air-standard analysis leads to some qualitative conelusions which 
are of thermodynamic interest and of practical value. Later we shall 
return to an analysis which takes into account the real nature of the processes 
that occur in the internal combustion engine. 


12-3 The air-standard Carnot cycle. The Carnot cycle as a possible 
vapor-power cycle was examined in the preceding chapter, with the conclu¬ 
sion that it was highly undesirable because of practical difficulties. Now we 
shall examine its possibilities as an air-standard cycle. Figure 12-3 shows 
the air-standard C'arnot cycle in p-v and T-s diagrams which should be 
compared with those of Fig. ll-G for the Carnot steam cycle. It will be 
observed that the T-s diagram has the same characteristics for all sub¬ 
stances. However, the p-v diagram reveals that isothermal addition and 
rejection of heat (which also occur at constant pressure when steam is 
used because a change of pha.se is itn-olved) occur at variable pressure 
when air is the working substance. This consideration reciuires that the 
steady-flow heat-addition and heat-rejection processes of the Carnot 
steam engine be replaced with a cylinder and piston arrangement, or 
tiondow process, when air is used. This poses two difficulties. In the 
first place, the heat-addition and heat-rejection processes would be un¬ 
acceptably slow, or a huge cylinder would need to be employed in order 
to provide a large heat-transfer surface. In the second place, the metal¬ 
lurgical limit on temperature would be imposed because the material 
of the cylinder necessarily would be at a higher temperature than that 
of the working substance during the heat-addition process. Again we 
come to the conclusion that the Carnot heat engine is not practical 

Now suppo.se we consider what could be done to implement the iso- 
t lermal process if combustion were to take place internally We could 
employ compression-ignition and inject fuel during the power stroke at 
•such a rate that the temperature drop during expansion would be just 
balanced by the increase of temperature due to the combustion process 



I'lG. 12 3. Carnot gas power cycle. 
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Next there would be isentropic compression followed by an isothermal 
compression, which would necessitate an unreasonably large pressure rise, 
a fact which was discovered by Rudolph Diesel before the turn of the 
century. Furthermore, we are again reminded that the internal com¬ 
bustion engine does not operate on a thermodynamic cycle. 

Before leaving the air-standard Carnot cycle, we shall examine its 
efficiency expres.sed in a different form from that given before. Assum¬ 
ing that air is an ideal gas and, somewhat unrealistically, that heat is 
added reversibly at the temperature of the source and rejected reversibly 
at the temperature of the sink, then we have 




But we alyo have 




( 12 - 1 ) 


( 12 - 2 ) 


Designating as the isentropic compression (or expansion) ratio as 
follows, 




Vjl 

Vc 




and substituting in Eq. (12-2), we obtain 

^ti. - 1 - • (12-3) 

r ' 

' V 

This equation shows that the thermal efficiency increases as the v^alue 
of the compression ratio r^. increases. However, we should keep in mind 
that the compression ratio is merely another way of stating the ratio of 
source temperature to sink temperature as given in the basic equation, 
Eq. (12-2). 


12-4 The air-standard Otto cycle. The spark-ignition reciprocating 
internal combustion engine described in Section 12-1 may be imagined 
to operate on the air-standard Olio cycle. This cycle is shown in the p-v 
and T-s diagrams of Fig. 12-4. We observe that air is compressed isen- 
tropically by a piston from a to b \ with the piston locked in place, heat is 
added at constant volume from 6 to c; at c the piston is unlocked and the 
air expands isentropically behind the piston from ctod; finally, the piston 
is locked in place while heat is rejected at constant volume from d to a. 
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Fig. 12-4. Air-standard Otto cycle. 


The piston is unlocked at a and the cycle is repeated, 
air in the cylinder, the heat added is 


Per unit mass of 


Q2 = c^{l\ - Tt), 


and the heat rejected is 


= c,{Ta - Ta). 


The compression and expansion processes are isentropic and occur with 
the same volume ratios, which yields 


Hence, we have 






^th = 

and assuming that 



Ct, is constant, we get 



In a similar manner, it can be shown that 



(12-4) 

(12-5) 
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Although Eqs. (12-4) and (12-5) are equivalent expressions for the 
efficiency of the air-standard Otto cycle, neither one is equivalent to 
that of the Carnot cycle as given by Eq. (12-1). Only the subscripts 
happen to be the same. In Eq. (12-4), Tb is not the highest temperature 
of the cycle, although is the lowest temperature. Similarly, in Eq. 
(12-5) Tc is the highest temperature of the cycle but Td is not the lowest 
temperature. Therefore, the efficiency of the air-standard Otto cycle, 
even when reversible, is lower than that of a Carnot cycle operating be¬ 
tween the same temperature limits. It is important to remember this 
fact because an expression similar to Eq. (12-3) can be written for the 
air-standard Otto cycle as follows: 



( 12 - 6 ) 


Evidently, the efficiencies of the Carnot and Otto cycles are identical 
when the compression ratios are the same. This fact is rather misleading 
if Eqs. (12-4) and (12-5) are not examined carefully. The only way 
that the compression ratios of the Carnot and Otto cycles could be the 
same would be for the highest temperature of the Otto cycle to exceed 
and/or the lowest temperature of the Otto cycle to be lower than the 
corresponding temperatures of the Carnot cycle. It is left as a problem 
to compare the efficiency of a Carnot cycle with that of an Otto cycle 
when (a) the compression ratios are the same, and (h) the temperature 
limits are the same. 


Example. An air-standard Otto cycle has a compression ratio of 6. The 
lowest temperature at which heat is rejected is 100®F. The highest temperature 
at which heat is added is 2800°F. (a) How does this temperature compare 

with the highest temperature of a Carnot cycle having the same thermal ef¬ 
ficiency and the same sink temperature? (b) At what temperature does heat 
begin to be rejected in the Otto cycle? 

Solution, (a) For the Otto cycle, refer to Fig. 12-4. From Eq. (12-6), we 
have for the Otto cvcle 

For a Carnot cycle having this thermal efficiency and a sink temperature of 
100®F, we have, from the definition of thermal efficiency. 



T„ _ 560°R 

1 - 7?th ~ 1 - 0.512 




All the heat would be added at this temperature in a Carnot cycle and yet the 
thermal efficiency would be equal to that of the Otto cycle with the same com¬ 
pression ratio and sink temperature. 
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(b) Again referring to Fig. 12-4, we get for tlie temperature at wliieli heat 
begins to be rejected, 


T, = 


_n 

{^'d Vc) 


3260®R 

7^7 = = 1130°F. 


which IS seen to he even higher than the source temj)erature of the ( arnot cvcle. 

12-6 The air-standard Diesel cycle. The compression-ignilion recipro¬ 
cating internal combustion engine maj- he coirstrucd to operate on the 
air-standard Diesel cycle, as shown in the p-v and T-s diagrams of Fig. 
12-5. An examination of the.se diagrams shows that the air is compressed 
isentropically by the piston from a to b. Heat is added at constant pressure, 
but with increasing \-olume and temperature, from b to c. In other words 
the process ab is a constant-pressure expansion of the air behind the piston’ 
Further expansion of the air behind the pi.ston takes place isentropically 

Irom c to d. The last process consists of the rejection of heat at constant 
volume from d to a, i.e., with the piston stationary. 

The efficiency of the air-standard Diesel cv<-le may be written 


„„ = ^ rc(7V - n) - c„(r„ - , T., - T., 

(h n) 


(12-7) 


AHer some algebraic manipulation, Eip (12-7) may be written in a form 
vhich more readily lends itself to interpretation. First, it may be written 


as 


- 1 (t'A j, 

y\rJ\T.-T, T„) 


or 


= 1 


_ l(la\( Ta,n\ - 1 \ 

7 \nA7V7’, - l) * 


( 12 - 8 ) 



Rig. 12 5. Air-standard Diesel cycle. 
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From the equation of state of an ideal gas, 


^ d Pd^d 

a PaPa 


and 


PcVc 

PhVh 


But Va — Vd and pc = Ph- Therefore, 


Td Pd 


a 


Pa 


and 


Tc Vc 

Tfr = ~ = rc, 

lb Vb 


(12-9) 


( 12 - 10 ) 


the volume ratio of the last equation being known as the cutoff ratio. 
Also, from the isentropic path equation of an ideal gas, we have 



and hence we get 

IN _ (vcV _ ^ Td 
Pa \y6/ Ta ' 


( 12 - 11 ) 


with the aid of Eq. (12-9) and the observation that pb = Pc and Vd = Va. 
The compression ratio expressed in terms of the temperature ratio Ta/Tb 
is 



( 12 - 12 ) 


Then, substituting E(is. (12-10), (12-11), and (12-12) in Eq. (12-8), 
we obtain 


’?th = 



(12-13) 


A comparison of Eq. (12-13) with Eqs. (12-3) and (12-6) shows 
that for the same compression ratio the efficiency of the air-standard 
Diesel cycle is lower than that of the Carnot or Otto cycles, since the 
expression — l)/ 7 (rc — 1) is always greater than unity. This con¬ 
clusion is logical when the constant-volume heat-addition process of the 
Otto cycle is compared with its constant-pressure counterpart in the 
Diesel cycle. Neither process involves flow and the energy equation for 
the process is simply d(' = d'Q — d'W. But no p dV work is done in the 
constant-volume process; the heat added is all utilized to increase the 
internal energy, and therefore the temperature and pressure of the system. 
In the constant-pressure process p dV work is done and for the same 
amount of heat added and the same compression ratio, the system acquires 
a lower temperature and pressure than in the constant-volume process. 
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(a) 



Diesol 


(I 




coSLiL"! ‘I- '-at added aad 

I his IS elearly shown in the T-s diagram of Fig. 12-(3, wliere the areas 

\'Lo"'’the" of ocuality of heat addition. 

Also the slope of the eonstant-voli.me curve be is steeper than that of the 

constant-pressure curve be , a fact which can be readily verified Hence 

the emperature at c is lower than that at c, while the entropy at c' is 

greater than that at c. C'ensecpiently the amount of heat rejected from 

the Diese cycle is greater than that rejected from the Otto cycle under 

of'the OtT' conclude, therefore, that the efficiency 

of the Otto cycle is superior when the same amount of heat is added and 
the compression ratio is the same. 

Chww' combustion engine patterned after 

o cycle the air-fuel mixture is compressed. The combustion of 

•bom"irT T’"",' M relatively lore pressures 

iirzr; 

eotmtered i„ the iotereal eorehosti™, „,„i„e patLST te’ ‘,he"Die“; 
shore. „ h a comp.™.,,. rehiel, ree can r„,.elude th.t'the 


P 



T 


,re. J> ~ oon.st. 

Diesel \ c 

\ ^ 


<a) 


v 



Otto 

cveie 


1’ = const. 


added and the same'max°muL*^p^essures^*'^**^* amount of heat 
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(a) '■ (I,) 

Fig. 12-8. Air-standard dual cycle. 


I3iesel cycle has a superior efficiency under this practical limitation on 
the maximum pressure of the Otto cycle. 

A dual cycle, which represents a compromise between the Diesel and 
Otto cycles, has an efficiency intermediate between the efficiencies of 
these two cycles on either of the bases of comparison discussed. The 
dual cycle is shown in Fig. 12-8 and an analysis similar to that of the 
Otto and Diesel cycles can be readily made. 


lOxAMPLE. In an air-standard dual cycle the air is at a teinj^erature of 80°F 
and at a pressure of 14.5 lb in“ before the isentropic compression process. In 
this process the volume of the air is reduced from 2.5 ft^ to 0.15 ft^. In the 
constant-pressure process the temperature of the air is increased from 2100®F 
to 2.900°F. Determine (a) the cutoff ratio, (h) the compression ratio, (c) the 
heat added and rejected, and (fl) the thermal efficiency. 

Solution, (a) \Xe refer to Fig. 12-8 and note from the given data that 
Tc = 2100°F = 25r)0°R and = 2900°F = 3360°R. We note also that 

and Vr = 0-15 ft"*. For the constant-pressure process rd, we get 



and from the definition of cutoff ratio, we have 


Vd _ 0.197 ft=* 
Vr ~ 0.15 ft^ 


cutoff ratio = 


= 1.31 


(h) The compression ratio is 


Cv = 


Vn 


2.5 ft’^ 
0.15 ft^ 


= 16.7 


(c) From the given data, we note that Ta — 80°F = 540°R, I « — 2.5 ft■^ 
and Vb = 0.15 ft^. The relative volume at a is found from the air tables to be 


and we get 


Vra = 144.32, 


Vb 0.15 ft-^ 

144.32 ^ = 8.60 
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Enteiing the air tables with this relative volume, we get 

n = 1575°R = ni5°F. 

f/6 = 281.1 Btu Ihm. 

Uc = 487.5 Btu Ibm. 

The equation of state of an ideal gas gives tlie mass of aii- at the beginning of 
the compression process; 


m = 


RT„ 


11) • ‘> 

14.5— X 144 X 2.5 tV 
in- ft- 

ft-lb“ 

.)8.3.>- X 54()®K 


Ibm-^K 


= O.lSl Ibm. 


The heat added to the system in the cycle Ls 

Qa = m{Ur — Uh) 4 - m{hd — he). 

Since we know the tempeiatui-c.s at b. c. and >1, the internal energy and enthalnv 

at each of these points can be found directly from the air tables. Substituti ,g 
in the above ecpiation, we get ^ 


C/.i - O.lkl Ibm (4S7.5 - 2S1.1)^ + O.lSl Ibni (S90 8 - 

Ibm 


I>h3) 


— 79.0 Btu. 

The relative volume at d is 


Btu 

11)111 


Vrd = 0.812. 


and since it is known that 1',- = 2.5 ft-\ we get 


r„= = 0.812 

^ d 0.197 ft^ 


:r77:; = 10.3 


ith tliis lelative vol 


ume. we get from the air tables 
Te = 1482°R = 1022°F. 

>ic = 262.8 Btu ll>m, 

= 92 Btu, Ibm. 

1 he heat rejected from the system in the cycle is 

Qu = m{u,. - u„) = 0.181 Ibm (262.8 - 92) 


= 30.9 Btu. 


Ibm 


(-» I-V.m. the definition of thermal efficiency, we obtain 


’Jth 


^ (79.6 - 30.9) Btu 
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12-6 Analysis of internal combustion engine processes. The results 
obtained from an analysis of an air-standard engine are of limited value 
in predicting the precise nature of the actual processes. However, many 
useful suggestions for improving the performance of the actual engine 
are derived from such a simplified analysis. The thermal efficiency of 
an internal combustion engine may be as much as 10 to 30 percent lower 
than that predicted by an air-standard analysis. However, when a large 
air-fuel ratio (two or more times as much as the theoretical amount of air 
recpiired for combustion) is employed, the thermal efficiency calculated 
from the air-standard cycle is in fair agreement with that obtained from 
moie detailed analyses of the individual processes. 

Even an idealized analysis of the individual processes of the internal 
combustion engine recjuires considerably more space than can be given 
to it in a general te.xtbook on thermodynamics. The analysis of the 
actual processes is a highly specialized study. For a more detailed theo¬ 
retical analysis and the steps to be taken in the analysis of the actual 
proce.sses, the reader should consult a specialized te.xt devoted to internal 
combustion engines. Here we shall do no more than outline the energy 

eiiuations for the processes. However, combustion is covered in con- 
siderahly more detail in C’hapter 14. 


As an example of a simplified theoretical analysis, we shall consider 
the processes of an engine patterned after the Otto cycle. The following 
assumptions are made: (a) the pressure in the cylinder is constant at 
atmospheric pressure during the intake and exhaust strokes, (b) all 
processes are adiabatic, and (c) combustion takes place at constant 
volume. Referring to Fig. 12-9, it is noted that at the end of the ex¬ 


pansion process 4-5 the exhaust valve is opened and some of the products 
of combustion escape, while the piston remains in place. The products 
lemaining in the cylinder expand isentropically as indicated by the process 
5-5 . 1 hen the pressure, temperature, and specific volume of the products 

at 1, 2 , and 5 are the same. It should be remembered that the volume 
abscissa of Fig. 12-9 represents the volume in the cylinder occupied by 
gases except for the imaginary point 5^. The exhaust stroke of the piston 
from 2^ to 1 pushes out the products 
remaining in the cylinder at 2' except 
for a small quantity of residual gas 
which remains in the cylinder at 1. 

During the intake process 1-2, a 
mixture of air and fuel in the vapor 
state is drawn into the cylinder. Dur¬ 
ing this process the system is open. 

We note that the atmosphere does 
work on the entering mixture ecjual 
to the flow-work term pv. Therefore 



the energy of the air-fuel mixture is Fig. 12-9. Theoretical Otto engine. 
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ma{Ua + PaVa)l + + PfV/)i = (mjla + (12-14) 

where rria and m/ are the masses of air and fuel, respectively. The energy 

of the residual gases in the clearance volume Vi is mriUr 2 '. During the 

intake process, work is done on the piston by the residual gases and the 

air-fuel mixture. The work done at the time of completion of the process 
is Jp dV, or 

pdV = -piiVi - Vi) 

\ 

= {rriaUa + rrifUf + mrUr)^ ~~ (niaha + mfhf)x ~ niriUrr. 


The mass of residual gas can readily be shown to be 


(12-15) 


mrx 

m2 


Tv 


(12-16) 


from which is obtained the following relationship for the mass of air-fuel 
mixture drawn in during the intake process: 




m 2 


m 2 




(12-17) 


The compression process from 2 to 3 is assumed to be i.sentropie and 
nence we have ^ ’ 


m„iS2 m„iS-s — (maSa + m/Sf + 7nrSr)2 

= (maSa + m/Sf + mrSr)'s, 


(12-18) 


Wherejn„. is the mass of air, fuel, and residual gases. Flow is not involved 

and he work done during the compression process is equal to the change 
in internal energy, or ^ 

^3-2 = mm(Um3 - Um2) 

(maUa + m/U/ + mrUr)z — (maiia -h m/U/ H- mrUr)2. (12-19) 
The constant-volume combustion process occurs from 3 to 4 The 

rpXeXtwHuL''" 

(m„Ma + m^u/ + mrUr)3 = (mpUp)^. (12-20) 

ever^'h ^ ^ be isentropic. How- 

nlnee rt . *0 ^ote that actually some combustion continues to take 
P ace during this process because the decreasing temperature k fa ui 
for completeness of the reaction, as will be exp aS n m 

W 4.5 = {mpUp)4 - (WpWp)5. 


(12-21) 



394 


INTERNAL COMBUSTION ENGINE PROCESSES 


[chap. 12 


The release or blowdown process from 5 to 2' occurs with the piston 
in place, and hence the volume of the cylinder occupied by products is 
constant. It will be recalled that Fig. 12-9 is a plot of pressure in the 
cylinder against piston displacement. Since the exhaust valve is open, 
the process 5-2' is not a constant-volume process. Actually, the products 
remaining in the cylinder at 5 expand, doing work on the escaping products. 
If we assume that the products remaining in the cylinder undergo an 
isentropic expansion, doing work on the escaping products, the expansion 
is shown as an extension of the isentropic expansion 4-5 to 5'. The thermo¬ 
dynamic state of the products at 5' and 2' is the same, i.e., the pressure, 
temperature, and specific volume are ecjual respectively at 5' and 2'. 
Now the energy associated with the products expelled from the cylinder 
is a loss, and is equal but opposite in sign to the energy decrease in the 
cylinder. The decrease of internal energy of the gas in the cylinder is 

— AT = 7n2>H2' — (12-22) 

and it is noted that the absolute value of the internal energy U 2 ' or 
must be known in order to solve E(i. (12-22). It should also be noted 
that if all the products in the cylinder at 5 had expanded behind a piston 
to 5', the resulting useful work could have been realized. The reason 
that such an expansion is not utilized is the impracticality of providing 
a cylinder of sufficient length. 

Finally, we examine the exhaust process from 2' to 1 during which 
work is done on the products remaining in the cylinder as they are pushed 
out by the piston. The work done in this proce.ss is 

\y = f priV = - Ti). (12-23) 

Jr, 


and the change in internal energy of the gas in the cylinder is 

— AC = (mi//i — 7n2'U2') = n2'(ni\ — m 2 '), (12-24) 


sin(‘e III — N 2 ' = uy. 


4'he net work done by the Otto engine is 


Hut 



(12-25) 


since V 2 ' — I 2 and Pi = p 2 ~ P 2 '- Then substituting from K(|S. (12-19) 
and (12-21), we obtain for the net work 

fFnet = [(^p^p)4 — (^pUp)5] “ "2m(Wm3 “ (12-25) 

The efficiency of the internal combustion engine process is the ratio 
of the net work done to the energy supplied in the process. The net 
work done is obtained from K(i. (12-20), and if the internal energies 
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were available in tables as absolute <|uaiitities, they could be used in this 
equation. However, since internal energy is repre.sented as a relati\e 
internal energy, a change of internal energy as measured by the /iratirif/ 
value, or heat of combustion, ot the fuel at constant pressure is u.sed instead 
(usually the lower heating value). I'he heating values of fuels are di.s- 
cussed in C'hapter 14 in connection with combustion. 

The equations derived in this .section are not of practical value imle.ss 

tables of thermodynamic properties are available. Xeverthcle.ss, the 

analysis given here, although greatly simplified, docs serve to e.stablish 

the mode of reasoning appropriate to a thermodvnamic analy.sis of the 

internal combustion proce.ss as opposed to the clo.sed svstems'studied in 

the preceding idiapter. Suitable charts for the solution of problems having 

to do with the detailed analy.sis of internal <-ombustion engine pr(),'e.s.ses 

are available in books* on internal combustion engines for those who arc 
interested in pursuing the .subject further. 

12-7 The gas-turbine internal combustion engine, 't he ga.-^-turbine 
internal combustion engine differs from the reciprocating tvpes in two 
principal features. In the first pla,.e, each proc.ess is ..arried out in a 
separate piece of apparatus, 'finis air is compressed in a separate mV 
compressor, the compre.s.sed air and fuel ar,. introduced to a comLlor and 



I 'loduct,'; 


12 10 . Simple gas-turbine 


engine. 


'Iill book ('cmlau'.y, bn-^^ow' fink/ 


.M(*( I raw- 
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the gaseous products of combustion expand in a turhiTiej as shown in Fig. 
12-10. The other major difference is the absence of the piston and cylinder 
arrangement, so that all processes involve steady flow. It is possible 
to conceive of a piston and cylinder being used for the compression and 
expansion processes but engines of this sort are not widely used. 

The gas-turbine internal combustion engine may be analyzed in terms 
of an air-standard cycle, as in the case of the reciprocating internal com¬ 
bustion engine. However, the results of such an analysis are more realistic 
for the gas turbine, since a large air-fuel ratio is necessary. At present, 
the gaseous products introduced to the turbine are limited, for metallurgical 
reasons, to 1500°F, and a considerable amount of air must be used to cool 
the products of combustion. Hence the air-fuel ratio is large. 


12-8 The Brayton or Joule cycle. Figure 12-11 shows an ideal Brayton 
or Joule air-standard cycle in p-v and T-s diagrams. Air is compressed 
isentropically from a to 6, followed by heat addition at constant pressure 
from b to c, an isentropic expansion from c to d, and constant-pressure 
rejection of heat from d to a. In the actual engine, atmospheric air drawn 
in and compressed from a to b supports constant-pressure combustion 
from b to c, and the products of combustion are expanded from c to d 
and are rejected to the atmosphere at d. 

In the analysis of the air-standard cycle, the flow of air in all parts 
of the cycle is assumed to be steady, and the mean values of the specific 
heat capacities are assumed to be constant with temperature. If it is 
further assumed that all processes are reversible, the efficiency of the 
Brayton cycle is 


’7th 



{he — hb) — (hri — h„) 
he hh 


or 


and 


’7th 




Since pb ~ Pc and pa 


Pd, it follows that 


(12-27) 


(12-28) 


Pc 

Pd 


Pa 


from which 


Tc Td 
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r 

(a) 

Fig. 12-11. Bravton cvcle. 

^ V 


and 


Tt, T„ 


which, substituted in Eq. (12-28), jdelds 


>7tl. = 


n - T„ 


Tr - Tg 

Tc 


(12-29) 


An alternate expression for the thermal efficiency is 


’Jth = 1 - 


Pb 


(y-Uly 


.<7 —D'l ’ 


(12-30) 


where Vp - pjp^ - p^/pc and is known as the pressure ratio. 

It should be noted from Ecp (12-29) that the efficiency of the Brayton 
cycle IS not expressed in terms of the highest and lowest temperatures 
ot heat addition and heat rejection respectively, i.e., the temperatures 
ot source and sink. Therefore even the reversible Brayton cycle does 
not have as high an efficiency as the Carnot cycle operating between the 
same tempin-atures of source and sink. On the other hand, an expression 
similar to Eq. (12-30) has been derived for the Carnot cycle and for 
the same pressure ratio, the Brayton and Carnot cycles have the same 
tticiency^ However, the temperature limits are not the same in this case 

rever«n?r irreversible Brayton cycle. The departures from 

reversibility are shown by the broken lines in Fig. 12-11. We shall as 

sume that the pressure loss in the heat-addition and heat-rejection proc 
esses IS negligible. The compressor work is ^ 


and the turbine work is 
The heat added is 


Wc = hv - K, 


Wi = he ~ h,,,. 


(J2 = he — hi,’. 
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From these relationships the thermal efficiency is obtained; 


{he — hfi') — {hif — ha) 

= -7- 

he hh> 


(12-31) 


'I'he heat added in the form of fuel may be taken into account by including 
the combustor efficiency, and we have 


[(/ir — h^f) — {hh' — ha)]-nh 

Vth = - - -^- 

he — hh' 


(12-32) 


Fejuations (12-31) and (12-32) emphasize the sensitivity of the thermal 
efficiency of the Biayton cycle to irreversibilities in the compression and 
expansion processes as well as to the temperature at c, as discussed earlier. 
An examination of these equations and Fig. 12-11 shows clearly that if 
the turbine or compressor, or both, has a low efficiency, the net output 
of the cycle well may be zero or a negative fiuantity. 

12-9 Brayton cycle with regeneration. A study of Fig. 12-11 shows 
that a considerable amount of heat is rejected from the Brayton cycle. 
If we assume that the component efficiencie.s, the pressure ratio, and 
the temperature of the gases entering the turbine are fixed, then it is 
<*lear that an impro\'ement in thermal efficiency can be obtained only by 
decreasing the amounts of heat added and rejected. This decrease can 
be accomplished by employing a heat exchanger, called a regenerator, in 
order to transfer heat from the exhaust gases leaving the turbine to the 
compressed air leaving the compressor. To minimize irreversibilities in 
the heat transfer proc<\ss, counterflow heat transfer may be used. Only 
a portion of the energy in the exhaust gases is available, since the temper¬ 
ature Th' represents the lower limit to which they can be cooled. Similarly, 
l\i' represents the upper limit to which the compressed air can be heated 
by the regenerator. 

Assuming that the regenerator has an effectiveness of unity, i.e., that 
the defTcase of availability of the exhaust gases is equal to the increase 
of availability of the compressed air, w'c may write 


’7ni = 


(h - (h (he - }U.) - (hh' ~ ha) 


(h 


he — ha' 


(12-33) 


with reference^ to Fig. 12 12. Actually, a regenerator effectiveness of 
unity is not practical because of limitations on heat transfer surface and 
because of the speed at which heat transfer must take place. Accordingly, 
the effectiveness of the heat exchanger is less than unity, or 


nr = 


I'h" — Th' 


Ta' - Th' 
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where is the aetual temperature 
of the air leaving the regenerator, as 
shown in Fig. 12-12. For a Brayton 
cycle with a regenerator (see Fig. 
12-12), the theiinal efficiency may 
he written 


Vt) 


{hr — hf,"} — (h,i'> — //„) 


hr — hl,>/ 


(12-34) 



, i’lc;. 12 12. Hrayton cycle with re¬ 
generation. 


It should he carefully noted that tlu 
work of the turbine and compressoi 
remains unchanged when a regenerator is introduced into the cycl(\ 
Hence the net output of the engine is also urn-hanged. The improvement 
in efficiency is brought about l)y tin* increase in the mean effecti\'e temper¬ 
ature at which heat is added and the decrease in the mean effective tem- 

peiature at which heat is r(‘j(‘(*ted. From anotlier \ iewpoint. less heat is 
added and rejected. 

12-10 The effect of pressure ratio on cycle efficiency. In the previous 
aualysKs, the pre.ssure ratio was kept constant. Now we shall keep the 
temperature limits of the cycle coirstant and e.xamine the effect of chaiiK- 
ing the pre.ssure ratio. .Vs the pressure ratio is increased, T,, approaches 
the highest U‘mperature of the cycle and T., approaches the lowest tem¬ 
perature. Then if a pre.ssure ratio is selected so that T,, = 'J\, it would 
appear that the efficiency of the Carnot cycle would be reached. How- 
ovcr, It IS evident that the “cycle” as repre-sented in a T-n plane is a straight 
\ertical line. Hence heat is neither added nor rejected, and no mseful 
work output can be obtained. It is then clear that a lower thermal effi- 
cieiKj must be tolerated if an acceiHablc work output is to be obtained 
the irreversibilities in the compre.ssion and e.xpansioii processes are 
taken into ai'count, it is .seen that although an in,.rea,se in pre.ssure ratio 
.educes the amount of heat added, the output of the cyle, and therefore 

before the maximum tempera- 

.■a io o viciT ft!' T' 7 'Pbe optimum pre.ssure 

at.o to y eld the highest thermal effii-iency must be determined as a 

-d tuHime. tbe compi;!,: 

It was noted earlier that the u.se of a regenerator improves the thermal 
fficiency without affecting the net work output of the cycle In the 
tversible cycle (see Fig. 12-12), it is seen that if the preLre ratio is 

t ."Igenemor' dTr 

..:,s s;-—s 
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at which heat is rejected is equal to Ta. But obviously no work is done 
when the pressure ratio is unity, as evidenced by the p-v diagram. Also, 
heat is neither added nor rejected, because again we have a straight ver¬ 
tical line in the T-s diagram. We may state, however, that the thermal 
efficiency approaches that of the Carnot cycle and the work output ap¬ 
proaches zero as the pressure ratio approaches unity. Now suppose the 
pressure ratio exceeds unity. Then the heat recovered from the turbine 
exhaust gases decieases as Th approaches Td- In factj it is entirely possible 
for Th to exceed T^, making heat recovery impossible. If an irreversible 
regeneiator is used, 7 5 // must always be less than Td'j but the work out¬ 
put is zero at unit pressure ratio and yet heat can be added. Therefore 
the thermal efficiency is zero at unit pressure ratio for the irreversible 
cycle. To determine the optimum pressure ratio for the irreversible cycle 
with regeneration, the additional factor of regenerator effectiveness must 
be taken into account. 


12-11 Stirling cycle. The Stirling cycle is shown in the p-v and T-s 
diagrams of Fig. 12-13. From these diagrams we observe that constant- 
volume addition of heat occurs from a to 6 , followed by an isothermal 


expansion with heat addition from b to c, constant-volume rejection of 
heat from c to d, and isothermal compression with heat rejection from d 


to a. If a reversible regenerator is used, so that the heat rejected from c 
to d is recovered in the heat-addition process from a to 6 , then all the heat 
received from the external source is at the temperature T 2 , and all the 
heat rejected to the sink is at the temperature Ti. Then if the compres¬ 
sion and expansion processes are reversible, the efficiency of the Stirling 
cycle is equal to that of the Carnot cycle for the same temperatures of 
source and sink. 


The thermal efficiency of the Stirling cycle without a regenerator is 


Vtu = 


Q2 — Ql (hb — ha) + (hr — hb) + U'rb— (hr “ hd) “ (hd — ha) “ Wda 


Q2 


(hb — ha) (hr — hb) + Wfb 


(12-35) 


If a regenerator is employed, the thermal efficiency is 


Vth = 


Q2 ~~ Ql T2 ^Sb-r ~ T\ hSd-a T2 — T\ 


Q2 


T2 ^Sb.r 


(12-30) 


which is the same as that of the Carnot cycle. 

The Stirling cycle has the advantage of requiring a small amount of 
compression work compared with the Carnot cycle. Small changes of 
volume take place and hence low operating pressures are involved. The 
isothermal expansion can be approached in a gas turbine by introducing 
reheat, i.e., the gases are withdrawn from the turbine at points along the 
expansion path, heat is added to raise the temperature back to the initial 
value, and the gases are reintroduced to the turbine. Similarly, the iso- 
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P'lG. 12-13. Stirling cycle. 

thermal compression can be appioximated liy the use of intercooling, 
which consists of removing the air from the compressor at various points 
along the compression path, cooling it to the initial temperature, and 
reintroducing it into the compressor for further compression. More will 
be said aliout reheat and intercooling later. 

Turning to the constant-volume processes, it is obvious at once that 

It IS impossible to conceive of a steady-flow device which could provide 

or them. A nonflow piston-and-cylinder arrangement would do for these 

processes, but compression and expansion would need to be infinitely 

■slow. Furthermore, we would be faced with an impossible combination 
oi steady-riow and nonflow processes. 

Despite the fact that the Stirling cycle is as impractical as the Carnot 

••yc e (although for different reasons), it is an interesting example of a 

cyde which, when a regenerator is employed, can duplicate the efficiency 
or the ( arnot cycle. 


f Ericsson cycle. 'I'he EricHHon cyde, shown in Fig. 12-14 differs 

from the Brayton cycle in the substitution of isothermal for ise’ntropic 
lompression and expansion, and it differs from the Stirling cycle in the 

ime heat addition and heat rejection. The diagrams show isothermal 



Fig. 12-14. 



Kricsson cycle. 
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Fuel 



Fig. 12-15. Reheated expansion. 


('ooliiiK 



Fig, 12-16. Intercooled compression. 
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compression from a to b, constant-pressure heat addition from b to c 

isothermal expansion from c to d, and constant-pressure heat rejection’ 
from d to a. The thermal efficiency is 


’Ith = 


Q-2 - 

Q 2 

= ~ ~ he) + ICrct - (h,{ - ha) - (ha ~ h(,} - 




hu) + (/(,/ — hr) + w,., 


— Wah 


(he — hf,) + (h,{ — hr) + U'rti 


( 12 - 37 ) 


If a leversihle regenerator is used, the heat rejected from d to n may be 
completely reco^•ered in the heat-addition proi'css b to c because of the 
isothermal compression and expansion. Furthermore, a constant-pressure 
.steady-don process of this nature can be easily approached with counter- 

IcrlssThe'bo^'f - '-esenerator, the only heat transfers 


Vih = 


^ ( h - Qi ^ T., As ,., I - 7 ’, T 2 - Ti 


(h 


'^'2 


To 


( 12 - 38 ) 


a!oran‘d're''''''Ti‘ with a re^•ersible regener- 

o he tand expansion processes is ecpial to that 

v ew': the same temperaUire limits 

of this fact and the practical possibility of approximatin^r itc, 

pro,™, ,„0 E,.i „„ „„ o^po,,,,^ 

m gas-turbine engines to improve efficiency represent attemnt* 
to approximate the Ericsson cycle repiesent attempts 

aiunm determine the number of stages of reheat 

and intercoohng employed and the extent to which reversiSitv in th 
regenerator can be approximated are not considered here. 

siz 

of reheat in p-v and T-s diaerams i ^ ^ ^ ^ 

shown by the curve l-x Isentronic n sentropic expansion process is 

section from 1 to 2 The ^i the first turbine 

in the combustor at constant pmssuL fro'm ^t" f '"T"’ 

he turbine for isentropic expansion from 3 To 4 Th^ ?'h T 
IS repeated from 4 to "S nn 4 to 4 . ifie reheating process 

«ed„„ .iizi"r;rr ■■■ 

me cui\e 1-// represents an iso- 
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thermal expansion and the solid curve 1 2 3 4 5 6 represents the reheated 
expansion. It may be seen from the j)-v diagram that the areas under the 
reheated and isothermal expansion curves are greater than the area under 
the isentropic expansion curve. A comparison of the curve of the reheated 
expansion and the isothermal curve shows the crude approximation that 
two stages of reheat represent. 

Figure 12-16 is a representation of intercooling in p-v and T-s dia¬ 
grams. Again the crude approximation of two stages of intercooling to 
isothermal compression is evident. We see also that intercooling has an 
opposite effect to that of reheating, inasmuch as the work area under the 
intercooled compression curve is lower than that under the isentropic 
compression curve. 

The combination of intercooling and reheat evidently increases the 
net output of the gas-turbine engine, while the regenerator reduces the 
heat added and rejected. However, in computing the thermal efficiency 
of a gas-turbine engine which employs reheat or intercooling, the heat 
added in the reheater and rejected in the intercooler obviously must be 
taken into account. 


12-14 Internal combustion gas turbine analysis. The air-standard 
analysis of the gas-turbine engine provides results which, for all prac¬ 
tical purposes, are sufficiently accurate because of the large air-fuel 
ratio. However, specific information and a more accurate analysis can 
be obtained only by examination of the actual processes. Furthermore, 
it is interesting from a thermodynamic viewpoint to investigate the energy 
ecjuations for the individual processes. In this section we shall examine 
the processes of the simple gas-turbine engine and in the next section the 
jet-propulsion engine will be investigated because of its particular interest. 

Figure 12-17 shows the processes of a simple gas-turbine engine in 
the T-s diagram. It will be noted that the system is open. The heat- 
addition process is replaced by an adiabatic combustion process which 
we shall assume takes place at constant pressure. The pressure drop in 
the combustion process and in the exhaust system is so slight, as shown in 
the diagram, that it may be neglected. 

All processes are assumed to be 7’ 
essentially adiabatic, irreversible, and 
to take place with steady flow. After 
the engine is started by some auxil¬ 
iary means, atmospheric air is drawn 
into the compressor at a and is com¬ 
pressed from a to b. The compression 
work is 

Wc = MAht - ha) = Ma , , • , , 

Vc Fig. 12-17. Processes of simple gas- 

(12-39) turbine internal combustion engine. 




12-14] 


INTERNAL COMBUSTION GAS TURBINE ANALYSIS 


405 


where Ma is the mass rate of flow of air and is the adiabatic efficiency of 
the compressor defined as the ratio of the isentropic enthalpy rise to the 
actual enthalpy rise. 

The combustion process is assumed to be adiabatic and at constant 
pressure. No work is done except for displacement of the boundary due 
to expansion. We shall anticipate information which is developed in 
Chapter 14 and state that the energy released as heat due to complete 
combustion at constant pressure is the constant-pressure heat of reaction. 
Then the energy equation for the combustion process, assuming combus¬ 
tion is complete, may be written 

Qp = —= (Mhb)a -f- (Mil)/ — (Mhr)p, (12-40) 

where the subscripts a, /, and p outside the parentheses refer to air, fuel, 
and products, respectively. Since, as explained earlier, a considerable 
amount of cooling air is required to reduce the temperature of the products 
from that achieved in combustion to that imposed by the present metal¬ 
lurgical limitations of the turbine materials (from 1500°F to 1800°F*), 
E(|. (12-40) may be expanded to 

— AH = Maihii — hb)a + — h)/ -f Mp(hB — hc)py (12-41) 

where hn refers to the enthalpy of the constituents of air and fuel, and 
the products at the temperature achieved in combustion. 

Ihe work done during the expansion process from c to d is 

11 , = Mpihr - Ki) = (.!/„ -h Mf){hr - h,{) = Mp{Ah^)c.dnt> 

where rjt is the engine efficiency of the turbine. 


Sas-tu.l)ine enfrine, air at a temperature of 
(.0 r am at a pressure of 14.7 lb, in^ enters the compressor, where it is com- 

turbine at a temperature 

of 1500 I ami expands to the original pressure of 14.7 lb. in^. Determine the 

the f ‘I ‘'umpressor work and also the thermal efficiency under 

t^ following ronditions^ (a) The engine operates on an ideal Bravton cv^ 

•n l (b) the adiabatic efficiency of the compressor and the internal'engine ef 
ficiency of the turbine are 0.83 and 0.92, respectively 

b Wyuppose that the compressor and turbine efficiencies are as given in 

intercoolei which^roTs the Ilr^^o ^ 

b5o‘o»F 2 u rXlter «ffi\crrehe2ts2!e a^to 

aescribe2n2,T;Ts22 Cr'’' ^he intercooler 


At present 1500°F is about the limit 


lor a long-life turbine. 
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Figure 12-18 


f(l) 


Solution, (a) W’e refer to 12-18 (a) 
temperatures and piessiires of the air are 

r, = (iO^F = 520°R, 

= 1500°F = 1900°R. 


p\ — p 4 = Id./ lb in-, 

P ‘1 — />3 = = 5 X 14.7 lb/in" — 73.5 Ib/in^, 


P\)r the ideal Bravton cycle the 


1 

T. = 7’, f ’ = 520°R(5) 


1 .- 4-1 

' ■* = 825°R = 365°F, 


1 


7^4 = T 


1 . 4-1 


= 1960°R(J-) = 1237°R = 777°F. 


isentropic work done in the turbine i 


Btu 


- T,) = 0.24 --- (1500 - 777)°F 

Ibm* P 

= 173Btu/lbni. 
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The isentropic work done in tlie compressor is 


IV. 


comp 


= CpiTo - Ti) = 0.24 


= 73.1 Btu ll)m. 


Btu 


ll)m-°r 


(365 - 60)°r 


The work ratio is 


^^’turh 173 Btu linn 


u 


comp 


73.1 Btu Ihm 


= 2.3 


Tlio heat added is 


Oa = - r.) = 0.24 

= 272 Btu Ihm. 


Btu 


lhm-°F 


(1500 - 365)^^' 


and the thermal efficiency is 

_ »’turi> ~ ^i'rouw (173 — 73.1) Btu Hun 

Vih — —----_-= (\ 07 

UA 272 Btu Ihm 

(h) A\e now take tlie efficiencies of the turhinexinto account. The temper 
atures at tlie end of the compression and expansion proces.ses are 

T-i' = Ti 4- ~~ {T. ~ Ti) ^ ()0°F + {,3(J5 - 60)°F = 428°F. 


7V = T, - ~ T,) = 1500°F - 0.02(1500 - 777)°F 


= S35°F. 
Tlie turhine work is 


wturi. = r^{T-, - Tr) = 0.24 


= 150.5 Btu Ihrn. 


Btu 




; (1500 - S35)°F 


The compressor work is 


U'r — ('p{T O' — T \) = 


A2H - 60)“F 

Ihm- r 


— H8.3 Btu ihm 


The work ratio is 


_ 159.5 Btu. Ihm 
coinp 88.3 Btu Ihm 


= 1.81. 


The heat added is 


9.1 r^{T, - T-y) = 0.24 (1,500 - 428)°F 


= 257 Btu Ihm. 
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and the thermal efficiency is 


_ _ ^turb W^comp 

^th — --- 

QA 


(159.5 - 88.3) 


Btu 

Ibm 


257 


Btu 

Ibm 


= 0.28 


(c) The temperature of the air leaving the regenerator and 
combustor is 

T2f> — 7 * 2 ' — To') 

= 428°F + 0.65(835 - 428)®F 
= 692°F. 

The heat added is 


entering the 


Qa — CpiT^ — T 2 ") = 0.24 
= 194 Btu/lbm. 


Btu 


Ibnv^F 


(1500 - 692)®F, 


Since the compressor and turbine work are unaffected, the work ratio is the 
same as in (b). The thermal efficiency is 

^^’turb Wcomp (159.5 88.3)Btu/Ibm 

^th — — - 


Qa 


194 Btu/lbm 


= 0.37. 


(d) We now refer to Fig. 12-18 (b). Since 

Pb == Pb> = /?6 = 35 Ib/in^ 


and 


pz = Pi = pi' — pt> = 73.5 11) in^, 


the temperature after the first stage of compression (isentropic) is 

n =T, = 520°R / 35 1b/in^ ^ 

\P\/ \14.7 Ib/in^/ 

= 237°F, 

and the actual temperature is 

n- = Ti + — (Ts - 7’,)= 60°F + r-/r (207 - 60)°F 


^ad 


0.83 


= 207®F. 


The temperature entering the second stage of compression is 

Te = 60°F = 520°R. 


The isentropic temperature after compression is 

y-l 

5 lb 


^ /ptN > /73.5 lb/in2\ i- 

r. = n (y = 520°R 


1.4^ 
4 


= 183®F 


= 643®R 
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and the actual temperature is 


Tv = T'e -h — (Tt - Tg) = 60°F — (183 - 60)®F 


^ad 


0.83 


= 208°F. 


The temperature of the air leaving the regenerator is 

Ti" = T~,' + 7]ii{T^> — T-!') 

= 208°F H- 0.65(835 - 208)°F 
= 616°F, 

The turbine work is the same as in (b) but the compressor work is 

^^’cortip = <^p[{T^' — Ti) -b {Tv — Tg)] 


= 0.24 


Btu 


Ibni'^F 


1(237 - 60)‘^F + (208 - 60)°F] 


= 78 Btu Ibm. 


The work ratio is 


w'turh 159.5 Btu Ibm 


78 Btu Ibm 


u 


= 2.04 


The heat added is 


comp 


7.1 = Cj,{T-i -Tv) =0.24 


= 212 Btu Ibrn. 


Btu 


Ihnv^F 


(1500 - 616)°F 


and tlie thermal efficiencv is 


^th — 


_ ^turh _^comp _ (159.5 — /8)Btu/lbm 


7.1 


212 BtuTbm 


= 0.38. 


(e) Now refer to Fig. 12-18 (c). We note that 


and 


P8 = Vi' = P9 = 35 lb. in2 


Pio — Pio' — p\ — 14.7 lb/in“. 




T, = T. { ^ 



= 1960°R 


/ 35 Ib /in^ XT 
\73.5 1b/in2y 


1.4^1 
4 


= 1583°R = n23°F. 

and the actual temperature is 

Ti' = T3 - - r«) = 1500°F - 0.92(1500 - 1 


123)®F 


» 
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The tempeiatui e entering the second-stage turbine is 1.500°F. The temperatun 
(isentropic) leaving the second-stage turbine is 


7-1 


r,o= T 


9 



= 19()0°R 


1 . 4-1 

14.7 Ib/in 'A 1.4 

35 Ib/in^ 


= 1530°R = 1070°F, 


and the actual teinpeiature is 

T’lo' = 7^9 — 77int(7'o — 7’,n) = I500°F — 0.02(1500 — i070)'"F 
= n04°F. 

4'hc temperature entering the combustor is 

Tv>' = 7V -b 77/^(7’in' — T-y) = 428°F -f- 0.05(1 104 - 42S)°F = S67°F. 

4'he turlnne work is 

^^'turb = C^,[(7,'{ 1 “b (T’-J — 7^10')j 


= 0.24 


Htu 


Ibm 


— ,1(1500 - IKVD'^F + (1500 - I104)°F| 


= 178 jRu ibin. 

ami the compressor work is the same as in (!)). 4'he work ratio is 


^/‘turb 1 78 Btio Ibm 


n\ 


comp 


88,3 Htu Ibm 


= 2.02 


rhe heat fuldecl is 


— T-2’") 4“ (7’^ — 7’x')l 


= 0.24 


Htu 


lbm''=*b 


; |(1500 - 807)‘"F -b (1500 - I 153)®F| 


= 235 Htu 11)111, 
and the theiinal efficiency is 


’70i = 


^^’turb ^^'coiiip (1/8 — 88.3) Htu, Ibm 




235 Htu Ibm 


= 0.38. 


(f) Finally we refer to Fig. 12 18 (d) and note that tlie temperature of the 
ail- leaving the regeneiator is 

T’t'- = Ty + ■n^AT^y - Ty) = 208°F + 0.()5(1104 - 2()8)‘^F 
= 790°F. 

The turbine woik is the same a.s in (e) and the compressoi- woik is the same as 
in (d). The work ratio is 


’Pturb 178 Htu, Ibm 


^^Voinp 


78 Htu Ibm 


= 2.28. 
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Qa = o4(7’3 - T;,.,) + {7\ - T,>)\ 


= 0.24 


Btu 


lbm-®F 


1(1500 - 790) 4- (1500 - 115.4)| 


— 253 Btu Ibm, 


and the thermal efficiency is 

% 

(178 - 78) Btu Ihm 
’ll!. =-- 0 40 

2.53 Btu Ibru 

12-16 Jet propulsion. The jet piopul.sion ga.s-turljiue engine is .shown 

•schematieally in Fig. 12-19 and its processes are given in the T-s diagram 

of Fig. 12-20. We shall a.ssume that the aircraft is operated at constant 

•speed 13a and at constant altitude, in order that all proce.s.ses may be 

regarded as experiencing steady flow. Furthermore, velocities will be 

considered relative to the aircraft. Hence air, at a rate d/„, and at a 

velocity T),, equal to that of the aircraft, flows into the diffuser and is 

decelerated, with a resulting static pre.s.sure ri.se from a to 1/ The air 

then flows to a compre.ssor, where a further static pre.ssure rise takes place 

from b to b. Fuel, at a rate and at a velocity ly, is injected into the 

combustor, where combustion at nearly constant pressure takes place 

li-om b to c. The ga.seous products of combustion flow into the gas turbine 

at a rate .!/„ + where they expand from c to c'. (The purpose of 

the turbme is to drive the compre.s.sor and auxiliary devices in the air- 

ciatt.) Finally, the gases flow through the nozzle or tail pipe, where thev 
expand from c to d. 

The thrust or driving force for the aircraft is equal to the change of 
momentum of the fluid passing through the aircraft. If we neglect the 

'^Uten eqLtion is 

Thrust = - U) + .U,l3j. (12-42) 

An analysis similar to that of the simple gas-turbine engine may be 

made for the jet-propulsion engine. The diffusion process in the intake 

and the expansion process in the tail pipe may be analyzed in terms of the 
discussion in Sections 8-fi and 8-7. 



Fig. 12-19. Schematic arrangement of jet-propulsion 


engine. 
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12-1. A Cai not cyt'le using ail’operates between 7"L. = 3()0°P'and = 100°F 
(see problem 11-1). The maximum pressure is 10 atm and the same amount 
of heat is added as in problem 11-1. Using the table of air properties in the 
Appendix, compute (a) the expansion work and the compression work in the 
ideal cycle, (b) the ratio of expansion work to compression work, (c) the net 
work done in the cycle, (d) the efficiency of the cycle, (e) the efficiency of the 
cycle if the expansion and compression efficiencies are each 90 percent, (f) 
What conclusions can be drawn as to the relative practical merits of the cycles 
in this problem and in pioblem 11-1? 

12-2. In an air-standaifl Otto cycle, the pressure and temperature before 
compression are 14.7 lly in^ and 70°F respectively. The heat added in the 
cycle is 180 Btu and the cycle efficiency is 43 percent. Compute for 1 Ibm of 
air (a) the heat rejected, (b) the net work done in the cycle, and (c) the temper¬ 
ature before the expansion process. 

12-3. Compare the thermal efficiencies of a Carnot and an air-standard 
Otto heat engine, each operating between the temperature limits of lOOO'^F and 
70°F. Assume that the same amount of heat is added to each engine anfl that 
the pressure before compression is 14.7 lb in-. 

12-4. (a) In order for the thermal efficiencies of the Carnot and air-standai’d 
Otto heat engines of problem 12-3 to be the same, what must be the compies- 
sion ratio? (b) What must be the highest temj)erature of lieat addition? 

12-5. The air in an air-standard Otto cycle is at 80®F and 14.2 Ib/in^, and 
occupies a cylinder volume of 11 ft^ before the compression stroke begins. 
The compression ratio is 10, and 160 Btu of heat are added. Compute the 
thermal efficiency and the temperatui e at the end of the expansion stroke. 

12-6. In an air-standard Otto cycle, the clearance volume is 18 percent of 
the displacement volume (the volume displaced by the piston). Find the 
compression ratio and the thermal efficiency of the engine. 

12-7. Derive an equation for the thermal efficiency as a function of the 
clearance volume, expressed as a percentage of the displacement volume. 

12-8. The mean effective pressure is defined as that pressure which when 
multiplied by the displacement volume will give the area bounded by the cycle 
plotted in a p-V diagiarn. Hence if the area of an indicator carrl or diagram 



PROBLEMS 


413 


is obtained b}- means of a planimeter. and the displacement volume is known, 

the mean effective pressure can be readily determined after makint; a suitable 

adjustment for the scale of the indicator diaKrarn. With this information 

derive, for an air-standard Otto cycle, equations for the ratio of the highest to 

the lowest temperature of the cycle and the ratio of the mean effective pressure 

to the lowest pressure of the cycle, as functions of the lowest temperature in 

the cycle, the heat added, and the compression ratio. Assume 1 Ibm of air. 

12-9. In an air-standard Diesel cycle the compression latio is 16, the jues- 

sure and temperature before compression are 14.7 lb in- and 65°F respectively, 

and the temperature at the end of the heat-addition (iroce.ss is 2f)00°F Cornoute 
the thermal efficiency. 

12-10 The pressure and temperature before compression in an ai<-stamlard 

D.esel cycde are 14.2 Ih/in^ and 75°F respectively, and the temperatures before 

and after the heat-addition process are .S0()°F and 3000°F. (’omi)ute the 
thermal efficiency. 

4 

12-11. Solve prol)lem 12-S for an air-standard Die.sel cycle. 

12-12. Write the energy e(iuations for the proces.ses'of an ideal Diesel 
internal comliustion engine. 

12-13. An air-stamlard Brayton cycle operates with a |)ressuie ratio of G. 

, compressor and turbine ai e G0°F and 

work fcUhTreF '''f «>"d)>e.ssion work, (b) the expansion 

^ ^ ‘ ® expansion work to compre.ssion work, (d) the net work 

done in the cycle, and (e) the thermal efficiency. 

12-14. Solve problem 12-13 for the air-standard Otto ami Die.sel cycles and 

IS":;:? -i 

... ... "• ... "■ «■' 

12-16. At what pressure ratio will the thermal elficiencv in problem 12-13 

.,0 

12-17. What would be the thermal efficiencv of -t ■ 

with the pressure ratio found in problem l2-I-3‘'' ^ f>j)erating 

.■o.iL'’:, .... o, 

(».98. Compute (a) thecomilTirZk'' (bUhT" " 

Of e.\i,aQsion «„ik to oomines.ion ,v,„ k (<ll tho yP.."®'." "P'P. (<') t.ie latio 
(.) tlie U,e, „„| .Bioienov, ' ‘ •">. 

...ol'.f.r.S'r ... •'» kiv... i„ 

.'fz?*."'''"' '■ ‘.™P.»0.-. o. .1.. i,. ,2^,3 

12-21. Solve problems 12-I.X ond i 9 _iw u . 

‘*1 0.70 is used. regenerator with an effectiveness 

'bile the lowest pressure and 
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temperature are 15 Ib^n^ and 60^, respectively. Compute (a) the compression 

work, (b) the expansion work, (c) the ratio of expansion work to compression 

work, (d) the net work done in cycle, (e) the pressure ratio, and (f) the thermal 
efficiency. 

12—23. 8olve problem 12—22 if the actual work of compression exceeds that 
of the isothermal compression by 12 percent, and if the actual work of expansion 
is 10 percent lower than that of the isothermal expansion. 

12-24. Solve problem 12-22 for air-standard Ericsson, Brayton, Otto, Diesel, 
and Carnot cycles. Compare results. 

12—25. One stage of intercooling, one stage of reheating, and regeneration 
are incorporated in a gas-turbine plant. Air enters the low-pressure compressor 
at 14.7 Ib/in^ and 60°F and leav^es at 34 Ib/in^, passes through an intercooler, 
where it is cooled to 75°^", enters the high-pressure compressor at a temperature 
of 60°F. and leaves it at 140 lb in^. The gas enters the high-pressure turbine 
at 1500°F and leaves at a pressure of 98 Ib/in^, passes through a reheater, where 
its temfjeiatuie is increased to 1500°F, and expands in the low-pressure turbine 
to 14.7 Ib/in^. A regeneratoi’ with an effectiveness of 70 percent exchanges 
lieat from the gases leaving the low-pressure turbine with the air leaving the 
high-pressure compressor. Compute, on the basis of an air-standard analysis, 
(a) the compression work in each compression stage, (b) the expansion work 
in each expansion stage, (c) the ratio of the total expansion work to the total 
compression work, (d) the net work done in the cycle, (e) the heat added in the 
cycle, (f) the thermal efficiency, and (g) the heat rejected in the cycle, (h) If 
cooling water is available for the intercooler at 70°F and is discharged at 85°F, 
compute the number of pounds-mass of water retpiired jiei’ pound-mass of air 
flowing through the intercooler. 

12-26. A jet engine is traveling at a speed of 500 mi/hr. The static pressure 
and temperature of the outside air are 11 Ib/in^ and 30°F'. The diffuser, which 
has an efficiency of 92 percent, decelerates the air to a velocity of 10 ft/sec rela¬ 
tive to the aircraft. Air flows from the diffuser to a compressor which has a 
pressure ratio of 6. The air leaving the compressor enters a combustor where 
fuel is injected and burned, the products of combustion leaving the combustor 
at i800°F. The fuel-air ratio on a mass basis is 0.018. After expansion in the 
turbine, the gases expand in a nozzle (the jet) to a static pressure of 10 Ib/in^. 
The internal efficiencies of the compressor and turbine are 0.82 and 0.88, re¬ 
spectively. The nozzle efficiency is 0.88 and the mechanical efficiency of the 
turbine and compressor is 0,98. The mass rate of air flow through the diffuser 
is 45 Ibm/sec. Compute (a) the thrust, (b) the compressor work, (c) the tur¬ 
bine work, (d) the net work, (e) the horsepower, (f) the fuel consumption per 
hp-hr. (g) If the lower heating value (lower heat of combustion) of the fuel is 
20,000 Btu/lbm, what is the over-all efficiency of the process? Assume that 
the gases leaving the combustor have the properties of air. 
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REFRIGERATION PROCESSES 


13—1 Introduction. I ntil ratlier recent times, refrigeration was 
accomplished principally by the noncyclic processes of melting ordinary 
ice or by the sublimation of solid carbon dioxide, commonly called dry ice. 
1 he modern refrigerator replaces these noncyclic processes by a closed 


system which experiences a thermodynamic cycle. By virtue of doing 
net work on the system (the refrigerant) in such a cycle it is possible to 
abstract heat from a low-temperature source (the refrigerated space) and 
to reject heat to a higher-temperature sink (the atmosphere or cooling 
water). Hence the refrigeration cycle may be viewed as a re\'ersed power 
cycle, as already pointed out in Section 5-4. 


('losely related to the refrigeration cycle is that of the heat pump. In 
fact, the essential difference lies in the purposes of these two cycles, i.e., 
whether heating or cooling of a space is intended. The heat pump provides 
for the abstraction of heat from a low-temperature source in the surround¬ 
ings and the rejection of heat to a higher-temperature sink constituting 
the space to be heated. It is clear that, as in the refrigeration cycle, net 
work must be done on the system in the heat pump cycle. 


llie reversed Garnot cycle, or Carnot 


13-2 Reversed power cycles. .. 

refrigerator, was discussed in Section 5-4. It will be recalled that the 

coefficient of performance of the C’arnot refrigerator is the maximum 

obtainable for stated temperatures of source and sink. It appears desirable 

therefore, to examine the possibility of utilizing the reversed Carnot cycle 
as a practical refrigerator. 

The C’aniot refrigerator deserilied in Section 5-4 may be examined in 
terms of the T-s diagram of Fig. 1 l-(i, assuming that the arrows are reversed 
m direction and that the cycle begins at a. A reversible adiabatic expan¬ 
sion takes place from o to </, followed by an isothermal vaporization process 
dc in which heat is absorbed from the refrigerated space at the low tem- 
perature A. Then the reversible adiabatic compression process cb takes 
place, followed by an isothermal condensation process ba during \vhich 
'I'h!! n atmosphere, or cooling water, at a temperature 

and hrt ^ ^ temperature T„ 

d heat Q 2 IS rejected to a sink at a higher temperature T 2 because work 

.s done on the system. The area under the curve dc is tL r^^eraZ. 
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(a) 


(h) 


Fig. 13-1. The vapor compression refrigeration cycle. 


(h 


('ontlenser 


Throttlinjj 

valvo 


('om pressor 


Hvaporator 


Fig. 13-2. Principle of a v'apor compression refrigerating machine 




Fig. 13-3. The vapor compression refrigeration cycle with superheat 
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The Carnot refrigerator using a gas as the working substance is imprac¬ 
tical for the same reasons discussed in connection with the Carnot heat 
engine. However, Carnot refrigerators have been constructed using a 
condensable vapor, such as ammonia or “Freon-12,” as the working sub¬ 
stance. It was shown in the study of the C'arnot heat engine, which utilizes 
a vapor as the working substance, that the isothermal processes can be 
leadily attained in the actual engine. Since the pressure and temperature 
ranges of the Carnot refrigerator are small, the work of compression and 
expansion are also small. Hence the difficulties encountered with the 
expansion and compression processes in the Carnot heat engine are not 
significant in the Carnot refrigerator. 


If air, or some other gas, is used as the working substance, the difficult 
isothermal processes are eliminated by operating on a reversed Brayton 
cycle instead of the reversed Carnot cycle. In effect, this means substitut¬ 
ing constant-pressure proce.sses for the isothermals of the Carnot refriger¬ 
ator. The reversed Brayton cycle is disciis.sed further in Section 13-4 


13-3 The vapor compression refrigeration cycle. 'I'he vapor compression 
refrigerator may operate as a Carnot refrigerator, as pointed out in the 
preceding .section. In fact, machines have been built which operate on 
the revensed Carnot cycle. But to approximate the isentropic expansion 
wl shown in - ig. 11-G, the working substance would have to expand behind 
a P>«toii. Ihe mechanical work thus obtained would be utilized to do a 
par of the work of compression in the process ch. However, the saving 
hat would result from sah aging the work of expansion is more than offset 
by the added mechanical complexity. The reversible expansion is, there- 

The refrigeration ,.ycle is shown in the T-s and h-s diagrams of Fig 13-1 

™=: ed ; ' (The process be 

presented by a line, as it is not a succession of equilibrium states 1 A 

refrigerating machine is represented schematically in Fig 13-2 The 
In the "l the cycle of Fig 13 i 

d saturatod vapor as shnwn ini?in“ioo/\ ^ Id 1^ 

vapor as sho.vn i„ Fig 13-3 (b)”^ Ideallv lb ” f“" * ® superheated 

voudcpser pre,»„r. SZT “ 

.rr to the atmosphere or eoolLfhe o ' 

111 Fig. 13-1 or Fig 13-3 ^ Process da, as shown 
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The coefficient of performance of a refrigerator is defined as the ratio 
of the 1 efi igeration obtained to the net work done on the system in the 
cycle. According to this definition and the first law, the coefficient of per¬ 
formance of a refrigerator may be written 



(13-la) 


and if only heat transfers between the system and the source and sink are 
considered, we ha\'e 


Qi 

Q2 - Qi 


(13-lb) 


Ihen, since Qi — he hfj, Q 2 — and ha = hb, the coefficient of 

performance can be written 



(13-2) 


The actual coefficient of performance must take into account the effect of 
irreversibilities in the individual processes as well as heat losses to or heat 
gains from the surroundings through the walls of interconnecting piping. 

Either the evaporator and condenser pressures or the temperature of 
the atmosphere (or cooling water) and the refrigerated space will he known. 

Iherefore, the enthalpies ha and hb may be found directly from tables of 
the thermodynamic properties of the particular refrigerant used. It will 
be noted that the refrigerant is a saturated liquid at point a, and a saturated 
vapor at point d. Since Sr = and the temperature or pressure at d is 
known, h^ also may he read directly from the tables. Irreversibilities in 
the compressor may he taken into account through the use of the com¬ 
pressor efficiency. 

Figure 13-3 shows the vapor refrigeration cycle in T-s and h-s diagrams 
when the refrigerant lea\'es the evaporator as a saturated or superheated 
vapor. In this case, the compression process occurs entirely in the vapor 
region, resulting in what is called drg compi'cssion as opposed to the wet 
compression shown in Fig. 13-1. The principal advantage of using dry 
compression is the elimination of possible damage to the compressor and 
poorer compression efficiency caused by liquid refrigerant which enters the 
compressor and is not completely evaporated during the compression 
process. 

The coefficient of performance may be improved by subcooling the 
liquid refrigerant leaving the condenser. This results in point a being 
moved down on the saturated-liquid line. The effect of subcooling the 
liquid refrigerant leaving the condenser, and eliminating the superheating 
necessary for dry compression, is to decrease the difference between the 
mean effective temperatures at which heat is rejected and absorbed. I he 
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smaller this difference becomes, the higher the coefficient of performance. 
It will be recalled that the converse of this statement was found to be true 
for the thermal efficiency of a heat engine. 


13-4 The air refrigeration cycle. The air rcfru,craU>r operates on a 
reversed Brayion cycle. This type of refrigerator is not so common because 
of Its high power consumption. However, the .safety feature of air as a 
lefrigerant and the light weight of the air refrigerator (when centrifugal 
machines are u.sed) make it \ ery desirable where the.se factors are impor¬ 
tant considerations, .such as in aircraft air conditioning. One e.xtremely 
important application is that of gas liiiuefaction. 

Figure 13-4 shows the air refrigeration cycle in 7’-.s and p-v diagrams 
Air expands isentropically behind a piston, or in a turbine, from a to h 
Heat IS abstracted from the refrigerated space during the constant-pres¬ 
sure process hr. The air is then compre.s.sed isentropicallv to the pressure 

maintained in the cooler by the proce.s.s rd. Finally the air is cooled at 
constant pressure from // to a. 

from hkp Tlt'iTls"' may be obtained 

' 'u>.i - l>„) - (h,. - hi,) ’ ( 13 - 3 ) 

thermal effi u -P'-^-imi for the 

tnnmal (fficiency ot the Hrayton cycle, we obtain 


c.p. = 


I 


{p> Pi)'^~"‘'' - 1 


( 13 - 4 ) 


Ihis cxpre.ssion, which pre.suppo.ses a re^ er.sible cvcle, indi.aites that the 

roeffi.ient of portorman.a-is iiuaeased as the pre.ssure ratio;;., p. is decreased 

Asm,far expre.ssion for the coefficient of performance of the tariiot refrig 
-ator can be derived. 4'hen the lowe.st pos.sible value of the pi^e.'u.; Vatfo 




Air rcfrigeiutioM cycle. 
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IS that obtainable for a Carnot refrigerator operating between the same 
tempeiature limits. In effect, this means that when the pressure ratio of 
the air refrigerator is reduced, Ta approaches Ta and n approaches 
so that in the limit a Carnot refrigeration cycle is obtained. Thermodynam¬ 
ically , we can state that the coefficient of performance of the air refrigerator 
approaches that of the Carnot refrigerator as the pressure ratio is reduced. 
Unfortunately, the volume of the air refrigerant also increases w'hen the 
pressure ratio is reduced and becomes impractically large w^hen the pres¬ 
sure ratio approaches that of the corresponding Carnot refrigerator. 


I'.XAMPLE. Air enters the compressor of an air refrigerator at a teinjjerature of 
70°F and at a pressure of 15 \h/ \n- and is compressed to a pressure of 60 Ib/inl 
The adiabatic efhciency of the cornpi’essor is 0.75. The pressure in the cooler 
remains constant at 60 Ib/in“. Air leaves the cooler at 25°F and expands in a 
small turbine whose internal engine efficiency is 0.80. Finally, the air passes 
through a cold storage room at constant pressure before re-entering the com- 
[>ressor. Neglecting heat losses from connecting pipes, determine (a) the tem¬ 
perature of the ail' leaving the compressor and turbine, (b) the coefficient of 
performance, and (c) the power recpiired in kilowatts if 150 Ibm/min of air 
flow through the refrigerator. 

Solution, (a) With reference to Fig. 13-5, p, = 15 lb/in-aiul = 70®F = 
530°R. Fi'om the air tables, we finrl 
Prf= 1.2983. The relativ'e pressure at r/, 7' 

assuming an isentropic compression proc- 

ess cfl, is J 


Prd = P 


Pfl 


= 1.2983 


= 5.19. 


15 


h h' 


The temperature corresponding to a rel¬ 
ative pressure of 5.19 in the air tables is 


Figure 13-5 


Td = 786'’R = 326^F. 


The temperature at d' is 


Td' = Tc - {Td - Tr) 

Vr 


= 70°F -j-(326 - 70)'^F 

0.75 


= 412'‘F = 872®R. 


This is the actual temperature of the air leavdng the compressor. 

The actual temperature of the air leaving the turbine is obtained in a similar 
manner. 

Prn = 0.9521 at Ta = 25°F = 485°R, 

Vrb = 0.9521 X — = 0.238. 

60 
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Therefore, froiii the air tables, the temperature at b is 

n = 326°!? = -134°F. 

The actual tempei-ature leaving the turbine is 

7V = 2o°F - ().S0125 - (~134)rF = -lf)2°F = 3oS"H. 

(b) The net work done on the air in the cvcle is 

a'lH-t = {h,i' — A,.) — (//,, — hh'). 

llio vulues ul the enthalpies are obtained directly from the air tables, since the 
temperatures are known from |)art (a). Substituting, we get 

= (2()9.:t - I2b.7) - (M,y9 - .S.x.a) 51" 

Ibm |h,i, 

= ")2.2 lUu ibni. 


ri.c 

reCrigeration is 


Htu 


uu = hr - h,, = (12().7 - sr).r>) — = 41.2 lUu 

Ibm 

I'ffMii the definition of cneflicient of performance, we obtain 


Ibm. 


c.p. = 


a'h.t 


41.2 

52.2 


= 0.70 


fe) Tin* power r(Mphi-ed is 


Power = 


- oil !=X 52.2 “x _L_ 

.. 541., 

kwdi r 

= 13S kw. 


X 00 


mm 


13-6 Capacity of refrigerators. The eapacitv of a refrigerator is ttie 
iat(- at which refrigeration is produced. For convenience this rate i.s 

’i« defined as 

when a ton of ordinary k'els Xd In a ^4 1^^' ‘'f 

latent iieat of fusion of ice is 144 Btu/lhm Mor.Z ’ 

. efrigeration is expre.s.sed as 12,000 Btu/hr or 200 BtXb” ''' ^ 

Nou the rate of work input is measured in horsepower or kilowatts 


ton 


tF,„.t Btu/hr 
2545 Btu/hp-hr 
Q Btu/hr 
12,000 Btu/ton-hr 


ton 


4.715 

e.p. 


(13-5) 
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Example. A vapor-compression refrigerator using “Freon-12” as a refrigerant 
has an evaporator pressure of 16 Ib/in-. The vapor leaves the evaporator at 0°F 
and enters the compressor at 10°F. (The increased temperature is caused by 
heat gains in the connecting piping.) The internal work done by the compressor 
is 25 Btu/lbm and heat losses from the compressor amount to 1.5 Btu/lbm. A 
loss of heat occurs in the piping between the compressor and condenser amount¬ 
ing to 0.5 Btu/lbm. The refrigerant leaves the condenser as a saturated liquid 
and enters the expansion valve at condenser pressure but at a temperature of 

70°F. If 10 tons of refrigeration are produced, how much heat is rejected from 
the condenser per minute? 

In solving this problem we shall make use of the “Freon-12'’ tables, Table A-5 
in the Appendix. A T-s diagram will aifi in following the c 3 ''clic j)rocess and in 
identifying the pertinent states. 

Entering the “Freon-12” tables with the condenser j^ressure of 16 Ib/in^ and a 
temperature of 0°F, we find that the refrigerant is superheated. This is point d 
in Fig. 13-6, anfl hd = 78.58 Btu/lbm. The vapor is superheated further to a 
temperature of 10°F before entering the compressor at e. and= 79.94 Btu /lbm. 
The enthalpy increase due to compre.s- 
sion work is 

A// = hf — hr’ = q — w 
= -1.0 - (-25) 

= 23.5 Btu Ibm. 

Therefore, we have 

hf = 79.94 + 23.5 
= 103.44 Btu dbm. 

The enthalpy entering the condenser is 

h„ = 103.44 - 0.5 
= 102.94 Btu/lbm. 



The enthalpy of the saturated liquid leav- P’igurk 13- 6. 

ing the condenser is obtained from the 

‘‘Freon-12” tables, and h; — 23.42 Btu/lbm. The temperature rise from 68®F 
to 70°F between the condenser anrl the expansion valve is due to heat gains 
from the surroundings. The enthalpy of the subcooled refrigerant at a tem¬ 
perature of 70‘^F is found from the “Freon-12” tables to be ha = 23.9 Btu/lbm. 

We now have all the information we need to solve the problem. The heat 
rejected from the condenser is 


qit = - /o = 102.94 - 23.42 = 79.52 Btu ll)m. 


The refrigeration is 

</R.f = hd — ha = 78.58 — 23.9 = 54.68 Btu/lbm. 


The mass rate of flow of refrigerant is 

10 tons X 200 Btu/ton-min „ Ibm 

-= 36.0- 


54.68 Btu ^Ibm 


mm 
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The heat rejected from the condenser per minute is 


36.6^^X 79.52 ^ = 2910 


min 


Ihm 


mill 


13-6 Ammonia absorption refrigerator. simplified diagiam of the 
ammonia absorption refrigerator is given in Fig. 13-7. In the generator a 
.solution of ammonia in water is heated by a small gas flame. Ammonia 
IS driven out of solution and ammonia vapor rises in the li(|uid lift tube, 
earrying with it some of the water in the .same way that water is raised in' 
the central tube of a coffee percolator. This water collects in the separator, 


CONDENSER 


evaporator 


ABSORBER 

COOLER 


VAPOR AND 
LIQUID 
SEPARATOR 


ABSORBER 


liquid lift 


GENERATOR 


BURNER 




llllUlllllL 




- AMMONIA VAPOR 

- hydrogen 



« WATER 

® dissolved ammonia 


I'hfi. 13-7. A 


mnionia absoi ption refrigerator 
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fiom which point it flows back through the absorber^ while the ammonia 
v'apor rises to the condenser. Here the ammonia vapor is liquefied, its heat 
of condensation being removed by air circulating around the cooling vanes. 
The liquid ammonia then flows into the evaporator, located in the cooling 
unit of the refrigerator, where it evaporates and in so doing absorbs heat 
from its surroundings. The ammonia vapor continues on to the absorber, 
where it dissolves in the water returning from the separator. The ammonia- 
water solution then flows to the generator, completing the cycle. 

The absorber and evaporator also contain hydrogen gas, which is 
maintained in circulation by a convection process, brought about by the 
fact that the mixture of ammonia and hydrogen in the tube at the extreme 


left is denser than the pure hydrogen in the tube leading from the top of 
the absorber. This current of hydrogen, entering at the top of the evapo¬ 
rator, sweeps the ammonia vapor out of the evaporator and aids in rapid 
evaporation. Since ammonia is much more readily soluble in water than 
in hydrogen, most of the ammonia is dissolved in the water trickling down 
through the absorber, while the hydrogen passes upward through the 
absorber. 

It is necessary that heat be removed from the absorber as well as from 
the condenser because heat is liberated when ammonia vapor dissolves in 
water. This is accomplished by the auxiliary circuit made up of the cool¬ 


ing coils around the absorber, and the absorber cooler. 

The working substance in an ammonia absorption refrigerator is com¬ 
pletely enclosed in a rigid container and no work is done on it by its sur¬ 
roundings. The only interchange of energy is by a flow of heat. Heat is 
absorbed by the working substance in two different parts of the cycle, in 
the generator and in the evaporator. Heat is liberated in the condenser 
and in the absorber. Let represent the temperature of the generator, 
T 2 the temperature of the condenser and absorber (assumed equal for 
simplicity), and T 1 the temperature of the evaporator. Then > T 2 > T\. 
If all processes were reversible, the temperatures of the gas flame and of 
the surroundings of the evaporator would be only infinitesimally greater 
than T 3 and T\, and that of the air around the condenser and absorber 
would be only slightly less than T 2 . 

Let us consider an idealized reversible cycle in which a system absorbs 
heat Q 3 from a reservoir at temperature T 3 , absorbs heat Q\ from a reser¬ 
voir at a temperature T\, and rejects heat Q 2 to a reservoir at temperature 
T 2 . The device is indicated schematically in Fig. 13-8. From the first 
law, considering all Q’s as positive, the heat rejected is 


Qi 4" Qa — Q2- 


(13-6) 


From the second law, since the cycle is reversible, the change in entropy 
of the universe is zero. The entropy of the reservoir at temperature T 2 
increases by Q 2 /T 2 , and the entropy of the other two reservoirs decreases 
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Qi/T\ + ^3 Hence we haA c 

^ , Qs _ Q‘2 

1\ 7^3 ~ ^ ' 


(13-7) 


The coefficient of peiformance of this refrig¬ 
erator is defined as 


c p. = 


(h^ 


since Qi, the heat al)sor})ed from the low- 
temperature reservoir (i.e., the surroundings 
of the evaporator), is “what you get.” while 
the heat absorbed from tlie high-temperature 
reservoir (i.e., the gas dame) is “what you pay 
for.” Using Kqs. (13-()) and (1.3-7)/we ttnd 


^ Zj ( Z’3 - r.) 
TATo-T,) 
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Fio. 13-8. Schematic dia 
(13-8) of processes in an ah 

sorption refrigeration cvcle. 


For exaiiiplo, if r, = |.t°F = 474‘’R, T-, = 2r2'’F = ()72°H. T. = (is°F = 
r)28°H, then 

c.p. = l.ss 

an<l l.xs Htu are ahsoiFcd in tlie evaporator tor every iitu af.soihed in the 
ftenerator. The eoeffieient of irerformance of actual refrigeiatois is, of course 
smaller than this because of unavoidable irreversible processes. 


One point deserves mention. The coefficient of performance of the 
ammonia absorption refrigerator is normally lower than that of the mechan¬ 
ical refrigerators previously discu.ssed. However, it must be remembered 
t at the \Nork input to the mechanical refrigerator has been obtained at 

the expense of the irreversibilities and degradation of energy inherent in 
the conversiou of heat into work. m 

now^'o/hp!rn •■‘^f^ge'-^tion cycle l onsists of the 

Such I ^ temperature 7’, to the higher temperature 

refngeraJr tL 'f ^ mechanical 

igerator, this entropy decrease is compensated by the entropy increase 

refrigemor'' hTs com^^ absorption 

•s that the increase of entropy shall be at least as great as the decrease It 

s a matter of indifference whether the increase results fmm 

of “work” to “hpaf f. a results trom a conversion 

temperlre ’ ^ f'igher to a lower 
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13-7 Characteristics of refrigerants. The characteristics of the 
refrigerant selected are as important a consideration as those of the work¬ 
ing substance used in the heat engine. Among the most important de.sirable 
characteristics are: 

(a) The pressure range corresponding to the temperatures in the 
evaporator and condenser should be small to reduce the work of compres¬ 
sion. The vapor pressure should be low to reduce condenser costs but it 

should be higher than atmospheric pressure in order to pre\-ent air from 
leaking into the evaporator. 

(b) d he latent heat of \'aporization should be large in oi’der that the 
mass rate of flow of refrigerant will be low. Similarly, a low heat capacity 
in the luiuid pha.se reduces the amount of \-aporization in the throttling 
process and results in the abstraction of more heat in the evaporator. 
Consequently, a reduction in mass rate of flow takes place. 

(c) The characteristics of the refrigerant .should be such that high 

heat transfer rates are possible with reasonable heat transfer surface and 

temperature differences. One especially desirable characteristic is that 

the critical point be well above the highest temperature encountered in 

operation in order that the refrigerant entering the condenser be near the 

two-phase region. In this way the higher heat transfer rates in the two- 

phase region and more nearly reversible isothermal heat transfer can be 
exploited. 

(d) The refrigerant should be low in cost, stable, inert, nontoxic, and 
must not freeze at the lowest temperatures met in operation. 

It IS impo.ssible to find a refrigerant which exhibits all of the foregoine 
characteristics and a particular refrigerant must be selected with a view 
to the intended application. Table 13-1 shows some of the characteristics 

Tabl/rof refrigerants for purposes of comparison, 

lul V properties are given in the appendix (Tables A-3 


13-8 Liquefaction of gases. The liquefaction of ga.ses represents an 
impoi taut and interesting refrigeration process wherein the gL which is 
be liquefied is used as the refrigerant. Gas liquefaction is important as 
means of recovering pure gas constituents from mixtures such as the 
covery of oxygen, nitrogen, hydrogen, and helium by fract ona dSilla 
ion of air. The study of the behavior and properties of substances at verv' 

of;:~ - 

»ed a. hydro,.,. ...d ho,h.„ 

All li(iuefactioii processes involve the cnnlina- i 

vivo ,o ..he .dv.,„.,e ,he ..o:.^:r„tr^trXrre ^'ft? 
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shows that cooling can be obtained only if the point representing the state 
of the gas entering the throttling valve lies within the inversion curve. 
Fortunately, the maximum inversion temperatures of a number of gases, 
such as carbon dioxide, air, nitrogen, and argon, are well in excess of room' 
temperature. This is not so with some gases, notably helium and hydrogen, 
and consequently precooling is necessary before the throttling process. 
(For a comparison of maximum inversion temperatures see Table 13-2.) 
A further requirement which must be met before liquefaction takes place 
is the cooling of the gas to at least its critical temperature. The critical 
temperatures and pressures are also given in Table 13-2, together with 
the values of the van der Waals’ constant a. 


T.vhle 13-2 


(his 

NBP(°H) 

Maxiinuin 
inversion 
temp. (°R) 

Critical 

temp.(®R) 

Critical 

press. 

(atm) 

van der Waals’ 
constant, a, 
atm-ft^/inole^ 

CO. 

351* 

2706 

547.2 

73 

924.3 

().> 

162 

!400t 

277.2 

49.7 

349.6 

A 

157.3 

1302 

271.8 

48 

346 

N. 

139.2 

1120 

227 

33.5 

346 

Air 

142 

1085 

238.8 

37.2 

343.8 

1I2 

! 36.7 

354 

59.8 

12.8 

62.8 

Fie 

7.96 

42 

9,45 

2.3 

8.57 


* Normal sublimation point, t^"erv approximate. 


We noted earlier that the van der Waals’ constant a is a measure of 
the attractive force between molecules of a gas, and since 6, which is a 
measure of molecular size, does not vary much for different molecules, we 
may regard a as being proportional to the critical temperature. Table 13-2 
shows that hydrogen and helium are difficult to liquefy because of the low 
critical temperatures accompanying low values of a. Hence it is not sur¬ 
prising that these were the last of the permanent gases to be liquefied. 
Modern liquefaction methods permit reaching these low critical tempera¬ 
tures with comparative ease, and as a result the production of several 
gallons of liquid helium and hydrogen per day is a commonplace in many 
laboratories. 

Although a number of gas liquefaction methods are in use, only one 
will be discussed here, i.e. the Collins liquefier. In general, the processes 
involved in gas liquefaction consist of the compression, cooling, and expan¬ 
sion of the gas, so that the end point is in the two-phase region. The 
liquefied fraction is drawn off and the remaining vapor is recirculated with 
the required amount of make-up gas provided before compression. 
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.Multistaso 



out in 


Fig. 13-9. Scheinatic (liasram of the Collins helium li<|uefier. 


The Colhn-s li(|uefier i.s shown .schematically in Fig. 13-9 and the proc¬ 
esses are depicted in the T-s diagram of Fig. 13-10. We shall assume that 
helium at room temperature and 1 atm enters the compre.ssoi- at a. From 
a to h isothermal compression is crudely approximated hy using a multi- 
staged compressor with intercoolers and an aftercooler. The compressed 
gas leaving the aftercooler at b is cooled further in a counterfiow heat 
exchanger (Heater I) to some point c. From c to <1, ideally, the gas expands 
isentropically behind a piston, with a conseiiuent drop in temperature. 

he gas leaving the expander exchanges heat with the gas entering the 
expander by means of the counterflow heat exchanger previously men- 

loned. Ihe expanded gas then re-enters the compressor and the .series 
ot processes described is repeated. 

It IS clear that points c and b coincide when the licpiefier is initially 
operated and with continued operation point c will move down progres¬ 
sively on the constant-pressure line. Eventually a- point is reached where 
the expansion occurs m the two-phase region. The difficulties of a two- 


y 


Atiiitb-splici'if 

tfiHporatuiT* h 


('on.sfant 
piTssun* 



riirottliiiK 


Fig. 


13-10. r-s diagram for Collins liquefier. 
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phase expansion were discussed in connection with the steam turbine. 
To eliminate these difficulties, the expander is by-passed and the gas is 
cooled further in the counterflow heat exchanger, labeled heat exchanger II, 
before entering a throttling valve at e. A throttling or constant-enthalpy 
process takes place from e to /. Point /, it will be noted, lies within the 
two-phase region. The liquefied fraction is drawn off in a vacuum or 
Dewar flask. The remaining vapor is returned via heat exchangers I 
and If, and with the retiuired make-up gas enters the compressor at a. 

When steady flow conditions are reached in the liquefier, and if kinetic 
energy changes can be neglected, we may equate the enthalpy of the com¬ 
pressed gas at b to the sum of the enthalpy of the liquefied gas at / and 
that of the vapor leaving heat exchanger I at point a. It will be noted 
that no work or heat transfer occurs between the system and surround¬ 
ings, since the compression process is not iiu'olved and it is assumed that 
the apparatus is thermally insulated. Designating as .r the fraction of 
gas li(iuefied, the energy eejuation may be written 

/if, = x/t/ -h (1 — (13-9) 


where /i,, and hi, arc the enthalpies of the gas lea\'ing and entering heat 
exchanger I at points a and b, respecti\'ely. The enthalpy h/ is that of the 
liquid at point/. Soh ing for .r, we get 



(13 10) 


Now, since pa, Ta, p/, Tf, and Tf, are fixed by the design of the li(juefier. 
the output of hc|uefied gas can be varied only by changing pf,. Hence, in 
Eq. (13-10) the yield can be varied only by varying hb, and it is seen that 
X is a maximum when /if, is a minimum. This condition is satisfied when 
{dhb/dp)rb = from Fa\. (7-23) we obtain for a constant-enthalpy 

process, 



— V 


2 


Tt d 
Z dT 



---if) ■ 

Cp \dp/Tb 

whence 

r/7’=--(^^') dp, (13-11) 

Cp \dp/ Tf. 


from which it is seen that Ta and pa must lie on the inversion curve for 
the yield x to be a maximum. Hence, if both the inversion curve and the 
property h, are known as functions of p and 1\ we are able to calculate the 
optimum value of pb which gives the largest possible yield of liquefied gas. 



13-9) 


PRODUCTION OF SOLID CARBON DIOXIDE 


431 


The lowest practical temperature which can be obtained for helium 
in the Collins liquefier is about 8®R. Still lower temperatures can be 
reached by pumping the vapor away by means of high-speed pumps. A 
limit of about 2°R is imposed by the inability of a mechanical pumping 
system to handle the large volumes of gas at vapor pressures corresponding 
to lower temperatures. To produce temperatures lower than 2°R a para¬ 
magnetic salt is cooled by liciuid helium to this temperature, magnetized 
isothermally, removing heat in the process, and then demagnetized 
adiabaticallv. 


13-9 Production of solid carbon dioxide. The conditions under which 
a substance passes directly from the gaseous to the solid phase were dis¬ 
cussed in Chapter 2. It will be recalled that the litjuid phase cannot exist 
at temperatures or pressures lower than those at the triple point. The 
triple point for carbon dioxide is at 389.7°R and 5.1 atm. Therefore the 
impossil)ility of the stable existence of liquid carbon dioxide at atmos¬ 
pheric pressure is obvious. Howe\'er, litiuid carbon dioxide can exist at 
room temperature pro\dded the jn'essure is sufficiently high. The sub¬ 
limation temperature of cari)on dioxide at atmospheric pressure is 351°R 
( —109°F), and all that is retiuired for the production of solid carbon 
dioxide is to cool the gas down to this temperature. 


Solid carbon dioxide is an 


extremely useful refrigerant because it is 


noncorrosive, nontoxic, is easily cut and handled, and since it sublimes, 


the problem of disposal of a li(iuid is a\ oided. Further ad\'antages over 
ice as a refrigerant are a higher heat of sublimation (24() Btu dbm as com¬ 


pared with a latent heat of fusion of 
approximately 144 Btu ll)m for ice) 
and a wide range of temperatures. 

A simple machine for the produc¬ 
tion of solid carbon dioxide is shown 

schematically in Fig. 13-11 and the 
processes are shown in the T-s dia¬ 
gram of Fig. 13-12. Carbon dioxide 
is compressed from atmospheric pres¬ 
sure and room temperature to about 
1000 lb in^, approximating the isen- 
tropic process ef. The compressed 
gas is cooled to room temperature 
and condensed in a condenser in the 
process/a. The liquid carbon dioxide 
is then throttled in a valve and ex¬ 
panded to atmospheric pressure in an 
insulated expansion chamber from a 
to b. Since atmospheric pressure is 



Fig. 13-11. Schematic arrangement 
of simple machine for production of 
solid carbon dioxide. 
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below the triple point pressure the 

carbon dioxide leaves the throttling 

valve as a two-phase mixture of solid 

and gas. The solid phase appears 

as a snow, which is removed and 

pressed into cakes for commercial 

distribution. That part remaining 

in the gaseous phase and the re- 

(juired make-up gas is returned to 
the compressor at e. solid carbon dioxide. 

The energy input to the simple machine described is so high (about 
320 kw hr/ton of solid carbon dioxide produced) that it is uneconomical. 
The energy input can be reduced by more than 50 percent by introducing 
intercooled multistaged compression and by providing a corresponding 
series of throttling valves and expansion chambers which feed the approxi¬ 
mate compressor stages in a scheme suggestive of the regenerati\^e vapor 
power cycle. 



Fig. 13-12. Processes in the produc- 


13-10 Heat pumps. Heat paaip.s are revers(*d power cycles and hence a 
refrigeration cycle may be considered to be also a heat pump cycle when 
the intention is to heat a given space rather than to cool it. In the heat 
pump the evaporator abstracts heat from a large body of water, the atmos¬ 
phere, deep wells, or the earth, and heat is rejected from the condenser at 
a sufficiently high temperature to be practical for heating purposes. The 
analysis of the heat pump cycle is identical to that of the refrigerator. It 
is important, however, to note that the heat pump is not a reversed 
refrigerator. 

The coefficient of performance of a refrigerator was defined as the 
ratio of the refrigeration, Qi, to the net work done on the refrigerant in 
the cycle. The coefficient of performance of a heat pump is defined as the 
ratio of the heat delivered, < 32 . to the net work done on the working sub¬ 
stance in the cycle, or 


c.p. (heat pump) = 



(13-12) 


which is seen to be the reciprocal of the expression for the thermal effi¬ 
ciency of a heat engine. 

Suppose that a reasonable practical value for the coefficient of per¬ 
formance of a heat pump is 4. Then the advantage of the heat pump over 
using electrical energy as a source of heat is very nearly 4 times, since 
4 units of heat are obtained for each equivalent unit of electrical energy 
used to do work in the heat pump. Now the electrical energy is obtained 
at the expense of the irreversibilities in the power plant and the distribu¬ 
tion system. We may ask what possible advantage can exist over burning 
fuel directly as a source of heat. To answer this, we must remember that 
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although the expression for the coefficient of performance of a heat pump 
is the reciprocal of the expression for the thermal efficiency of a heat 
engine, this is not necessarily true of the numerical values of these expres¬ 
sions. The power plant may operate with temperature differences l)etween 
source and sink of 1000°F, or even more, while the temperature differences 
for a heat pump may be more nearly 100°F. Let us suppose that the 
efficiency of conversion of energy in the fuel to electrical energy is about 
27 percent and that the coefficient of performance of the heat pump is 4. 
Then for each unit of energy in the fuel supplied to the power plant 1.08 
units of heat are delivered by the heat pump. 

To determine the economic advantage of the heat pump, consideration 
must be extended to the entire cost of production of electrical energy, in 
which the cost of the fuel may not be the most important factor. It appears 
at present that the heat pump is advantageous economically only in 


moderate climates or where low-cost electrical energy is a\'ailable. 


eUOBLKM.S 


13-1. Deteriiiiiie the inininunu work which must be delivered to a lefrig- 
erator to condense 1000 Ibin of “Freon-r2” at r25°F and 130 11> in- to a lifiuid at 
— 10°F and 25 11) iir, if the sink temperature is 125'*F. 

13-2. A C'arnot refrigerator operates between the temperatures of 90°!^ and 
5°F. Calculate the coefficient of performance, (a) if the refrigerant is “Freon-12’', 
and (b) if the refrigerant is ammonia, (c) What is the hor.se])ower per ton of re¬ 
frigeration if “I'reon-12” is the refrigerant, and (d) if ammonia is the refrigerant? 

13-3. Refer to Fig. 13-1 (a), (a) What would be the coefficient of per¬ 

formance of a reversible refrigeration cycle, represented by the rectangle, if 
T„ — Tfi = 130°F. and Th — Tc = 10°F? (b) W'hat would be the coefficient 

of j)erforrnance of the irreveisible c\’cle ahcd, if the specific entropy increase in 
the throttling process ah is one-third of the entropy difference Sd — Sm? 

13-4. A vapor-compression refrigerator uses ammonia as the refiigerant. 
The refrigerator operates between — 30°F and 70°F, the vapor leaving the 
evaporator is saturated, the liquid leaving the condenser is saturated, and the 
coinj)ression is reversible and adiabatic. Find (a) the coefficient of performance, 

(b) the horsepower, and (c) the volume flow entering the comj)ressor per ton 
of refrigeration. 

13-5. Solve problem 13-4 using “Freon-12” as the refrigerant. C’ompare your 
results with those of problem 13-4 and e.xplain the differences, if any. 

13-6. vSuppose the adiabatic efficiency of the compressor in problem 13-4 is 
SO percent. Find (a) the coefficient of performance, (b) the horsepower, and 

(c) the volume rate of flow leaving the compressor, per ton of refrigeration. 
13-7. Suppose that in problem 13-5 the ammonia leaves the compressor as 

a saturated vapor and that the liquid leaving the condenser is subcooled by 
5°F. Find (a) the coefficient of performance, (b) the horsepower, and (c) the 
volume rate of flow entering the compre.ssor per ton of refrigeration. 

13-8. Solve problem 13-7 using “Freon-12” as the refrigerant. Compare your 
results with those of problem 13-7, and comment on any differences. 

13-9. An air refrigerator operates in an ideal reversed Bravton cvcle and 
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is used to cool brine from 30°F to -10°F. Heat is rejected to a coolant which 
cools the air from 486®F to 65°F, (a) Calculate the pressure of the air leaving 

the compressor if the air receives heat at a ju'essure of 14.7 Ib/in^. (b) What is 
the coefficient of performance of this refrigerator? 

13-10. Calculate the coefficient of performance, horsepower, and volume 
flow per ton of refrigeration in problems 13-4, 13-6 (expansion efficiency 80 per¬ 
cent), and 13-7 if an expander is used instead of the throttling process. 

13-11. An ammonia absorption refrigerator is to remove 140,000 Btu/min 
from a space to be kept at a constant temi)erature of — 10°F. Heat is supplied 
to the refrigerator by steam condensing at atmospheric pressure. Heat is 
rejected from the refrigerator to the atmosphere, which is at 86°F. (a) How 

much heat must be supplied to the refrigerator per minute? (b) What is the 
coefficient of performance? (c) How many j)ound.s-mass of steam are required 
per ton of refrigeration? 

13-12. Suppose the Collins li(iuefier is used for the li(|uefaction of air. Air 
is delivered to the compressor at 70°F and 1 atm and is compressed isothermally 
to 600 Ib/in-. Heat exchanger I reduces the temperature of the air to —S0°F. 
Assume that 75 percent of the air leaving heat exchanger I passes through the 
expander and exhausts at 1 atm to be returned via heat exclianger I to the com¬ 
pressor. The remaining 25 percent of the air flow passes through heat exchanger II 
and the expansion valve and discharges at 1 atm. The liquefied air is removed 
at this point and tlie unlitpiefied air flows back to the compressor via heat 
exchanger II and heat exchanger I. Assume that there are no pressure losses, 
no heat losses to the sunoundings, and that the temperature of the air leaving 
heat exchanger II on its return to the compressor is etpial to the saturation 
temperature of the higli-j)ressure air entering heat exchanger II on its way to 
the expansion valve. Assume further tliat the expansion efficiency in the 
expanfler and the compression efficiency are each 85 percent. Determine (a) the 
quality, and therefore the fraction licpiefied. of the air leaving the expansion 
valve, (b) the net work delivered to the liquefier, (c) the temperature of the 
air leaving heat exchanger I on its return to the compressor, and (d) tlie tem¬ 
perature of the air entering the compressor if make-up air is available at 70°F. 

13-13. Solve problem 13-12 if the compression j)rocess takes place with 
an adiabatic efficiency of 85 percent. Assume that an aftercooler refluces the 
temperature of the compressed air to 70°F before it enters heat exchanger I. 

13-14. How much dry ice is produced if 1000 Ibm/hr of CO 2 is throttled 
from 1100 Ib/in^ and 86°F to 14.7 Ib/in-? 

13-15. A Carnot heat pump is to deliver 200,000 Btu/hr to a heating system 
at 110°F when the temperature of the outside air is 40°F. Find the coefficient 
of performance of the heat pump and the power required. How does the power 
requirement of the heat pump compare with that for direct heating by means 
of an electrical-resistance unit? 

13-16. Suppose that in problem 13-15 a vapor-compression heat pump with 
“Freon-12” as the refrigerant is used instead of the Carnot heat pump. Assume 
that the difference between the outside air temperature and the temperature in 
the evaporator is 15°F. The adiabatic efficiency of compression is 85 percent, 
the vapor leaving the evaporator is saturated, and the liquid leaving the con¬ 
denser is saturated. Find the coefficient of performance and the power require¬ 
ment of the heat pump. 
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14-1 Introduction. Thus tar wo have boon ooncornod primarily with 
systems in which chemical reactions or changes of chemical composition 
are excluded. In this chapter, the basic concepts previously developed 
are extended to include systems which react chemically, thereby demon¬ 
strating the unified and broad character of thermodynamics. Although 
the scope of the work undertaken here must, of necessity, be sharplj^ 
limited, the fundamental relationships and elementary concepts are 
adecjuatoly developed. 


14-2 Chemical equilibrium. In the previous cliscussions of thermo¬ 
dynamic etiuilibrium, only the thermal, meclianical, and electrical potentials 
were considered, since chemical reactions were excluded. Xow it is 
necessary to remember that the reciuirements for complete thermodynamic; 
e(iuilibrium include the condition of chemical equilibriinn. However, it 
will be seen that the driving force for a chemical reaction is not as simply 
defined as the potentials of temperature, pressure, and electricity which 
cause a system to change its state. 

Let us consider a homogeneous mixture of hydrogen and o.xygen in 
an isolated system at room temperature and atmospheric pressure. We 
can define the state of this system in terms of its temperature, pressure, 
and chemical composition. The system is in thermal and pressure equi¬ 
librium. To determine if the system is also in chemical eciuilibrium, we 
examine it over a long period of time to discover whether chemical reaction 
IS in progress. According to the reaction e(|uation, 

H 2 + = H 2 O, (14-1) 


we would expect to find some evidence of the formation of water if the 
system is not in chemical etiuilibrium. Nevertheless, even over an ex¬ 
tended period of time we are unable to detect any perceptible change in 
its temperature, pressure, and chemical composition. From such an 
observation we might conclude, (luite erroneously, that the system is in 
complete thermodynamic etiuilibrium. If an electric spark, a glowing 
particle, or any one of a number of suitable catalysts is introduced into 
the system, a sudden reaction takes place accompanied by a marked 
increase in temperature. Then suppose we bring the system back to its 
original state of temperature and pressure equilbrium and examine the 
chemical composition. If the original mixture contained the correct 
proportions of oxygen and hydrogen as given by the left side of Eq. (I4-I), 
we shall find only water and the original amount of catalyst, which is 
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unchanged as to chemical composition. We must conclude that the only 
effect of the catalyst or the electrical spark is to accelerate the reaction 
so that the system proceeds rapidly to a state of chemical equilibrium. 
This final state, as described, is now in complete thermodynamic equi¬ 
librium, since we are excluding from consideration potentials other than 
temperature, pressure, and the driving force for chemical reaction. 

Now suppose we consider a system composed of hydrogen, oxygen, 
and water. The hydrogen and oxygen will dissolve very rapidly until 
the water is saturated. As far as the solution process is concerned the 
system is in equilibrium, and yet it is not in chemical efiuilibrium since 
the oxygen and hydrogen in the solution react spontaneously to form 
water, as noted above. 

Still another example is that of a dilute solution of hydrated copper 
sulfate (CuS 04 - 5 ri 20 ) and water. When hydrated copper sulfate is 
added to the solution it will diffuse spontaneously, and at an obser\'abIe 
rate, until the solution is saturated. The saturated solution is in chemical 
equilibrium, since no further change in composition can take place at 
the given temperature and pressure of the solution either through an 
attempt to add more hydrated copper sulfate or through a reaction 
between the constituents in the solution. 

14—3 The criteria of equilibrium. A ni(*chanical system \\hich is at 
rest will set itself in motion spontaneously when its constraints permit 
it to do so. It is an empirical fact that this motion will take place in 
such a direction as to be consistent with a decrease of the potential energy 
of the system to a minimum. It can also be shown that the internal 
energy of a thermodynamic* system is a minimum when the entropy of 
that system is a maximum. Furthermore, we ha\*e already seen that the 
entropy of an isolated system tends to a maximum. These two principles 
constitute the necessary and sufficient conditions for e(|uilibrium, i.e., the 
internal energy must have its minimum value and the entropy its maximum 
value. No further changes in the state of an isolated system in ecjuilibrium 
may take place and, therefore, no further changes in the propei'ties of the 
system can occur. 

This concept of equilibrium may be extended to systems which react 
chemically. The internal energy of a chemical system is a function of 
any two independent properties and the chemical composition of the 
system. Thus, we have 

r =/(/>,- - -), (14-2) 

where ni, ^ 2 , etc. are the moles of each chemical constituent in the system. 

It is important to note that a change of internal energy can be brought 
about by a change in chemical composition of the system even if, for 
example, the temperature and pressure are kept (-onstant. A change in 



14-4] 


EQUILIBRIUM IN MULTICOMPONENT SYSTEMS 


437 


chemical composition can be accomplished by simply removing or adding 
constituents. Of much greater interest is the change of chemical composi¬ 
tion due to chemical reaction while the mass of the system remains constant. 

14-4 Equilibrium in multicomponent systems. 'Ida* ciiteria for 
ecpnlibrium developed in Section 8-(> are valid for systems consisting of 
a pure substance and for multicomponent systems containing reactive 
constituents. A reactive system may e.xist as a mixture or solution of 
chemical constituents whose chemical composition may change due to 
chemical reaction. We recall that the state of such a system is completely 
specified l)y two independent properties and the ch(‘mical c()mposition. 
For example, the (libbs function is specified as 

fr = * • * > 

for a system consisting of /.• constituents, d'herefort*, w(* ma>' wiite 
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(14-3) 


bet us assume that the temperature and pressure are constant in order 
to simplify the analysis, d'hen the change in the Gibbs function depends 
only on the change in ch(*mical composition, oi' n\, tio, • • • . .Vccordingly, 
Im]. (14-3) b(‘comes 


dG dG 

(IG =- (lfl\ -|- 7 - (Ifhy 4 “ 


dn 


dn 


(14-4) 


where it is understood that the i)ressure and temperatuie are constant. 
We define the partial rnohil Gihf)S fnnctions as 


Gi = 




Go = 


dG^ 

dn^ 


et( 


(14-5) 


and Iv|. (14 4) may be expressed 


(Kj — f/i dui 4“ G'l 4“ 


(14-0) 


It is clear that tlu' paitial molal Gibbs functions are intensi\'e properties 
of the system and do not depend on the absolute amounts of the constituent 
present in the sJ^stem but rather on their relative amounts. The partial 
molal Gibbs functions arc each (*onstant if we add the constituents to the 
system in a constant ratio to those constituents removed, so that the 
chemical (*omposition is unchanged. Ecpiation (14-0) may be integrated 
with n.y, • • • in constant proportions, with the result 


(i — n\(r] 4 ~ noG'z 4 ~ 


( 14 - 7 ) 
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Therefore we can find the Gibbs function of the system, an extensive 

property, if we know the partial molal Gibbs function and the number 
of moles of each constituent. 

If the composition of the system is changed by adding or subtracting 
infinitesimal amounts of any or all of the constituents, or by chemical 
reaction within the system, the change in the Gibbs function is 

dG = n\ dG\ + G\ dn\ + 1 x 2 dG 2 + G 2 dn 2 + • • - . (14-8) 

If we subtract Eq. (14-0) from Eq. (14-8), we find that 


n\ dG\ + 712 dG2 + ■ • • =0, (14—9) 

which clearly indicates the relationship between the change in one partial 
molal Gibbs function and the change in all the others for an infinitesimal 
change in composition at constant temperature and pressure. 

The equations derived thus far in this section [Eqs. (14-3) through 
(14-9)] are not restricted to eciuilibrium processes. Suppose now that 
the requirement of equilibrium is imposed for a process at constant temper¬ 
ature and pressure. We find that 



and therefore Ecp (14-()) becomes 

dG = (ti drii -f“ (t 2 dn2 + • * • =0. (14—10) 

Since the partial molal Gibbs functions are not zero, it follows from the 
above equation that drii, dn 2 , • • ■ are zero and the chemical composition 
of the system is unchanged. We conclude, therefore, that at eciuilibrium 
the possibility of further chemical reaction must be excluded. On the 
other hand, E(i. (14-3) shows that ev^en if pressure and temperature 
equilibrium are maintained, chemical equilibrium is not reached until 
no further changes in the chemical composition of the system are possible, 
i.e., Eq. (14-10) must be satisfied. 

If work other than p dV work is included, Eqs. (0-31) and (14-6) 
are equated for a constant temperature and pressure process, and we have 

dG = Gi dtii T G 2 dTi2 — d d, (14—11) 

which shows that a system at constant temperature and pressure can 
do no work other than p dV work, unless there is a change in chemical 
composition. 

Similar analyses may be made of the etjuilibrium requirements with 
respect to chemical reaction of change in the composition of the system 
for other processes. It is left as an exercise to write the equilibrium equa¬ 
tions for a multicomponent system which experiences the following proc¬ 
esses; constant temperature and volume, constant internal energy and 
volume, constant entropy and volume, and constant entropy and pressure. 
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It should be noted that the coneept of the partial molal property as used 
in connection with the Gil)hs function can 1)0 extended to othei’ properties 
as well. 


14-5 Phase equilibria. It was shown in Section 7-11 that if two phases 
of a pure substance are in efiuilibrium the specific Gibbs function has 
the same value in both phases. From this consideration we were able 
to derive the Clausius-Clapeyron e(iuation. We now consider phase 
equilibrium in a system composed of more than one component. 

A phase is defined as each physically homogeneous part of a system. 
It is clear that only one gaseous phase can exist, since constituents added 
to this phase will diffuse until a homogeneous mixture is obtained. How¬ 
ever, more than one li(juid phase can exist because the immiscibility of 
certain liquids precludes the possil)ility of homogeneity. Generally speak¬ 
ing, mixtures of solids do not form a homogeneous mixture except in 
special circumstances. For example, a mixture of iron filings and sulfur, 
or the different types of ice, must be regarded as forming separate solid 
phases. On the other hand, some metal alloys may i)e considered to 
comprise a single solid phase. 

Our previous observation that the specific Gibbs function, or the 
molal Gibbs function, has the same value in each phase for eciuilibrium 
between phases of a pure substance rcfiuires modification when more 
than one constituent is present in the system. We consider a closed 


system consisting of P phases and I: constituents in equilibrium at constant 
temperature and pressure. The con.stituents are designated by the sub¬ 
scripts 1, 2, 3, • ■ • , k' and the phases by the superscripts 1, 2, 3, ■ • • , P. 

The partial molal Gibbs functions are represented bv G’V* G 9 *’ • ■ • 

, '^2 » 1 Of. , • ' • , , (j 2 , • • • , Of. . According to Eq. 

(14-10), if dn, moles of constituents transfer from one phase to another 
at equilibrium, we may write 

«</’ rfnV’ + + ■ • • + or dn'p 

+ dn^r + O'.?' dn'?' + ■ ■ • + G'.p dnP 


(14-12) 


+ Op dn'P + Gf > dnP + • • • + QP' dn'P' = 0. 

Since the system is closed, the total mass of each constituent in all phases 
is constant at ecpiilibrium. Therefore, we have 

+ dn^x^ + • • • + dn^x ^ = 0 , 
dn^2^ + dn^2^ q_ . . . _j_ ^ = 0 , 





(14-13) 
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If Eqs. (14-12) and (14-13) are both satisfied, it follows that 

(?<» = g ( 2 ) =... = or, 
or = or = ■■■ = or, 

(14-14) 


/^(l) _ _ /'yd') 

Thus it is shown that for a multiphase, multicomponent system at con¬ 
stant temperature and pressure a necessary condition for equilibrium is 
that the partial molal Gibbs function of each constituent has the same 
value in all phases. Clearly, in the case of a pure substance the partial 
molal Gibbs function is identical to the molal Gibbs function. 

Suppose the phases of a system are not in ec|uilibrium. Then the par¬ 
tial molal Gibbs function of each constituent will not have the same value 
in each phase. For each constituent for which a difference in the partial 
molal Gibbs function exists, there will be a tendency, called the escaping 
tendency, to escape spontaneously from the phase in which its partial 
molal Gibbs function is higher to that phase in which the partial molal 
Gibbs function is lower, until e(|uilibrium exists between the phases, i.e., 
until the partial molal Gibbs function has the same \'alue in all phases. 
Conversely, the escaping tendency of any (‘onstituejit is the same in ail 
phases when the system is in e(]uilibrium. 


14-6 The phase rule. 


d'he phase rule, which was (irsl dei’ived by Gibbs, 


follows logically from the conclusions reached in the preceding section. 
First we shall consider a closed heterogeneous system in which the con¬ 
stituents are present in all phases. Equations (14-14), which specify the 
conditions of phase equilibrium and hence will be called the equations of 
phase equilibrium, are k{P — 1) in number. Now the composition of each 
phase containing k constituents is fixed if k — 1 constituents are known, 
since if the moles of each constituent except one are known, the moles of 
the last constituent must be equal to the remainder. Therefore, for P 
phases there are a total of P{k — 1) variables, in addition to temperature 
and pressure, which must be specified. There are, then, P{k — 1) + 2 
variables altogether. The degrees of freedom or variance, i.e., the number 
of independent variables less the number of equations, is 


or 


/ = P(A: - l) -I- 2 - k{P - 1) 


/ ■= k — P -\- 2 (no chemical reaction), 


(14-15) 


which is the phase rule. A system having one degree of freedom is called 
univariant; if it has two degrees of freedom it is divariant, etc. Liquid 
water in equilibrium with its vapor is a univariant system since there are 
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two phases, one constituent, and therefore one decree of freedom. At 
the triple point of water there are three phases in ec|uilihrium. one con¬ 
stituent, and hence the system is noiu ariant. 

It can be readily shown that if a constituent is absent from a phase 
the number of variables and the number of eciuations are each rediu*ed 
by one. Hence the original restriction that every constituent be present 
in every phase can be removed and Ecp (14-15) remains valid. 

If chemical reaction takes place within the system the constituents 
are not completel}^ independent. Let us suppose that the foui’ constitu¬ 
ents .1, B, (\ and J) undergo the reaction 

t'ld -|- ^ -|- u^I), (14 lb) 


where the t/’s are the stoichiometric coejficients. We now ha\ (‘ an additional 
independent etiuation, so that the total numl)er of independent eejuations 
is k(P — 1) -f 1. Tlie number of \-ariables is P{/: — 1 ) -|- 2. as before. 
44ier(‘fore, the number of degrees of freedom is 


/={/.•- 1) - /^ -f 2. 


But it is possible to conceive of a system 
reactions could take place, and accordingly 
the more general form 


where a number of chemical 
we express the phase rule in 


/ = (/.• — r) — P 2 (with chemical reaction). 


(14-17) 


where r is tlu* number of reversil)le chemical reactions. 


14-7 Heats of reaction. The standard state. We hav(‘ s(‘en that heat 
is absorbed by a substance in a change of phase from the licjuid to the 
vapor phase, from the solid to the licjuid phase, or during sublimation 
while the system remains at constant temperature and pressure. \A4ien 
the phase change is in the other direction the process is accompanied by 


a release of heat. Xow we turn our attention to a system which reacts 
chemically. The reaction involves a <*hange in the internal energy of the 
system. We say the reaction is exothermic when it is accompanied by a 
release of heat and a decrease in the internal energy of the system. The 
reaction is endothermic when heat is ab.sorbed, with a resulting increase 
in the internal energy of the system. 4'he heat absorbed or released is 
called the heat of reaction. 


Since heat is a path functioii, the path must be specified. One prac¬ 
tical method of determining the heat of reaction for a given chemical re¬ 
action is by means of the open calorimeter, i.e., the calorimeter is open to 
atmospheric pressure. We have shown that the heat flow in a constant- 
pressure process is ecjual to the change in enthalpy of the system, or 
Qp = A//p, and hence the heat flow is expressed as a function of the 
property //. H\it the enthalpy of a chemical system is a function of two 
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independent properties and the chemical composition of the system. The 
chemical composition before and after reaction may be specified by a gen¬ 
eral reaction ecjuation of the form of Eq. (14—IG). The temperatures of 
the system before and after chemical reaction may be the same, i.e., there 
is no net change in temperature. The individual reactants and products 
may be taken as being in the stable phase at the specified temperature 
and pressure of the reaction. Ihider these conditions the state of the re¬ 
actants and the products is defined. 1 he value of the constant-pressure 
heat of reaction is standardized at a pressure of 1 atm and a temperature 
of 25°C, 20°C, or, more often, at 18°C. Therefore the heat of reaction of 
various chemical reactions at constant pressure can be put in the stand¬ 
ard form 

= ~Qp, (14-18) 


which, as written, is for an exothermic reaction. Since more than one 
standard temperature is in use, it is nece.ssary to designate the particular 


standard temperature at which the heat of reaction is measured. 

Another common method of determining the heat of reaction is by 
means of the bomb calorimeter. This is a constant-volume process and the 
heat of reaction is 



(14-19) 


Again it is necessary to specify the 
tion is determined. 


temperature at which the heat of reac- 


From the foregoing it is seen that the heat of reaction, either at con¬ 
stant volume or at constant pressure, permits an evaluation of internal 
energy changes. The heat of solution, heat of dilution, heat of combustion, 
and heat of formation arc other specialized forms of the heat of reaction. 

The heats of reaction at constant pressure and at constant temperature 
are related as 



This difference is negligible unless gases are involved, in which case the 
gases can be assumed to t)e ideal with sufficient accuracy. Then, we 
may write 

- AT" = RT An, (14-20) 


where An is the number of moles of gases produced in the reaction less 
the number consumed. 


Let us examine the simple reaction of hydrogen and oxygen to form liquid 
water, at standard conditions. We have the reaction equation 


H2(^) 4“ ^02(g) — HoOf/). 



Table 14-1 

HEATS OF COMBUSTION* AT 77°F (25°C) 
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From Table 14-1, the constant-pressure heat of reaction at 77°F is — 122.9()3 Btu 
per Ibni-mole. Suppose the enthalpies of the hydro^cen and oxyjicn •'*>(* 

known in the standard state, then 

= ;/ho(> — (Ah-. + ^AIV.) = — 122.9(13 Btu Ibni-inole. 

If the enthalpies of the elements are set e(jual to zero in the standaid state, we 
ha ve 

A//*’ = Ah..() = —122,9(13 Btu Ibm-mole. 


It is seen from this relationship that the heat of leaetion hecomt‘s 
identical to the relati\'e molal enthalpy of li(|uid water in the standard 
state. The relati\'e molal enthalpy of a compound, i.e., the sum of the 
relative molal enthalpies of the elements comprising the compound, is 
called the keat of formation. Heats of formation are tabulated to facili¬ 
tate the computation of heats of reaction. 


Foi' exampl(‘, lot us consider the rojiction 

(•H,(j/) -1- 2(),(f7) C(h(g) + 2H.,()(/), 

A//" = A(-(), -j- 2 Ah20 ~ Ach^ — 2lu)y 

WIhmj the heats of foiination obtained from Table 14-2 are substituted, we have 

^//'> = ~Ui9.1K2 - 2(122.893) -h 32,178 - 0. 

A//" = —383.000 Btu Ibm-mole. 


14-8 The electric method of determining heats of reaction. 44ie 
Daniell cell of Fig. 14-1 presents a \'ery interesting application of thermo¬ 
dynamic principles and at the same time provides an accurate means of 
determining th(‘ heat of reaction. The Daniell cell consists of a zinc 



Fig. 14-1. The Daniell cell. 
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electrode in a solution of zinc sulfate and a copper electrode in a saturated 
solution of copper sulfate. In the cell illustrated in Fig. 14-1, known as 
a gravity cell, the two solutions are kept separated (except for a slow 
interdiffusion on open circuit) by the difference in their densities. When 
the cell discharges, zinc goes into solution and copper is deposited on the 
copper electrode. The net chemical effect is the disappearance of Zn and 
Cu++ and the appearance of Zn++ and Cu, as represented by 

Zn + Cu++ —> Zn++ + Cu. (14-21) 

By forcing a current through the cell in the opposite direction the 
process can be reversed, that is, copper goes into solution and zinc is 
deposited. 

Let the terminals of the cell be connected to a potentiometer. If the 
voltage across the potentiometer is made just equal to the emf of the cell 
the current in the cell is zero. By making the voltage slightly larger or 
smaller than the emf, the reaction in the cell can be made to go in either 
direction. P'urthermore, since heat losses in the circuit are proportional 
to the scjuare of the current, while the electrical work done is proportional 
to the first power, the former can be made negligible by making the current 
very small. Hence the cell can be operated as a reversible system in the 
thermodynamic sense. Let the cell be placed in a thermostatically con¬ 
trolled bath which maintains it at a constant temperature and let p 
be the constant external pressure. The terminal voltage of the cell, if 
the current is very small, will equal its emf &. The electrical work done 
by the cell while a cjuantity of charge C flows through it is then and 
since the process is reversible, isothermal, and isoharic, this is equal to 
the work A . 

tI = &(\ 


The same chemical reaction as in Eq. (14-21) can be made to take 
place in a purely chemical manner, quite apart from a Daniell cell. Thus 
if zinc powder is shaken in a solution of copper sulfate all the zinc will 
dissolve (i.e., become ions in solution) and all the copper ions will become 
metal atoms, provided the original amounts of the two substances are 
chosen properly. If the initial and final states are at the same temper¬ 
ature and pressure, heat is liberated. That is, the reaction is exothermic. 
The enthalpy difference Hi — H 2 equals the heat liberated in this re¬ 
action, or the constant-pressure heat of reaction, A//p. Therefore if 
n moles react, 

Hi ~ H2 = nQp. 

The Faraday constant F, equal to 9.65194 X 10^ coul/kilomole, is 
the quantity of charge carried by one mole of singly charged ions. For 
ions of valence z the charge per mole is zF and the charge of n kilomoles is 
nzF. Therefore in a process in which n kilomoles react, 

C = nzF. 
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Combining the three preceding ecjuations with the (lil>l)H-}l(4mholtz 
ecjuation, we get 

gr = hq + 7Y' ■ 


(97 


p 



(14-22) 


zF \dT 

For two e(juilibrium states of a system at the same temperature and 
pressure, the enthalpy change Hi — H 2 is the same whatever the process 
connecting the states. If the process is carried out in a purely “chemical” 
manner, no work other that) p dV work is done and the decrease in enthalpy 

equals the heat evohed. 'fhe general form of the Cilihs-Helmhoitz 
etjuation, 


.1 = (//, - H>) + 


dA 

~^r 


p 


states ti)at if a process can he de\'ised Ix'tween the same two end states, 
but in which w'ork other than p dV work is done, the amount of this work 
may be equal to, greater than, or less than the heat evolved in the first 
process, depending on the magnitude and sign of (a.4 ^7’)^. The dif¬ 
ference is accounted for by the heat absorbed from or given to the reservoir 
which maintains the system at constant temperature. Specifically, for 
an electrolyti(‘ cell, the electrical work done when the cell discharges 
at constant temperature and pressure may be eciual to, greater than, or 
less than the heat nQ evolved in the corresponding chemical reaction, 
depending on the magnitude and sign of the temperature coefficient of 
the emf of the cell at constant pressure. 

Equation (14-22) is most useful when considered as a means of meas¬ 
uring heats of reaction. The precise measurement of (luantities of heat 
by direct calorimetric methods is one of fhe most difficult experimental 
techniques. Emf’s, however, can readily be measured with high precision. 
If the reacting substances can be combined to form an electrolytic cell 
the heat of reaction can be computed very accurately from measurements 
of the emf and its rate of change with temperature. 

Since the term T{d^/dT)p is usually very small compared with 

practically all of the energy available in a chemical reaction can be utilized 

directly as electrical energy provided the reacting substances will form 

a voltaic cell. (The electrical energy is even greater than the heat of 

reaction if (d&/dr)p is positive.) It is interesting to speculate on the 

ettect on our economy if a voltaic cell could be constructed of (‘arbon and 
oxygen. 
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14 9 Relationship between Gibbs function and equilibrium constant. 

One of the most powerful relationships in the practical application of 
chemical thermodynamics is that which exists between the Gibbs function 
and the equilibrium constant. To establish this relationship, we must first 
define the equilibrium constant. In a constant-temperature process the 
change in the Gibbs function, provided the composition is unchanged, is 

(IG = Vdp. 


\\ e shall assume that the system is composed of ideal gases in order that 
the preceding ecjuation may be stated simply as 



nRT 

- dp = nRT In p = In p. 


(14-23) 


Now consider the chemical reaction of two ideal gases .4 and B, which 
yields two ideal gas products C and D according to the reaction of Eq. 
(14-10). e specify that the mixture of reactants and the mixture of 
products are at the standard temperature and some arbitrary pressure, 
and that the reaction takes place at constant temperature and pressure. 
Under these conditions tlie individual reactants and products have partial 
pressures appropriate to the total pressure. 

Let us suppose that small amounts of .4 and B, each at the standard 
pressure of 1 atm and at the standard temperature, are added to the 
reacting system at a steady rate, and the resulting small amounts of 
C and D formed in the reaction are removed so that the composition of 
the system remains unchanged. The small amounts of C and D removed 
from the system will have their pressures changed from the partial pres¬ 
sure in the mixture of products to the standard pressure of 1 atm. Then 
applying Ecp (14-23) to the small amount of reactant .4 added to the 
system and noting that its pressure is changed from the standard pressure 
pA to the partial pressure p x at constant temperature, we have 

= -dn.i ^RT In ^ . (14-24) 

Pa 

where p^ is the standard pressure and G^a is the corresponding value 
of the Gibbs function, called the standard Gibbs function. Similarly, Pa 
is the partial pressure and G'a is the corresponding value of the Gibbs 
function. It is noted that the number of moles which change during 
reaction is proportional to the stoichiometric coefficients, or 

dnA'-duB.dnc-dni) — —vx.—v2'.rs‘.VA- (14-25) 

Therefore Eq. (14-24) may be written 

- G'l = In ^ In (^) ' ■ 

Pa \Pa / 


(14-26) 
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Similar equations may be written for each reactant and product. The 
resulting change in the Gibbs function may then be written 


AG^ - AG' = In ( In ^ 

Pc/ 


„0 \ ^*4 / 0 \ ft 

(^) 

Pd/ \Pa/ 


- iRT In 


Pa 

Pb 


(14-27) 



rouping terms which refer to the standard pressure, we ha\'e 


AG® - AG' = iRT In 


(Pc)-^ (plY' 
(PaY' {v%Y-‘ 


9.T\\\ 


iPcY’ (p'dY' 
(p'aY' {p'bC' 


(14-28) 


But Pc = Pd = Pa= Pb = 1 atm, and therefore the first term on the 
right side of this e(|Uation is zero. Furthermore, AG' = 0, since it refers 
to the equilibrium states of the constituents at constant temperature and 
pressure. It follows that the second term on the right side of Ecp (14-28) 
must be constant for an etiuiiibrium reaction at a specified constant 
temperature, in this case at the standard temperature. Hence we may 
write 


_ (Pc)"' • (ppy 
" ~ {p'aY'■ {p'bY^' (14-29) 


The above ecjuation defines the equilibrium constant in terms of the partial 
pressures of the reactants and products. A'alues of etiuilibrium constants 
are given in Table 14 -3. Alternate expressions for the e(iuilibrium constant 
may be written as, for example. 





^D 



(14-30) 


where the x’s are the mole fractions. The equilibrium constants expressed 

in terms of the mole fractions and the partial pressures are related as 
follows: 


Kj, = (14-31) 

E(iuation (14-28) relates the change in the standard Gibbs function 
(at some standard temperature, such as 25°C or 20°C, and 1 atm) to the 
equilibrium constant Kp. Therefore we can write 


AG® = -9.T\nKp. 


(14-32) 


This IS a very important equation, since it relates the change in the 
standard Gibbs function to the temperature and equilibrium constant 
tor the etiuilibrium states in which the reaction takes place. By means 
of this relationship the equilibrium constant can be calculated from 
changes m the standard Gibbs function, or vice versa. However, it will 
be recalled that the relationships developed in this section are blsed on 
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the assumption of an ideal gas. A means by which these relationships 
can be extended to any substance will be considered in the section dealing 
with fugacity and activity. 


1'Aample. Coini)ute the eciuilibriuin constant for the \\ater-gas reaction 

f’O + ('()., + H,> 

at 537°R, assutning that all constituents behave as ideal gases. 

\\e shall use Eq. (14-32), since the reaction is at standai-d tenipei-ature 
First we calculate the change in the .standard (Jibbs function for the reaction 
iM'oni Table 14-2, we have for each constituent 


(’onstituent 

(’O 

lEO 

CO, 


Cal gin-niole {2o®C) 

-32,810 

-54,040 

-94,200 

0 


The clninge in the standaid (libl)s function is 


- ACS 


products 


- AC 


vO 

reactants 


= { 


-94,200 - 0) - (-32.810 - 54.040) 

— 0810 cal gin-inole 

Btu, Ibin-niole 


= —0810 cal gin-inole X 1.799 
= — l2.250 Btu Ibin-inole. 


cal gni-inole 


N 


ow, from I-ai. (14-32), we have 


In Kp = 


AG^ 12,250 Btu. Ibin-mole X 778 ftdb Btu 


9(T 


1545 ftdb lbm-mole-®R X 537®R 


= 11.5 


and 


A-'p = 98,000. 


14-10 Temperature dependence of the equilibrium constant. For 

more convenient integration, the Gibbs-Helmholtz equation may be nut 
the form ^ 


d 


dT 


m - - 


AH° 
~T^ ’ 


(14-33) 


"here A//® is the (change in enthalpy of the system in the standard 


State. 
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Differenti- 


This we recognize as the constant-pressure heat of reaction, 
ating Eq. (14-32) with respect to temperature, we obtain 


d 




In Kj,. 


(14-34) 


Coml)ining Eqs. (14-33) and (14-34), and rearranging, we get 


dT ^ iRT^ 


(14-35) 


which is known as the van't Hoff equation. 

The van’t Hoff equation is analogous to the Clausius-Clapeyron 
ecjuation which, if we assume that the volume of the liquid or solid is 
negligible compared with the change in volume of the vapor, and that 
the vapor can be treated as an ideal gas, can be written 




(14-36) 


For a change of phase from licjuid water to vapor the value of Kp is equal 
to the pressure of the water p. When this \ alue of Kp is substituted in 
Eq. (14-35), we obtain an etjuation which is identical to the Clausius- 
Clapeyron equation (Eq. 14-36). This comparison serves to emphasize 
the fact that the latent heat is nothing more than a simple heat of reaction, 
in the absence of chemical change, and that the van’t Hoff equation is 
a generalization of the Clausius-Clapeyron etjuation to include chemical 
change. 

It should also be noted that the van't Hoff etjuation relates the constant- 
pressure heat of reaction to the ecjuilibrium constant. 


lOxA.MPLE. Suppose that the water-gas reaction of the preceding example takes 
place at JOOO^R. Compute the equilibrium constant. 

From Table 14-2 we find the stanrlard heats of leaction at o37°H for each 
constituent. 



A//y 

Constituent 

Cal grn-mole (25°C0 

CO 

-26,420 

H 2 O 

-57,800 

CO 2 

-94,050 

H 2 

0 
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A//« - A//^ 


— \ 

products reactants 

(-94.050 - 0) - (~32.H10 - 54.640) 


= — 6660 cal gtn-inole X 1.799 
= — 11.870 Btu Ibin-inole. 


Btu Ihin-inole 
cal ^m-niolc 


liquation (14 35). the vaii't Hoff equation, relates the chanjie in the e(iuilil)riuin 
constant with temperature. Integrating, we get 


'K 




;»1000 A fT=\ 000 J 

r/ln A' = / — 


atol 


A//') r 1 *17'= 1000 

(A In A ;,)iiMMi :.;t7 = ~ — — 

L 7 j7 =.-,37 


-1 1.870 


Btu 


Ihm-mole 


ft-ll) 

X / /8- 

Btu 


1 


+ 


1 


1000 537 


U 


1545 


ft-lb 


l)m-mole-°K 


A In A';, = —5.15. 

In A pKiiHi = in A — 5.15 

= I 1.5 - 5.15 
= 6.35. 

K,, — 570. 

14—11 Fugacity and activity. II a mole ol an ideal gas undergoes a 

change in pressure from pi to p 2 at constant temperature, the change in 

the Chhhs function is given by Eip (14-23) of the preceding section, and 
we get 

<1(1 = •:KT (I In p. 

For a real ga.s wo dolino the property f, callocl the fw/aali/, so that the 
change in ttie (iihhs function is 


(Id = ^RT(I In f, 


(14-37) 


01 - 


a = ^RT In f + P, 


(14-38) 


wher(‘ !/ is a constant depending only on temperature. We may determine 
the value ot p and complete the definition of fugacity by noting that at 
very low pressures the fugacity approaches p as a limit, or 


f 


Limit - 

P 


= L 


and hence for an ideal gas f = p 
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Following the reasoning of the preceding section, it can be readily 
shown that the equilibrium constant is 


(14-39) 

fA ■ fB 

which removes the previous restriction of an ideal gas in formulating 
the equilibrium constant. 

Similarly, it can be shown that 


and 


AG^ = -n9lT In Kf, 


(14-40) 


r/ In Kf _ AH^ 
dT ” 


(14-41) 


The determination of the value of a single fugacity is hiconvenient 
if not impossible. For this reason, we introduce a new function a called 
the activity. The activity is defined as the ratio of the fugacity in a given 
state to the fugacity in the standard state, with the stipulation that the 
temperature be the same in both states, or 


Accordingly, we ha\'e 

G - G^ 



niRT In 4 = n^JlT In a. 


(14-42) 

(14-43) 


14-12 Extent of reaction. C'onsider the reaction etjuation 

l^\A -f“ (^2-6 P 3 C P 4 D 

and suppose that the reaction does not go to completion. That is, some¬ 
time during the process reaction is stopped. Let us assume that the 
reaction proceeds to the right and after progressing to the extent c, 
called the extent of reaction^ it is stopped. Then the equation may be 
written 

h(l - 0 + a]A + [*^2(1 - 6) + b]B ^ Ups A-C]C A- [eP4 + d]D. (14-44) 

Assuming that the system is closed, if € = 1 the reaction proceeds com¬ 
pletely to the right. If < = 0 the reaction proceeds completely to the left. 

The moles of constituents which change during reaction cannot vary 
independently but are proportional to the stoichiometric coefficients, or 

driA-duB'-dnc-dno = —p\'.—p2'^z'-^4- (14-45) 

This relationship is linear, and after integration we have 

nA = »^i(l — e) + a, nc = + c, 

nn = P2(l — e) -f 5, np = eP 4 + d, 


(14-4()) 
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where the constants a, b, c, and d represent the moles of A, B, (\ and 1 ) 
which cannot combine as in Eq. (14-44). It is seen from Eq. (14-4())that 
for a reaction which proceeds to the limit in either direction at least one of 
the constants will be zero, because at least one constituent must be entirely 
consumed. 


14-13 Thermodynamic properties of reactive mixtures of ideal gases.* 
It was shown in Chapter 10 that the entropy of a mixture of nonreactive 
gases is 

u j -s i (14 1 i) 


and the change in the entropy of the mixture is 

dS = YLn.dSi + Y^^idni, 


(14-48) 


where Si is the partial molai entropy of the fth constituent. The second 
term on the right side of this equation is zero for a mixture of nonreactive 
gases and therefore represents the essential difference between a reacti\'e 
and nonreactive mixture. From Eq. (14-4(>), we have 

= *^i(l — e) + a + 1 ^ 2(1 ~ f) + 5 + + c -|- + d, 

+ »^2 + el(*^3 + *^ 4 ) “ (»^i + *^ 2 )] + + 5 + c + f/. 

Dift'erentiating, and designating Av = (t^;, -|- *. 4 ) — 've obtain 

fin = J^dn, = Spdf. (14-49) 


For a reactive mixture of ideal gases, 



(14-48) may be written 


» f t Vi 


(14-50) 


Irom Eq. (14-40), the change in entropy due to change in chemical com¬ 
position alone can be expressed as 


whei 


e 


Sidiii = (*^360 + v^si) — — V2fiB)de = ASde, 

i 

A*S-= (I'asc + »'4S/j) — (*'i5.4 + »'2'^r), 


and after substitution of this last equation in Eq. (14-50), we obtain 


dS = J^TiiCpi ^ — + AS dt. 


It was shown in Chapter 10 that c,, = — 


Pi 


(14-51) 


n 


and from Dalton’s law 


matter of this section follows the clear presentation of A. S. 
ampbell, . Franklin Institute, 261, Xo. 4, April. 1951. 
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P = which, substituted in Eq. (14-51), yields 


dS = nc-n — --(- A*S de. 


T 


V 


(14-52) 


Equation (14-30) can be written in terms of the moles of constituents 
and related to the equilibrium constant expressed in terms of partial 
pressures [Eq. (14-31)] to obtain 


K, = 




(14-53) 


The equilibrium constant determines at all times the composition of 
the mixture at a specified temperature and pressure of the mixture. We 
differentiate Eq. (14-53) logarithmically and get 


dKp , dp ^ ^ dn dnc dnp 


K 


- Ap 


V 


+ Au — = t/3 


n 


nc 


-h »'4 


dn 


no 




riA 


A dnn 

- - — • (14-54) 


no 


Making use of E(is. (14-46) and (14-49), we have, after simplihcation, 

dK^ ^ dp Tp? 4 4 4 nde 

+ ^ + + {^,)2 - . (14-55) 

P L.r,i x/i Xc Xo J n 


K 


The equilibrium constant is eliminated by introducing E(|. (14-35), 
noting that 

A// = (c-jZ/r -f- v,\hi)) — {v\h \ + 


and as a result, we get 


dt 


n 


= 4' 


VaH dT 

Lojr Y ~ 


Ai> 


ilp 

p 



(14-56) 


where 4^ designates the reciprocal of the bracketed expression on the 
right side of Eq. (14-55). Under the conditions of chemical equilibrium, 
AS of Eq. (14-52) is ecjual to AH/T, which, when substituted in Eq. 
(14-52), together with E(|. (14-56), yields 


ds r 


^(AH) 




4' AH Ap"] dp 

1 + ^—-J- 




(14-57) 


P 


The entropy relative to a standard entropy is found by integrating E(i. 
(14-57) between the limits S^ and S, to give 


f- =h 

Ji^ n L 




^{AH) 


fYl^q>[ 
\Jt^ T '""L 


1 + 


4' 


AH Aul 

OIT J lo 


dp 

P 


and 


S - .S" .»[«. + In Is - »« [l + ^ 
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The equation of state of a reactive mixture of ideal f^ases in differentia] 
form is 


(Ip dV 

TT - 

P ^ 


Jin, ^ ~T 


(14-59) 


Substituting Eq. (14-49), the above e(iuation becomes 

dp dV (h dT 

— H-= -^- 

p V n T 

Then substituting for dp p in (14-59) its eciuix alent from the preceding 
e(iuation, the result is 


dt 


n 


= 


AH 


- Ai' 


(IT d\ 

+ 


T 


1 


- (A 


del 


( 14-90) 


Now we have 


AH AH - 9.T Au 

- Av = - 




v-Ahc - OIT) + UAUh, - ^RT) - uHfiA - ^RT) - uoihn - ^7’) 


or 


^RT 

AH _ AC 

U(T ~ ~ 


(14-91) 


Hut AC is the constant-\'olume heat of reaction. Substituting h](i. (14-91) 

,11 

and —^ -p (Ai/)“ in Va[. (14-90), we oi^tain 


'I' 


'I' 


de , fAt' dT 

G( T r 




dV 

”r 


(14-62) 


Finally, we substitute Eqs. (14-92) and (14-59) in E(i. (14-52) to obtain 


IS r 

— = c,. 

n L 




4' 


'{ACfl dT 

iRT^ J T 


-f 



1 -b 




AC ApI dV 

31T J T' 


(14-93) 


1 he entropy relative to the standard state entropy is 


- .S" = n 


Cf + 


'i^uyn 
91 J 


'I' 

^ Mn - 

rj^O 


in^ + «g{|_i + - Ji„_. 


(14-()4) 


The molal specific heat capacities of the mixture at constant pressure 
and at constant volume are obtained directly from Eqs. (14-57) and 
(14-94), respectively, to yield 

' F ( A //)2 


C;, — Cp + 




g?7’2 ’ 

'I''(AL')2 


(14-65) 


(14-66) 
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AH /de\ 

and 
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(14-56) 




n 


(14-67) 


H” 



de 

dT 


(14-68) 


i; 


where AH dt and AC de represent the heat released in a chemical reaction 
of the amount de. 

The proof of the following equations will provide an interesting exercise. 


c* — c* = 


d = 


I /dV 


(1 + 'i' AHAp /giT)^ 

1 + 

1 + 'I' A,> AH/9i7’ 


(14-69) 


1' \dp/p 


rn 


(14-70) 




1 /ar\ 1 

V\dp)r 


+ ^(Ap) 


2 


P 


dr 


n 


= cf dT + V AC A 


dV 

V 


(14-71) 


and 


dH ^ dv 

-= cl dT - ^ AH Av ^ 

n p 


(14-72) 


1 he quantities 'I' and 'I' have a physical meaning which we shall 
now investigate. 1 he change in Gibbs function for a single-phase system 
which undergoes chemical change at constant pressure and temperature 
is given by Eq. (14-6), or 


= ^0, dn, -b ^TiidOi- 


(14-73) 


It was shown in E(j. (14-10) that for equilibrium the second term on 
the right side of the above equation is zero. Differentiating with respect 
to €, we have 


(ft 


(14-74) 


By using Eq. (14-4()), we get 

dG 


de 


)p.7’ 


[(i'sGc + V^Gf)) — (Pi6r.l -f- V2Gb)] 


(14-75) 


But at e(juilibrium, we find 


(SG^ 


= 0 
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If we differentiate Eq. (14-74) with respect to e again, the result is 

dHi 


de 


P.T 




"T^ H- 


(I n ,■ 


r/e“' 




'I* 

p. I 


(h 


(14 7()) 


However, since /q is linear in e, the first term is zero 
applied to an ideal gas, we have 

dCh = ^^7V/ In .r, = ‘ 

Substituting in Va\. (14-7()), we ol>tain 


From Ivp (14-23) 


d‘^G 


dt 


2 


p/r 




1 (/.Vi (ini 

.r/ r/e r/e 


(14-77) 


or 


dHj 


de 


2 




d(/q /b) d/q 


p/r 


= 




/i 




de 


de 


n d/q- — //, d/j 




d/(, 




1 dn (In 


n (le de 


Substituting from Kcis. (14 45) and (14 40), we get 


dHi 

de 




P.T 




2 


z- - 

I 


LR7^ 


(14-78) 


Xow since (J is a minimum for etiuilihrium, the second derivative must 

he positive, and from the above erjuation must also be positi\’e for 
all reactions. 

For a gas mixture under the constraints of constant temperature and 

constant pressure a variation in composition is accompanied by a varia- 

tion in both e and G. According to Eq. (14-78), is proportional to 

the radius of curvature of the curve of G vs. e at G' = minimum. At all 

other points on this curve, the slope will not be zero. We now have a 

'ery clear representation of the net chemical force driving the system 

toward equilibrium in the slope of the G vs. e curve. This is the representa- 

ion which we sought earlier. The bracketed expressions of Eq. (14-75) 

represent the “driving” forces of the constituents. If we denote the 
driving force as 


and if Y = 


^ — (p^Oc 4- P 4 G 0 ) ~ (piOa + p-zGb), 
0, E<|. (14-78) may be written 


'k = 


91T /d€ 


n 


dY 


P.T 
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The net driving force per mole of mixture is 


and we have, if ^ = 0, 






(14-79) 


We note from the bracketed expression on the right side of Eq. (14-55), 
which defines that the numerical value of ^ depends on the choice of 
stoichiometric coefficients. However, we may arbitrarily introduce the 
factor and write 

i 



whence we get 


1 




(14-80) 


Now the value of 4' depends on the composition and not on the choice 
of stoichiometric coefficients. Therefore, we have 



(14-81) 


if ^ — 0. It is noted that this e(iuation contains only intensive quantities 
and that ^ is a property associated with the equilibrium state of the 
system. The value of i/' is directly proportional to de and inversely pro¬ 
portional to the net force, per mole of mixture dy, which produces the 
amount of reaction de. Therefore yp is a criterion of the mobility of the 
system. 

If no gas is present in excess, i.e., the constants a, 6, c, and d in Eq. 
(14-46) are each equal to zero, ^ has, in terms of e, the simple form 



^(1 - O 

(f'l + ^ 2 ) it's + »'4) 


(14-82) 


which has a maximum value when 



max 


j 

-, 

4(vi -j- U2)(v3 + *^ 4 ) 


(14-83) 


at e = Therefore it is seen that the mobility is maximum when the 
reaction is at the halfway point, provided no gas is present in excess. 
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4()1 


The quantity in E(|. (14 80) has a maximum \’alue. 


1 

^max ~ 


I I ’ 


(14-84) 


which is independent of the choice of stoichiometric coefficients 


14-14 Combustion. ('())Nl)iisti()u is a chemical n^action hetwetni a fuel 
and oxygen which proceeds at a rapid rate with the liberation of energy 
in the form of heat. The heat of combustion is the heat of reaction in 
a combustion process which proceeds to completion. As in the case of 
heats of reaction in general, the heat of combustion is given for a reaction 
in some standard state. The reactants and prodiuds are taken to be in 
the stable phase at the standard temperature and pre.ssure. In case of 
ambiguity, or possible deviations from this rule, a suitable notation must 
be provided. For example, the heat of combustion obtained from the 
burning of carbon is materially different if the carbon is in the diamond 
rather than in the graphite phase. The heat of combustion for the burning 
of a fuel which is in the vapor phase exceeds that of the same fuel in the 
liquid phase by the heat of vaporization of the fuel. Similarly, if water 
vapor or other vapors in the products are condensed, the heat of com¬ 
bustion exceeds that obtained when the water remains in the \'apor phase 
by the heat of vaporization. The standard temperatures and pressure 
are the same as those given earlier for heats of reaction in general. 

The combustion of fuels is rarely accomplished with pure oxygen. 
Normally, the oxygen is provided as a constituent of air. Dry air may 
be taken as being composed of 21 percent (>2 and 79 percent X 2 by volume, 
where N 2 represents all the inert gases and is (*ommonly called atmospheric 
nitrogen. From the above analysis it is seen that there are 3.7() parts 
N 2 to 1 part O 2 . This is equivalent to the molal ratio of X 2 to (> 2 , since 
air approximates an ideal gas under the conditions prevailing in most 
combustion processes. As an example, the reaction ecjuation for the 
combustion of one mole of carbon with the stoichiometric amount of air is 


C ' + ()2 + 3 . 70X2 —> (’(>2 -h 3 . 7 ()> r 2 - 

The moles of atmospheric nitrogen remain constant, since tliis constituent 

IS inert and hence does not take part in the reaction. Therefore, the 

heat of combustion is the same for the reaction whether pure o.xygen or 
air is used to support combustion. 

The following examples will assi.st in making the above statements 


I-xamplk 1. Compute the constant-inessuie heat of combustion for the reaction 


+ \0-Ag) CO-,(g) at 2000°F. 
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Table 14-4 


ENTHALPY AND INTERNAL ENERGY OF GASES AND VAPORS* 


Btu/lbm-mole vs. Temperature ®F (not absolute) 


I 


Water 

vapor 

Air 

Atmospheric 

“nitrogen” 

Nitrogen 

Oxygen 


Cp 

n Cp 

^ Cp 

h Cp 

h Cp 

h — u 


0 

19100 

8.0 

0 

6.9 

0 

6.9 

0 

7 0 

0 

7 0 

910 

100 

200 

300 

19900 

20700 

21510 

8,0 

8.1 

8 3 

690 

1390 

2090 

7,0 

7.0 

7.1 

690 

1390 

2090 

7.0 

7 0 
7.0 

700 

1390 

2090 

6.9 

7.0 

7 1 

700 

1410 

2130 

7.1 

7.2 

7 3 

1110 

1310 

1510 

400 

300 

600 

22340 

23180 

24030 

8.4 

8.5 

8.6 

2800 

3510 

4240 

7.1 

7.3 

7.3 

2790 

3490 

4210 

7 0 
7.2 

7 2 

2800 

3500 

4220 

7 0 
7.2 
7.2 

2860 

3600 

4360 

7.4 

7 6 
7,7 

1710 

1910 

2100 

700 

800 

900 

24890 

25780 

26680 

8.9 

9,0 

9.1 

4970 

5710 

6460 

7.4 

7.5 

7.6 

4930 

5660 

6390 

7 3 
7.3 
7.5 

4940 

5680 

6420 

7.4 

7.4 

7.5 

5130 

5920 

6710 

7.9 

7.9 

8.0 

2300 

2500 

2700 

1000 

27590 

9 3 

7220 

7.7 

7140 

7.5 

7170 

7.5 

7510 

8, I 

2900 

1100 

1200 

1300 

28520 

29470 

30430 

9.5 

9.6 
9.8 

7990 

8760 

9540 

7.7 

7.8 

7.9 

7890 

8660 

9430 

7 7 

7.7 

7.8 

7920 

8690 

9470 

7 7 

7.8 

7.8 

8330 

9150 

9980 

8.2 

8.3 

8.3 

3100 

3300 

3500 

1100 

1500 

1600 

31410 

32410 

33420 

10.0 

10.1 

10.3 

10330 
11130 
11940 

8.0 

8.1 

8 1 

10210 

10990 

11790 

7.8 

8.0 

8 0 

10250 

11040 

11840 

7.9 

8 0 

8 0 

10810 

11650 

12500 

8.4 

8 5 

8.5 

3690 

3890 

4090 

1700 

1800 

1000 

34450 

35500 

36570 

10.5 

10.7 

10 8 

12750 

13560 

14380 

8 1 
8.2 

8 3 

12590 

13390 

14200 

8 0 
8.1 

8 2 

12640 

13450 

14260 

8 I 

8 1 
8.2 

13350 

14210 

15070 

8.6 

8.6 

8,6 

4290 

4490 

4690 

2000 

37650 

10 9 

15210 

8 3 

15020 

8.2 

15080 

8 3 

15930 

8.7 

4890 

2100 

2200 

2300 

38740 

39850 

40960 

11.1 

11.1 
11.3 

16040 

16880 

17720 

8 4 

8.4 

8.4 

15840 

16670 

17500 

8 3 
8.3 
8.3 

15910 

16740 

17570 

8 3 
8.3 

8 4 

16800 

17670 

18540 

8.7 

8.7 

8 8 

5080 

5280 

5480 

2400 

2500 

2600 

42090 

43220 

44370 

113 

11.5 

116 

18560 

19410 

20260 

8,5 

8.5 

8.5 

18330 

19170 

20010 

8 4 
8.4 

8 4 

18410 

19250 

20100 

8.4 

8.5 
8.4 

19420 

20300 

21190 

8 8 
8.9 

8 9 

5680 

5880 

6080 

2700 

2800 

2900 

45530 

46690 

47870 

U 6 
118 
118 

21110 

21960 

22820 

8.5 

8 6 

8.6 

20850 

21700 

22550 

8.5 
8.5 

8 5 

20940 

21790 

22650 

8.5 

8.6 
8.5 

22080 

22970 

23860 

8.9 

8.9 

9.0 

6280 

6470 

6670 

3000 

49050 

11.9 

23680 

8.7 

23400 

8 5 

23500 

8.6 

24760 

9.9 

6870 

3100 

3200 

3300 

50240 

51440 

52650 

12 0 
12,1 
12,2 

24550 

25410 

26280 

8.6 

8 7 
8,7 

24250 

25110 

25970 

8 6 

8.6 

8 6 

24360 

25230 

26090 

8.7 

8 6 

8 6 

25660 

26570 

27470 

9.1 

9.0 

9.1 

7070 

7270 

7470 

3400 

3500 

3600 

53870 

55090 

56320 

12.2 

12,3 

12 4 

27150 

28030 

28900 

8.8 

8 7 

8 8 

26830 

27690 

28550 

8.6 

8.6 

8 7 

26950 

28720 

28690 

8.7 

8.7 

8.7 

28380 

29300 

30210 

9.2 

9.1 

9.2 

7670 

7860 

8060 

3700 

3800 

3900 

57560 

58800 

60050 

12 4 

12 5 

12 6 

29780 

30660 

31540 

8.8 

8.8 

8.8 

29420 

30290 

31160 

8 7 
8.7 

8 7 

29560 

30430 

31310 

8.7 

8.8 

8 7 

31130 

32060 

32980 

9.3 

9 2 
9.3 

8260 

8460 

8660 

4000 

61310 

12 6 

32420 

8 9 

32030 

8 7 

32180 

8.8 

33910 

9 3 

8860 

4100 

4200 

4300 

62570 

63840 

65120 

12 7 
12.8 

12 8 

33310 

34190 
35080 

8.8 

8.9 

8.9 

32900 

33770 

34650 

8.7 

8 8 
8.7 

33060 

33930 

34810 

8.7 

8.8 

8 8 

34840 

35780 

36720 

9.4 

9.4 

9.4 

9060 

9250 

9450 

4400 

4500 

4600 

66400 

67680 

69870 

12.8 

12.9 

13.0 

35970 

36860 

37750 

8.9 

8.9 
8.9 

35520 

36400 

37270 

8.8 

8.7 

8.8 

35690 

36580 

37460 

8.9 

8.8 

8.8 

37660 

38600 

39540 

9 4 

9 4 

9,5 

9650 

9850 

10050 

4700 

4800 

4900 

70270 

71580 

72890 

13 1 
13.1 

13 1 

38640 

39540 

40430 

9 0 

8 9 

9 0 

38150 

39030 

39910 

8.8 

8 8 
8.9 

38340 

39230 

40110 

8.9 

8 8 

8.9 

40490 

41440 

42390 

9.5 

9.5 

9.6 

10250 

10450 

10640 

5000 

74200 


41330 


40800 


41000 


43550 


10840 
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Table 14-4 

ENTHALPY AND INTERNAL ENERGY OF GASES AND VAPORS*- {Continued) 


Hydrogen Carbon Carbon Methane Ethylene 
dioxide monoxide 

i h Cr, h C,, h Cr, h Cr^ h C„ 


h~u 


Ethane Benzene Octane Dodccane 


h — u 


100 690 0 870 

200 1380 f, 1800 

300 2090 2790 

400 2790 7 n 3820 
500 3490 7ft 4890 
600 4190 Yq 5990 

700 4890 - ft 7140 
800 5590 I V 8310 
900 6300 9510 

i .0 


9.3 
9.9 

10.3 

10.7 
11.0 
11.5 

11.7 
12.0 
12.2 


6 9 
1390 V-, 

2100 

< .u 

2800 - , 
3510 \ 

4240 i :, 

i .*J 

4970 7 , 
5710 i-t 
6460 1? 


840 

1740 

2710 


9.0 

9.7 

10.4 


3 i 50 I. ,-f 
4870 ’5 

6060 ji g 


7340 

8680 

10100 


13.3 

14.2 

14.0 


^ 10.0 

1000 ,, 
2120 *•;; 
3380 

6260 J'X 

7860 

1 4 .1 
9570 . g js 

11370 

13260 


1000 7000 - j 10730 yy. 

1200 8430 Vo 13240 \i \[ 
1300 9150 Li 14530 g-J 


'220 - o 11590 


I j: “■ 15240 rtft - 

10.4 20..) 


13.1 

13.4 

13.4 


8000 

8770 

9560 

10360 

11160 

11960 

12780 

13600 

14420 


7 7 13160 .f. y 17290 ^ 

Y‘ 14780 - 19410 

8 0 75 '-^590 


19410 


21.2 


8.0 

8.0 


18220 

20020 

21860 


1400 9870 7 7 15830 , 10360 oft 18220 

1500 10600 7 7 17140 I’H 11160 on 20020 

1600 11330 Y'l 18480 [ 3 ^ 11960 21860 

1700 12070 7 . 19820 ,, . 12780 g .. 23750 

1800 12810 7 ’ 21170 [H 13600 ti 25670 

1900 13560 Y^ 22540 I 14420 g g 27630 

2000 14320 7 g 23910 jg ^ 15250 g ^ 29620 

2100 15080 7 7 25300 ,7 q 16090 g . 31640 

2200 15850 7-7 26690 16930 33690 

2300 16620 Yl 28090 J 17770 H 35770 

2400 17400 7 J, 29500 ,, « 18620 « . 37870 

2.500 18180 Yl 39020 19470 1 % 39990 

2600 18970 Yq 32340 20320 gg 42140 

2700 19760 33760 ,, . 21170 « . 44310 

2800 20560 35200 22030 I'l 46490 

2900 21370 36640 ! f 22890 48700 


14.4 

14.4 

14.4 


16090 

16930 

17770 

18620 

19470 

20320 

21170 

22030 

22890 


a 23750 
li 25670 
g3 27630 


a . 31640 
I I 33690 
I I 35770 

a . 37870 
I I 39990 

d ^2140 


8.6 


44310 

46490 

48700 


24620 

25490 

26360 

27230 

28100 

28908 

29850 

30730 

31610 


8.7 

8.7 

8.7 


53170 

55430 

57700 

59990 

62290 

64610 

66940 

69270 

71620 


3000 22180 g j 38080 ^ 23760 gg 50620 

3100 22990 a 39.530 ,. . 24620 « , 53170 

'.200 23810 ^'2 40970 25490 55430 

3.300 24640 " ^ 42430 [J ® 26360 g'^ 57700 

8 3 U t; 27230 g - 59990 

?500 26290 li 45350 28100 H 62290 

3600 27130 46820 28908 g® 64610 

linn 8 4 ^®280 .. „ 29850 « « 66940 
3000 29G00 I I mIsO fmo «;« 71*620 
4000 30510 g g 52710 g 32490 gg 73970 

«ro li H.8 mil 8.8 mto 

4300 33080 «;« 57?60 35H0 I g 81080 

itnn 8 6 14 9 36020 a o 83460 

4finn?tflS2 8 7 149 ^6910 I ® 85840 

4600 35670 61630 }|;g 37790 I'® 88230 

8 7 ^3*30 g 38680 90630 

49 S 0 ll\ln 8 8 5J®30 II I 39570 H 93030 

4900 38300 g® 66120 J’;J 40460 H 95440 

5000 39180 67630 41350 97870 


|«-9 iS 23.0 

18.9 24.0 

19.2 24 4 
19 6 3.1320 g 

lli -33300 2 ? j 

20.2 3®330 25 5 

20.5 26.0 

*>0 8 43480 

il.O ^0100 oh 

21.2 26.8 

21.5 27.1 

21.7 27.3 

21.8 27.6 

22.1 27.8 

22.2 ^2410 27.9 

22.5 ®^200 28 2 

*>9 R 68020 oa "i 

22 7 70850 

22.9 

23.0 

23.2 
23.8 

23.3 

23.5 
23.5 


14.8 

14.8 

14.9 
14.9 

14.9 

14.9 

15.0 

15.0 

14.9 

15.1 


33370 

34250 

35140 

36020 

36910 

37790 

38680 

39570 

40460 

41350 


76340 

78700 

81080 

83460 

85840 

88230 

90630 

93030 

95440 

97870 


23.6 

23.8 

23.8 

23.8 

23.9 
24.0 

24.0 

24.1 

24.3 


910 

1110 

1310 

1510 

1710 

1910 

2100 

2300 

2500 

2700 


1240 

2630 

4200 

5920 

7790 

9800 

11940 

14210 

16620 


12.4 

13.9 

15.7 
17.2 

18.7 

20.1 

21.4 


22.7 

24.1 

25.4 


2120 

4540 

7240 

10230 

13510 

17070 

20930 


21.2 

24.2 

27.0 

29.9 


3800 

8310 

13370 


o., a Ht030 
25290 
Ih 32110 


38.6 

44 5 
506 

So:!! ‘8870 

09 6 26930 
rCo 35890 

73.5 


2900 19160 


39460 -g ft 

47350 

oo770 

64720 


56760 

G84<J0 

80840 


!>4070 


54.0 

62.9 

71.8 

80.6 

89.6 

100.3 

108.4 

116.4 

124.4 
132.3 


910 

1110 

1310 

1510 

1710 

1910 

2100 

2300 

2500 

2700 

2900 


3100 

3300 

3500 

3690 

3890 

4000 

4290 

4490 

4690 

4890 

5080 

5280 

5480 

5680 

5880 

6080 

6280 

6470 

6670 

6870 

7070 

7270 

7470 

7670 

7860 

8060 

8260 

8460 

8660 

8860 

9060 

9250 

9450 

9650 

9850 

10050 

10250 

10450 

10640 

10840 


Enthalpy is given to the nearest 10 Btu Ibni-tnole, 
corresponding approximately to temperature 
mea.sured to the nearest degree F. 

Tabular differences divided by 100 are approximate 
values of Cp midway in each ijiterval. 

Enthalrty minus energy e<jua!s /^T, given as 
A — u ill the right-hand columns. 

For liquid water. — u is negligible (about 0.8 
Btu lbm-mole for p = 15 Ib/in*). 

^ ~ — 1.986 BtU/'lbm-riiole-’F. 

Enthalpy of water li<juid and vapor is measured 
above saturated litjuid at 32''F. 

All other enthalpies are measured above gas or 
vapor at zero®F. 

Atmospheric nitrogen ' = 78 moles nitrogen 
+ 1 mole argon, cp for argon taken as 5. 

• Table courtesy of Professor C. H. Berry. Data 
from Ellenwood. Kulik, and Gav. Come// Cniv 
£nff. Ezpt. Sta. Bu//. 30. and Marks' “Handbook." 
p. 301. Water to 1G00°F from Keenan and Keyes 
steani tables. 
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T 


20(M)°I' 


I (_’(_) +i-02_ J 


77°V 


(’()+ 4O2 / 


/ 


1 ' 




Fig. 14-2. Constant-pressure heat of 
reaction in standard and actual states. 


Figure 14-2 is a temperature-enthalpy diagram which serves to illustrate 
the procedure. Table 14-4 gives the enthalpy and internal energy of gases and 
vapors. The enthalpy of CO at 2000°F is 15,250 Btu/lbm-mole and at 77°F 
the enthalpy is 539 Btu Ibm-mole. Therefore 14,711 Btu/lbm-mole must be 
removed to cool CO from 2000°F to 77°F. Similarly, O 2 has an enthalpy of 
15,930 Btu/lbm-mole at 2000°F and 539 Btu/lbm-mole at 77°F. Hence 15,391 
Btu/lbm-mole must be removed to cool O 2 to 77®F. To cool the reactants 
(CO -f ^ 02 ) from 2000'*F to 77°F requires that a total of 22,406 Btu/lbm-mole 
be removed. The reaction is now initiated at 77®F and the heat of reaction 
obtained from Table 14-1 is 


= —121,721 Btu Ibm-mole. 

The product of reaction (C’Os) is heated from 77°F to 2000'’F and requires a 
total of 23,910 — 670 = 23,240 Btu/lbm-mole. Consecjuently, the constant- 
pressure heat of combustion at 2000°F is 

A// 2000 F = -121,721 - 22,406 -j- 23,240 = -120,887 Btudbm-mole. 

h^XAMPLE 2. Calculate the higher heats of combustion at constant pressure and 
at 1000°F for the following combustion l eaction, assuming that the octane is in 
vapor phase. 

CgHu + 19 O 2 -b 71.5^2—-b 9 H 2 O -b 6 . 5 O 2 -b 71 . 5 N 2 . 


From Table 14-3, for CsHis, we have 


and for O 2 , we have 


lOOOF 



38.6 X 77 


64,720 

2,970 

61,750 Btu 


^iioooF — 7,510 

A 771 .' = 7 X 77 = 539 


Ah = 6,971 X 12.5 = 87,100 Btu 


If the reactants, CsHig + 12.5 O 2 , are cooled from 1000°F to 77°F, the enthalpy 
decrease is 61,750 -b 87,100 = 149,000 Btu. The atmospheric nitrogen N 2 and the 
excess oxygen (6.5 O 2 ) are not considered, since they do not take part in the 

reaction. 
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To raise the temperature of the products from 77°F to 10()()®F reriuires, 
for CO 2 , 

^'loooF = 10,730 

^^77F = H./ X 7/ = 670 

AA = 10.060 X K = HO,480 litu 

and foi- 

^MoooF = 27,590 (vapor) 

//77f = 19,100 + H X 77 = 19,716 

AA = 7.874 X 9 = 70.800 Htu 

or a total of 80,480 4 - 70,800 — 151,280 Btu. Tlie constant-pressure heat of 
cornljustion at 77°F with H>() existing; as a vapor is —2,368,089 -f 9(18)(1050.4) 
= -2,198,000 Btu. 

The constant-pressure l»eat of coml)ustion at 1000''F witli H_.() in tlie vapor 
phase is 

A//io<h,f = -2.198.000 - 149,000 + 151.280 = -2.196.000 Btu. 


It is left as a problem to find the higher anti lower heats of combustion 
when the octane is in the li(iuid phase. The latent heat of octane at 77°F 
is given in Table 14-1. 


14-16 Theoretical flame temperature. In tlie preceding section we 
considered the effect of the temperature at which combustion takes place 
on the value of the heat of combustion. The heat of combustion was 
obtained by bringing the products of combustion back to the temperature 
at which combustion is initiated. Now suppose that the heat of com¬ 
bustion is not released to the surroundings, i.e., the system is thermally 
insulated. In this case, the temperature of the system will be increased. 
If the system is perfectly insulated and combustion proceeds to completion, 

then the temperature achieved by the system is the theoretical flame temper¬ 
ature. 

From the first law, for a constant-pressure reaction, we have 

dH = d'Q - r/'lT. 

If no external work is done and the reaction is adiabatic, d'Q = 0 and 
d \V = 0. Therefore dH = 0, and 



roactaiits, 




products, 




(14-85) 


where 7’. and Tf are the temperatures before and after combustion. But 
the heat of combustion at constant pressure is 



roactaht 






product 


8 



(14-86) 
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Substituting Eq. (14-85) in Eq. (14-86), we obtain 

A// = //products, Tf “ //products, Tf (14-87) 

Similarly, for a constant-volume combustion reaction, we have 

AL products, Tf products, T*,- (14—88) 

An example will illustrate how Eqs. (14-87) and (14-88) may be 
used to determine the theoretical flame temperature. 


Kxamplk. For the constant-pressure combustion of octane at 1000°!" ^iven in 
Fxample 2, determine the theoretical flame temperature. 

The lower heat of combustion of -2,196,000 Btu must be used, since all the 
products will exist as gases. From K(\. (14-87) and the reaction equation, we 
obtain 

//products, Tf ~ A/f -j- //prorlucts, P,* 

//products. 77 = 2,196,000 + 8(10.730) + 9(27,590) -f- 6.5(7,510) -|- 71.5(7,140), 
and 


//products. 77 = 3,091,000 lUu. 

It will be noted that it is necessary to include the excess oxygen and inert gases, 
since these constituents will be raised to the flame temperature at the expense 
of the heat of combustion. To find the theoretical flame temperature, a final 
temperature is assumed and the corresponding enthalpy of the products is cal¬ 
culated. This value is then compared with the previously calculated value of 
3,091,000 Btu. If we assume that the final temperature is 3600®F, we obtain 
for the enthalpy of the pioducts 

//product.,. Tf = 8(46,820) -b 9(56,320) + 6.5(30,120) -|- 71.5(28,550) 

= 3.119.000 Btu. 


Assuming that the final temperature is 3400®F, we get 

//product,. Tf = 8(43,890) + 9(53,870) + 6.5(28,380) + 71.5(26,830) 

= 2.939,000 Btu. 

Upon interpolation, we find T/ = 3512®F. 


14—16 Dissociation. The theoretical flame temperature cannot be 
achieved if dissociation of the products occurs. Consider the reaction 

CO + §02 ^ CO 2 , 

which takes place with the release of chemical energy and in an adiabatic 
combustion process. The product CO 2 is at the theoretical flame temper¬ 
ature. At such a high temperature CO 2 will dissociate, i.e., 
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with an absorption of heat, and therefore the temperature of the products 
decreases. Stated another way, a limiting temperature is reached where 
the reaction may proceed in either direction at the same rate. Therefore 
the reaction is in chemical eiiuilibrium, and is written 

C’O + ^02 ^ C’()2. 

As the temperature of tlie products decreases the proportion of C'02 in 
the mixture increases. Hence, at higher temperatures we can expect the 
proportion of COo to be small. CMearly then, complete combustion of 
CO to CO 2 cannot be achieved under adiabatic conditions because of the 
phenomenon of dissociation. 

Although only the dissociation of C’02 has been discussed, other products 
of combustion may dissociate also, as, for example, the following: 

2H2() ^ 2 H 2 + Oo ^ 2t)H + Ho, 

Oo 20, 

Ho ^ 2H, 

Xo ^ 2X. 

Again an example will serve best to show how the Hame temperature may 
be computed when dissociation occurs. 


('alculatc the fiaine temperature for the eomhustion reaction 

CO + 

if tlie process is at a constant pressure of (> atm and is adial)atie. Assume for 

^iniplieity that the reactants are initially at 77°F. 

Let € = the extent of dissociation of C()-_.. Tlien tlie reactions may be 
written 

2C'() + 2CO,>, 

2(1 - €)CO-,^=^ 2eC() + «C()>. 

Hie total moles of jiroducts is 26 -|- 2(1 — «) + e = e T 2. Tlie partial pressure 
cf each constituent of the products is 


, (2e)6 

/>('() = J*.7> = 


12€ 


e -b 2 e 4- 2 


, 2(1 - 6)6 12(1 - e ) 

“ . 4 - 2 “ ■ 


/ 6e 

Po-. = 


e 4" 2 


e 4“ 2 
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The equilibrium constant is 



(1 -0^(e + 2) 
6e3 


The temperature-dependence of Kp was established earliei*, so that two unknowns 
€ and Tf are involved. The energy equation [Eq. (14-87)] also involves these 
two unknowns and is written 


— — e) -h {hco + = 77“F = ^€/?co + (1 — e)/Jco^. -f- ^ 

In order to find the enthalpies of the products we must know the value of T/. 
Therefore, practically speaking, the energy equation and the equation for the 
equilibrium constant cannot be solved analytically to find the values of e and T/. 

A graphical method of solution is to assume values of T/ and calculate the 
corresponding values of c. With the corresponding values of e which satisfy 
the equation for the equilibrium constant, a curve of Tj vs. e may be plotted. 
Values of Kp at various Rankine temperatures are given in Table 14-3. Another 
curve of T/ vs. e may be obtained by substituting the assumed values of Tf in 
the energy equation. The intersection of these two curves gives the values of 
Tf and e which satisfy the equilibrium constant aiul the energy equation. 

For example, if we assume that Tf — 5000°R, and equate the value for 
the equilibrium constant from Table 14-3 to the expression for the equilibiium 
constant found previously, we have 



(I - + 2) 

fie^ 



or 


from whicli we get 


299€'^ -h 3e 



€ 


0 . 17 . 


Similarly, other values of Tf are assumed and the coiresponding values of t aje 
calculated. The results aie plotted to give the curve marked “equilibrium con¬ 
stant’' in Fig. 14-3. 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

ICxtent of dissociation, « 


Fig. 14-3. P'lame temperature with dissociation. 
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The same values of T/ assumed before may be substituted in the enerj<y 
equation to gWe corresponding values of €. For exam[)le. if Tf = 500()°R, tlie 
energy equation is written 

— A//‘*(! — e)2 + (2/(co + ^'o.,)537“K = [2e//co + 2(1 — 

Substituting the appropriate enthalpies from Table 14-4, we get 

121,721(1 - e)2 + (1.07H + 539) = 74.524f + (1 -0121.472 + 3X,97()e, 
and 

e = 0.52. 


Tlie curve marked “energy eciuaticm" in Fig. 14-3 is obtained from a ))lot of the 
values of Tf and e which satisfy the eneigy ecpiation. The intei'section appeals 
to be at Tf - 5410°R and t = 0.42. 


PROBLEMS 

14 1. Show that when the licpiid and vapor phases of a pure substance are 
in e(juilibrium, the pressure is either a ma.ximum or a minimum at a given 
temperature. 

14 2. Derive e.xpressions for the change in tlie (Jibbs and Helmholtz func¬ 
tions of a van der Waals gas, in terms of pressure and temperature. 

14 3. Prove that X] //, tUi, = — S dT + F dp. for an infinitesimal proce.ss f>f 

I 

a homogeneous system. 

14 4. Riove that 

i;+ E "l'*’ <10',^' + • • • + E n'r = -.S’ <IT + r <ip 


for an infinitesimal process of a heterogeneous system. 

14 5. W liat is the number of comj)onents in a svstem composed of licpiiil 
water and its vapor, NaCl, and KC’l? 

14-0. A .system contains C. CO. (’(),, ID. and H4) at such a temperature 
that tile following reactions take f)lace: 

(’ -f- Cih^2VO, 

H, + C'O, CO + H,0. 

Determine the nuinbei' of components, and the variance. 

14-7. Calculate the heat of reaction —A// for the following reactions at 

77'^F (25°C’): 

(’I, + H, ^2HC’I. 

2H‘2S + 0*2—> 2 H 2 O + 2S, 

C'aC'Oa-^ CaO + CO.>. 

Assume that the substanres arc in their .stable states at 77°F, and that the water 
vapor is condensed. 
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14-8. Calculate the change in the Gibbs function for the following reactions 
at 212°F and the indicated pressures: 

H 20 (/) <=>H 20 (^) (1 atm), 

HsOC/) HoOf^) (1.2 atm). 

Show by means of the Gibbs function which, if any, of these i-eactions are possible. 
14-9. Derive the following relationships for a reactive mixture of ideal gases 

\dr/s T g{\_ \ 


d\ 


r 


dT 


s 



r 9? 1_ 1-1- J ' 

Cp p | [1 +>F(A//)Vcp9?r]|l 
c, r 111 9(T\\\ -f 4''(AC/)2/c,f5?r2 


n 


dE 

dT 



= c: + 


'F'ACAp /dV 


I 


dT 


s 


14 -10. (’alculato the theoretical flame temperature for the adiabatic leaction 

H. + ](h~> HoO. 

at a constant pressure of 5 atm. The reactants are initially at 500°F. 

14-11. What is the flame tem|)erature in problem 14-10 if dissociation is 
considered? 

14-12. Calculate the heat of combustion at constant pressure for the reaction 
CO -h jO-j—► CO 2 , if the reactants are initially at tlie following temperatures: 

0. 500. 1000. 1500, 2000. 4000, and 4500°F. 


14-13. One mole of CO 2 at a pressure of 1 atm and a temperature of 4500°F 
is contained in an insulated cylinder. Determine the equilibrium conditions 
following dissociation, if (a) the cylinder is rigid and (b) the cylinder is provided 
with a frictionless piston. 

14-14. Calculate the higher and lower heats of combustion at constant pres¬ 
sure and 600°F when C 12 H 26 is burned with 20% excess air (in excess of stoichi¬ 
ometric requirements), assuming the fuel is (a) in the vapor phase and (b) in 
the liquid phase. 

14-15. What are the higher and lower constant-volume heats of combustion 
for C 12 H 26 under the conditions specified in the precerling problem? 
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THERMODYNAMIC PROPERTIES OF STEAM 



Notes on the Use of Steam Tables* 


Thermodynamic Properties of Steam by Joseph H. Keenan and Frederick 
G. Keyes (John Wiley & Sons, Inc., New York, 1936) represents the 
results of fifteen years of research and is the most trustworthy collection 
of data on the properties of water that has thus far become available. 
This volume is used virtually universally in the United States. Certain 
European tables agree with it within tolerances set by the International 
Steam Table Conference, a world-wide organization of investigators in 
this field. The reader should possess a copy of this volume. However, an 
abridgement of Tables 1, 2, and 3 immediately follows these instructions 
as Table A-1 of this appendix. References in these instructions are made 
to the table and page numbers as they appear in the volume by Keenan 
and Keyes (hereafter identified as K & K). 

The introduction in K & K, pages 11 to 26, discusses sources and 
methods used in preparing the tables. It is interesting reading but says 
nothing about how to use the tables, which is the object of these instruc¬ 
tions. Following is an outline of the K & K tables. 

Tables’. Saturation boundaries of two-phase regions, giving values for 

saturated li(|uid, saturated solid, and saturated \’apor, with 
differences for evaporation and sublimation. 

J'able 1 (page 28) licjuid-vapor; T as argument. 

'rable 2 (page 34) liciuid-vapor; p as argument. 

4'able 5 (page 76) solid-vapor; T as argument. 

Single-phase liquid region (compressed li(juid): Table 4 (page 74). 

Single-phase vapor region (superheated vapor): Table 3 (page40). 

Tables 6 to 11 are self-explanatory. 

Charts’. Modified enthalpy-entropy chart for compressed licpiid: P'ig. 3 

(page 75). 

Specific heat at constant pressure for li(|uid and vapor: Figs. 4, 

5, 6, 7 (pages 79, 80, 81). 

Isentiopic exponents: Fig. 8 (page 82). 

Temperature-entropy chart: Fig. 9 (following page 82). 

Enthalpy-entropy chart: folded in hack cover pocket. 

Internal energy is infreciuently needed. Values appear only in Tables 
2 and 5 and can always be computed from other data: 

n = h — pv 144/778.26 = h — 0.1850pr. 

* These instiuctions are essentially as presented in a set of notes pieparefl 
})y Professor C. H. Berry and are given here with his kinrl permission. 
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Specific heat capacity at constant pressure^ as shown by the charts on 
pages 79, 80, 81, varies with pressure and temperature. It will be noted 
that the specific heat capacity of the licjuid is often far from unity, the 
value that is often erroneously assumed. The specific heat capacity of 
superheated steam also varies widely from about 0.5, a value that is 
sometimes assumed. As the critical point is approached, the constant- 
pressure specific heat capacity increases without limit. At the critical 
point and throughout the two-phase region it is infinite. The temperature 
remains constant when heat is added to a two-phase mixture. 

The isentropic exponent in the e(|Uation pv^ = const, is given on page 
82; the lines are contours of a saddle-shaped surface, 'file chart is not 
easy to read and is seldom used. 

The tcynperature-entropy diagram following page 82 is useful in the 
solution of certain problems. It gives an approximate result that can be 
checked by interpolation in the tables, and is a useful labor saver. 

The datum state for the specific extensive properties s, h, u, whose 
absolute values are undefined, is saturated liquid at 32°F (see second foot¬ 
note on page l(i of K & K). At this state p = 0.08854 lb in^ T = 32‘^F, 
Vf = 0.01002 ftMbm. 

By arbitrary definition, hj = 0 and Sf = 0. 

Thus Uf = -0.0002(>3 Btu 11 )m, which is less than the experimental 
errors of measurements, and hence is taken to be zero. 

lable 5 (page 70) shows negati\ e \'alues. For these states the value 
IS below the datum. This should cause no confusion, but reciuires careful 
attention to signs in using the values. A negative \'alue in an absolute 
sense would be absurd. 

I sing the tables, we seek numerical \'alues for one pound-mass of 
\\ater in a specified state. For a change of state we do this twice, once 
lor the initial state, again for the final state, and by subtraction we find 
significant changes. 

A state is specified by the \'alues of two (luantities from p, 1\ v, s, h, 
n, .r, or y. Within two-phase regions p and T are not independent. Only 
one of them may be used in a pair defining a state. Otherwise any pair 
may he used. Many pairs are actually used. 

Since we must learn to use the tables expeditiously and without error 
u Will be well to consider various possibilities. 

Interpolation between tabular values is often necessary. Linear inter- 
isolation is sufficiently accurate for virtually all applications. Note care¬ 
fully the tabular interval, which varies from page to page and even within 

f e page. Also note whether the quantity in ciuestion is increasing or 
decreasing in the direction of the interpolation. 

Saturated states. Two items define the state; (1) that it is saturated, 
und (2) the value of some property. If pressure or temperature is given, 
\'e must state whether the substance is liquid or solid or vapor, since for 
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saturated phases in equilibrium p and T are the same. If a specific ex¬ 
tensity is given, we need merely know that the substance is saturated, 
since the specific extensities have different values on the two branches of 
the saturation boundaries. 

Values for saturated states are read from Tables 1, 2, or 5, directly 
or by interpolation. 

Two-phase states. A body in a two-phase state comprises liquid and 
vapor, or solid and vapor, or solid and liquid. We speak here of the 
liquid-vapor region only; the methods are identical for other regions. 

One pound-mass of water in a two-phase liquid-vapor state (often 
called wet steam) comprises x pounds of vapor and y pounds of liquid, 
and X + y = 1. x is sometimes called the quality and y the moisture 
fraction. The licjuid may lie at the bottom of the vessel or it may be 
dispersed in the vapor as fog. For emphasis, saturated steam free from 
liquid (y = 0) is sometimes called dry-saturated steam. 

When vapor and liciuid are in equilibrium, each is saturated. Temper¬ 
ature and pressure of vapor and liquid are identical (we neglect the in¬ 
fluence of surface tension or small drops of liquid). The value of any 
extensity {v, s, h, u) is the sum of the values for x pounds of vapor and 
for y pounds of li(|uid. If the symbol .1 stands for any one of these ex¬ 
tensities, we write 

-1 = xAy + yAf. 

Since x -f- .V — V ha \'0 the more convenient forms 

*4 = A f xAfg — Ag yAfg. 

If X is smaller, it is better to use the first form, if y is smaller, the second. 

'rhe situation appears graphically in any extensity coordinate, such 
as volume or entropy, where the line representing the phase change is 
divided into segments proportional to x and y. See Fig. A-1. 

The simplest definition of a two-phase state is in p or T and x or y. 
These are the values found by actual measurement in a test. Sometimes, 
however, a two-phase state arises in computation defined by other pairs 
of variables. 

The two values by which a two-phase state is detined may fall into 
one of four groups; 

(1) an intensity {p or T) and the 
mass distribution (x or y), 

(2) an intensity {p or T) and a 
specific extensity (y, s, h, or a), 

(3) a specific extensity (v, s, h, or 
ti) and the mass distribution (x or y), 

(4) two specific extensities (v, s; 
s, h; etc.). 

We shall discuss each of these cases. 



Figure A-1. 
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Case (1). Given p or T and x or y. luiler Taljle 1 or 2 or 5. Find 
the values for saturated fluid from the given p or T (interpolating if 
necessary) and then compute the re(iuired \ aluos for the two-phase state 
from one of the e(|uations 

-4 = . I / -f- X.\f,j = -ty //.l/y. 

Case (2). Given p or T and A {a specijie extensHy) . '’I'his is the inverse 
of C'ase (1). Enter Table 1 or 2 or 5. Find the values for saturated fluid 
from the gi\en p or T (interpolating if necessary), and then compute the 
values of .r or y from the given \'alue ol .1. ith x or y known, we can 
find any re(iuired \’alue, as in C’ase (1). 

C’ase (8). Given x or y and .1 (a speeijie extentiily). This is a simple 
cut-and-try task. Cuess p or 'i\ and for the given x or y compute the 
value of A. This will usually differ from the given \’alue. Xote which 
way things \'ary, guess another p or T, and try again and again until the 
(computed \'alue checks the given \alue. 4’hen, with p or T and .r or y 
known, proceed as in C’ase (1 ). 

A numeri(‘al example will illustrate the details. 


Given: v = 0.8 and // = 0.1. 

First gness: T — (p — 1170.1 lb in’-). 


r„ = 0.8604. 


f'/u 


== 0.8472. r = 0.8604 - 0.1 X 0.8472 = 0.8847 fC Ibm 


Tiiis volume is larger tliaii the given \'alue of 0.8; we must pass to a higher 
pressure or temperatuie. 

*SV'ro/a/ guess: T = 575°F {p — 1275.4 lb in'-). 

r„ = 0.8860. Vj„ = 0.8148, = 0.8860 - 0.1 X 0.8148 = 0.8055 fC Ibm. 


This is a step closer in the riglit direction, i)ut not close enough. 

In a cut-and-try computation, set up a grapliical record. In this case we 
guessed T = 565°F and computed r = 0.8347 ft^ ll)m. Plot the point. The 
next guess was T = 575°F, which gave v = 0.8055 ft'^ Ihm. Plot tlie i)oint. 
A straight line will approximate a seg¬ 
ment of the curve along which y = con¬ 
stant 0.1. This line indicates that at 
T = 577®F the volume v = 0.8 ft'^ Ibm, 
as reriuired. See Fig. A-2. 

Return to the table and interpolate ' 
to r = 577°F to get r, = 0.3309, = 

0.3081, r == 0.3309 - 0.1 X 0.3081 = 

0.3001 ft^/ Ibm, which is a close approxi¬ 
mation to the given valuer = 0.3ftVlbm. 

Now we know that for the specified 
state, T = 577°F and y = 0.1. Any de¬ 
sired value can be found, as in Case (1). 


0.34 

0.33 

0.32 

0.31 

0.30 

0.29 




\ 


1 

\ 

! 

1 

1 

1 


1 

1 

Nr 


560 


570 

T 


580 


Figure A-2. 
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We shall rarely be called upon to carry such a computation to fractions 

of one degree. It may often be that we shall not even wish to go as far 
as we have gone here. 

The temperature-entropy diagram following page 82 of K & K guides 

the choice of the first guess in any problem of this sort. For v = 0.3 

ft /Ibm and ?/ = 0.1 {x = 0.9), the chart indicates that p = 1300 Ib/in^ 

^ "I ^ Had we used this guide at the outset, we 

might have reduced our labor. 

Case (4). Given two specific extensities. This is a slightly more comple.x 
cut-and-try task, but involves nothing new. Guess p or T. Compute 
X or y from one of the given e.xtensities. With that value of x or y, compute 
the value of the other extensity, and compare it with the given value. 
Repeat until agreement is satisfactory. 

A numerical example will be better than more words. 


Given: = 4 ft\ Ibm and s = 1.4 Btu/Ibm-°R. 

The temperature-entropy diagram (look sharply at its awkward scale of 
entropy) indicates that the pressure must l)e near 100 lb dn^. We make our 
first guess, and with it start the first column of a table. 


p (lb/in-) 


100 

94 

90 

Vg (ft^/lbm) 


4.432 

4.699 

4.896 

V (ft^/lbm) 


4.000 

4.000 

4.000 

- c 


0.432 

0.699 

0.896 



4.414 

4.681 

4.878 

// 


0.0979 

0.1493 

0.1837 

Sfg (Btu lbm-°R) 


1.1286 

1.1394 

1.1471 


— 

0.1105 

0.1701 

0.2107 

Sg (Btu/lbm*®R) 


1.6026 

1.6076 

1.6112 

s (Btu/lbm*°R) 


1.4921 

1.4375 

1.4005 


We compute y from v by a set of steps, and tlien compute s from y by iden¬ 
tical steps in reverse order, y turns up on our slide rule from the v ratio and is 
used immediately for the s deficiency. 

The resulting value of s is larger than the given value. The T-s chart tells 
us to try a lower pressure, so we record our second guess in a parallel column. 
In this second column enter at once all the tabular values and then do the 
arithmetic. The result shows we have gone in the right direction but not far 
enough. A plot of a segment of the constant-v'olume line v — 4.0 ft'^/lbm indi¬ 
cates p = 90 Ib/in^ as the next guess. See Fig. A-3. 

Try it in the third column. 

Now we know that for the given state v = 4 ft^/lbm, s = 1.4 Btu/lbm'®R, 
p = 90 Ib/in^, y = 0.184. The problem is reduced to Cdise (1), and we may 
compute the enthalpy or internal energy, as needed. 
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Figure A-3. 



With experience, one can make these cut-and-try computations fairly 
lapidly. Inspection of the table, with mental arithmetic or rough slide- 
rule estimating, aids greatly in making the first guess, and more in making 
the second. Often the third guess will he unnecessary. 

Most of the cut-and-try operations can he entirely avoided hy the 

use of an appropriate chart, hut all such charts are limited in scope and 

accuracy. States that fall beyond the edge of the chart and states iiu oh-ed 

in studies requiring high precision must he handled from the tables, and 

tor that reason we must ma.ster the methods of tabular interpolation' 

One-phase states of unsaturated vapor—superheated vapor. The de- 

paiture of superheated steam from the saturation cur\-e is commonly 

expressed m either of two ways, each widely u.sed in a restricted field of 
application. 

The degree of superheat (or degrees of superheat), often called simply 
the superheat, is the temperature excess aho\-e the temperature of saturated 

steam at the same pressure. For example, if p = 100 lb/iir and 7' = 500°F, 

we find that the temperature of saturated steam at p = 100 lb iir is 328°F 

(the boiling point corresponding to p = 100 Ib/in^). The superheat is 
then 500 - 328 = 172°F. 

Ihe relative humidity is the ratio of the actual pressure of the \apor 

o the pressure of saturated vapor at the .same temperature For the 

previous case, p = 100 lb,dn== and T = fiOO^F, we find that the pressure 

•. saturated vapor at 7’ = 500°F is 081 Ib/in^. The relative humiditv 
ot this steam is then 100/081 = 0.147. 

The degree of superheat is sometimes used in the steam power field 
a though even there its use is believed to be declining. It is a quantity 
^at mu.st be computed, since it cannot be observed by any simple instru- 

hlimedi.7pr the temperature, with which one can 

than cn ^ tables or charts without computation. This is easier 

t t m Y ^ r f —, f I ^ •” to the 

it is t steam state m terms of pressure and superheat. Therefore 

-'d temperature 

temperafut'■ a t “®t. temperature of the steam its “total 

- a teim that is in some respects unfortunate because of the 
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remote possibility of confusion with the so-called “total,” or “impact,” or 
“stagnation” temperature of a flowing stream. 

The relative humidity is used primarily in the study of mixtures of 
water vapor with air or other gases, where the partial pressure of the 
vapor is usually rather low. It should be noted that the relative humidity 
is a property of the vapor, and has nothing to do with the fact that it 
may be a constituent of a mixture. The relative humidity merely describes 
what kind of vapor it is that is mixed with other components of the mixture. 

The double-entry table beginning on page 40 of K & K covers a wide 
range. When p and T are given, it is easy to find the state. Up to p = 100 
Ib/in^ the pressure interval is 1 Ib/in^, so that, except for rare cases, we 
need interpolate only in temperature. Above p = 100 Ib/in^ we may 
have to interpolate in both pressure and temperature. This is laborious, 
but uncomplicated. Watch the tabular intervals, which change from 
column to column and from line to line at various points in the table. 
In this two-way interpolation do not spend time trying to decide which 
is the easier way for the first ititerpolation. Sometimes the choice is 
obvious, but if it is not, the entire task can he finished in less time than 
it would take to decide which way is easier. Hence, start with either 
p or T. 

When the given state is described in other terms, the task is more 
tedious, p and s is a common pair of terms. Look along the horizontal 
pressure line to find two entropy values that surround the given value. 
Interpolation is easy. 

If the given values are less direct, for example c and s, one must look 
down and across the table seeking a set of four values within which both 
of the given values fall. This seems confusing at first but with a little 
practice it becomes fairly easy. 

As before, a suitable chart greatly facilitates the task. The temper¬ 
ature-entropy diagram following page 82 will aid in reaching the right 
part of the table. Other charts, within their range, do better. 


Given: v = 2.000 ft'^/lbm and s = 1.0000 Btu/lbin-°R. 

The temperature-entropy diagram indicates that p = 280 lb. in^ and T = 530°F 
may be a good starting point. In the table (page 00), we find that for p — 280 
Ib/in^ the given values of v and s fall between T — 520°F and 540°F. 


p = 280 lb/in2 


T = 520°F given 

s = 1.5917 1.0000 


540^F 

1.6032 



0.0083 


0.0115 


Ar = 20 X 


83 


14.4‘^F 




THERMODYNAMIC PROPERTIES OF STEAM 


481 


T = 


534.4‘^F 


V = 


1.9569 


2.00.S 


Ac = 

0.051 ft^ 

Ibm 


II 

X 

»c 

• 

II 

0.037 O'* 

Ibm 


V = 

1.994 ft'* 

ll>m 


hor the given entropy, the volume turns out to lie 
lower pressure. 

a trifle small. 

p = 275 lb in- T = 520‘’F 

given 

1 


540°F 

.9 = 1.5941 

1.6000 


l.f>056 

As = 

0.0059 


0.01 15 

\T - 20 X = 

1 15 

10.3‘^F 



T = 

530.3°F 



V = 

1.9950 


2.047 

Ar = 

0.052 ft'* 

Ibm 


Ac - ().0.^2 X ■’’’ - 

1 15 

0.027 ft* 

linn 


r = 

2.022 ft* 

Ibm 



Trv : 


I*or the ^iven entropy, tlie volatile turns out to he a trifle large. An inter¬ 
mediate pressure is desired. A plot of a segment of the isentropic eui \ e through 
the computed points indicates that p = 279 lb in- should he about right. Inter¬ 
polation gives r = 2.016 ftA Ihm. See P^ig. A~4. 

Thus we see that our chart is not sulficiently accurate. The value of v foi- 

P = 280 Ih/in'^ is 1.994 ffl Ibm. which is O.OOo'too small. The value of r for 

P - 279 lb in- is 2.016 ft"* Ibni, which is 0.016 too large, p = 280 lb in'- is 
closer to the given state than p = 279 

I ft . • ^ « 


Ib/in2. 

So now we may say that the given 
state is 

P = 280 lb/in-\ 

T = 534°F, 

= 1.994 ft-Mbin. 
s = 1.6000 Btu/lbm-°R, 

ami we can find h if it is needed. 


2.1 


2.0 


1.9 


2 _ 




1 






275 


280 


Figure A-4. 
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One-phase states of unsaturated liquid {compressed liquid). Water 
sustaining a pressure greater than its vapor pressure is thereby compressed 
to a volume slightly smaller than that of saturated liquid at the same 
temperature. The common statement that water is incompressible is 
an exaggeration; the bulk modulus of elasticity ranges from 300,000 to 
about 1,000,000 for high pressure and moderately high temperature. 
The corresponding modulus for steel is about 20,000,000. Water is from 
20 to 60 times as compressible as steel. 

Above the temperature of maximum density, the entropy of liquid 
water decreases with isothermal pressure rise. Below this temperature, 
the entropy of liquid increases with isothermal pressure rise. The temper¬ 
ature of maximum density is 39.2°F at atmospheric pressure and de¬ 
creases with rising pressure at the rate of about 4.05°F per hundred 
atmospheres. The freezing point falls at the rate of about 1.35°F per 
hundred atmospheres. Thus the locus of maximum density meets the 
freezing boundary at about p = 270 atm (3970 Ib/in^); above that pres¬ 
sure liquid water has maximum density at the freezing point, like other 
substances. See the very interesting book Properties of Ordinary Water 
Substance, by N. E. Dorsey (Reinhold, N. Y., 1940) pages 276, 603, et seq. 

Enthalpy changes with changing pressure. For temperatures below 
about 500 F isothermal pressure rise is accompanied by increasing enthalpy; 
above about 500°F it is accompanied b}'^ decreasing enthalpy. At about 
500°F the enthalpy of liquid water is nearly independent of pressure. 

If our work supports and requires hundredths of one Btu per Ibm, the 
pressure effect is always important, if tenths suffice it becomes less so, and 
if we are content to work to the nearest integral Btu per Ibm we may 
neglect the pressure effect for pressures not too high, and take the enthalpy 

of compressed liquid to be the same as the enthalpy of saturated liquid 
at the same temperature. 

All of these relations are set forth in the skeleton table on pages 74 and 
75 of K & K. 


Given: Liquid water at T = 300°F and p = 3500 lb in^, 

r = Vf - 24.2 X 10-s = 0.017449 - 0.000242 = 0.017207 ftr ibin, 

h = hf -I- b.44 = 269.59 -|- 6.44 = 276.03 Btu/lbm, 

s = s/ - 5.97 X 10-'* = 0.43694 - 0.00597 = 0.43097 Btu/lbm*°R. 

The intervals in the table are large, but the departures change rather slowly. 

Linear interpolation suffices. 


It will be noted that the tabulated departures fall under the final 
digits of the saturation values given in the column headings. These 
values extend one digit beyond the saturation values given in Tables 1 
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and 2 except for h below T — 450°F. If for intermediate temperatures 
we take values from Table 1, we should, of course, drop the final digit 
from each departure, except h below T = 450°F. 

For states near the saturation boundary, care must be taken in interpo¬ 
lating in Table 4 between the saturation curve (column headings) and the 
first entry in each column. At the saturation curve each departure is, of 
course, zero, but the interval for interpolation dejincd bv the pressure 
difference is different for each column. 


For example, suppose we have given p = 700 Ih in-and T = 500°F. Clearly, 
we must interpolate between the first entries in the column for T = 500°F and 
the saturation values for T = o00°F. That is, we must interpolate between 
p = 800 lb/in- and the value of p at the saturation curve, which is given in the 
column heading as p = 680.8 lb in-. Thus the interpolation fraction is 

700 - 680.8 19.2 

SOO - 680.8 “ 119.2 “ 


tor p = 700 Ib/in^, each departure is 0.161 times tlie first tabular value in the 

column. In interpolations at the top of the column, the datum pressure is not 

zero, but is the vapor pre.ssure corresponding to the temperature, which is dif¬ 
ferent for each column. 


1 he chart on page 75 of K & K gives enthalpy departures from saturation 

liquid at the same entropy, and is only remotely related to what we have 

discussed above. It cannot he used for the foregoing computations. 

ft IS useful for computing isentropic changes of state, to be discussed 
later along with other charts. 

Calculations. Below are the specifications for 32 states of one pound- 
mass of water in various regions of state. These pairs have been chosen 
to cover the entire field. It is believed that other combinations are un- 
ikely to appear in engineering problems. If one masters each of these, he 
K ould be prepared to handle most problems. All properties listed have 
the units used in the steam tables. The given data are assumed to be 
exact, notwithstanding the small number of digits given in some cases. 

1 he given values of p are in Ib/in^ except where inches of mercury are 

tK pages present results that are believed to be correct to 

he full number of digits given in the table. It is recognized that such 
g accuracy is not always required, but sometimes it is, and we should 

ment .f r°i.° 1 necessary. Try to develop on orderly arrange- 

Xrs ^'-'thmetic, so that the work can be checked by yourself or 

duc^rtn computed. This is intro- 

d to show that the energy per unit volume is much greater for hot 
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liquid than for vapor. This is why the explosion of a large vessel full of 

hot water is so much more destructive than the failure of a vessel filled 
with steam. 


1. 

P 

— 

5; sat. liq. 

17. 

P = 

2; s = 

1.8761 

2. 

P 

— 

219; sat. liq. 

18. 

P = 

3.724 in. Hg; s = 1.6217 

3. 

T 

— 

72; sat. liq. 

19. 

P = 

200; s 

= 0.6000 

4. 

T 

— 

453; sat. liq. 

20. 

T = 

189; r 

= 39.26 

5. 

P 

— 

120; sat. vap. 

21. 

P = 

97; /? = 

= 1176.9 

6. 

P 


815; sat. vap. 

22. 

P = 

600 ; h 

= 500.0 

7. 

T 

— 

40; sat. vap. 

23. 

V = 

2.763; 

s = 1.5312 

8. 

T 


351; sat. vap. 

24. 

P = 

157; superheat = 219°F 

9. 

P 

— 

200; r = 300 

25. 

P = 

123; T 

= 427 

10. 

P 


3400; T = 560 

26. 

P = 

81 ; r = 

^ 5.923 

11. 

P 

— 

4000; s = 0.40000 

27. 

P = 

75; 5 = 

1.7261 

12. 

P 


2500; h = 423.00 

28. 

T = 

90; relative humiditv = 0.65 
* « 

13. 

P 


1.27 in. Hg ; y — 0.15 

29. 

P = 

1 55 ; h 

= 1267.2 

14. 

P 


87; r = 4.618 

30. 

V = 

12.000; 

s = 1.7500 

15. 

P 


0.012; X = 0.90 

31. 

h = 

1327.6; 

.s - 1.7750 

16. 

T 


-20; .r = 0.10 

32. 

h = 

1047.3; 

s = 1.8177 


Case No. 

1 

2 

3 

4 

P 

(5) 

{219) 

0.3886 

435.6 

T 

162.24 

389.47 

{72) 

{453) 

V 

0.01640 

0.01849 

0.01606 

0.0195 

P 

60.98 

54.08 

62.27 

51.28 

h 

130.13 

363.60 

40.04 

433.5 

s 

0.2347 

0.5532 

0.0783 

0.6317 

pv Btu/lbm 



0.001154 

1.574 

u 

130.12 

362.85 

40.04 

431.9 

u/v 

7934. 

19620. 

2493. 

22170. 

Nature 

(Sat. liq.) 

{Sat. liq.) 

{Sat. liq.) 

{Sat. liq.) 

Case No. 

5 

6 

7 

8 

P 

{120) 

{Slo) 

0.12170 

136.40 

T 

341.25 

520.37 

(40) 

{351) 

V 

3.728 

0.5575 

2444. 

3.302 

P 

0.2682 

1.794 

0.0004092 

0.3028 

h 

1190.4 

1198.2 

1079.3 

1192.6 

s 

1.5878 

1.4133 

2.1597 

1.5773 

pv Btu/lbm 



55.02 

83.32 

u 

1107.6 

1114.1 

1024.3 

1109.3 

u/v 

297.1 

1198. 

0.4191 

335.9 

Nature 

{Sat. vap.) 

{Sat. vap.) 

{Sat. vap.) 

{Sat. vap.) 



THERMODYNAMIC PROPERTIES OF STEAM 


485 


Case No. 

9 

10 

1 1 

12 

P 

(200) 

{S'iOO) 

{',000) 

{2300) 

T 

{300) 

{360) 

278.6 

441.3 

V 

0.01743S 

0.021494 

0.017014 

0.019079 

P 

57.35 

46.52 

58.78 

52.41 

h 

260.82 

560.2 

255.(12 

\',23.00) 

s 

0.43673 

0.749S 

iO.'fOOO) 

0.61042 

pr Btu Ibm 

0.65 

13.5 

12.59 

8.82 

u 

269.17 

546.7 

243.03 

414.18 

u r 

15436. 

25435. 

14284. 

21709. 

Xature 

(('omp. tin.) 

{('oinp. lig.) 

{('am/), lit /.) 

{('oaip. Ht/.) 

fV/.s'c A'o. 

13 

13 

14 

15 


from Table 1 

from Table 2 



P 

il.27" lig) 

{1.27" Hg) 

(57) 

{0.0120) 

I 

86.43 

85.88 

317.8S 

-8.24 

X 

0.85 

0.85 

0.9132 

{0.90) 

\f 

iO.lo) 

{0.1 o) 

0.08()8 

0.10 

r 

456.0 

459.3 

{',.61S) 

20410. 

P 

1 

0.002193 

0.002177 

0.2165 

0.00004899 

h 

942.2 

942.4 

1 106.8 

93(). 1 

.s 

1.7333 

1.7326 

1.5139 

2.1005 

pc iHu Ibm 

52.6 

53.0 



u 

» y 

889.6 

891.4 

1032.5 

891.3 

Aature 

(ir#'/ rap .) 

( Wet rap .) 

( Wet ra /).) 

{Ice rap.) 


( aso 1.^ illustrates the fact tliat w hen one can cliooso 
2. it is expedient to consider which j>:ives the !)est chanci 
cail\, this will he the table in which a tabulated value falls 
\alue or the table with smaller intervals. 


between Tables 1 

of hij^h aecuracv. 

% 

closer to the ^iven 



P 

T 

X 

// 

V 

p 

h 

8 


P>' Htu/ll),n 
u 

^ ature 


0.0062 

iOJO) 

0.90 

4220. 

0.0002370 

-46.04 

-0.0672 

-50.89 
{Ice 4- rap.) 


( 2 ) 

126.08 

0.9749 

0.02515 

169.36 

0.005905 

1090.5 

{1.S76I) 

1027.8 
{Wei rap.) 


{3.72.'," Ilg) 

{200) 

122.81 

381.79 

0.8261 

0.0540 

0.1739 

0.94660 

156.11 

0.14634 

0.006406 

6.831 

936.7 

402.90 

{1.6217) 

52.83 

{0.6000) 

883.9 

397.49 

{Wet rap.) 

{Wet rap.) 
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20 


9.141 
U89) 
0.9394 
0.0606 
(39.26) 
0.02547 

1082.1 
1.7031 
66.39 

1015.7 
( Wet vGf ).) 

24 


{157) 

581.03 

{219) 

0.1175 

3.848 

0.259S 

1315.5 

1.6964 

I I 1.7 

1203.8 

(8}ip. rap.) 


21 


{97) 

325.61 

0.9891 

0.0109 

4,511 

0.2217 

{1176.9) 

1.5927 

1095.9 

(Wet rap.) 

25 


{123) 

( 427 ) 

83.89 
0.3693 
4.127 
0.2423 

1238.6 
1.6424 
03.9 
1 144.7 

{Sup. rap.) 


Case A^o. 


P 

T 

X 

U 

V 

P 

h 

s 

pr Htu ll)in 
u 

Niitu ro 
Case \o. 


P 

T 

Superheat 
Rel. Hum. 

V 

P 

h 

s 

pv Btu Ihm 
n 

Nature 
Case .Vo. 


P 

T 

Superlieat 
Rel. Hum. 

V 

P 

X 

y 

h 

s 

pv Btu/ Ihm 
u 

Nature 


28 


0.4538 

(90) 

13.37 

{ 0 . 66 ) 

722 

0.001385 


1 101.1 
2.0563 

60.6 

1040.5 
(Slip, rap.) 


29 


{166) 

487.93 

126.92 

3.506 

0.2852 


(1267.2) 
1.6491 

100.5 
1 166.7 
(Sup. rap.) 


30 


41.5 
388.94 
1 19.46 

( 12 . 000 ) 

0.0833 


1230.9 
(1.7600) 

92.1 
1 138.8 
(Siip. rap.) 


22 


(600) 

486.21 

0.03882 

0.9612 

0.0492 

20.33 

(500.0) 

0.7020 

494.6 

(Wet rap .) 
26 


( 31 ) 

373.29 
60.40 
0.4487 
(6.923) 
0.1688 

1216.5 
1.6612 
88.8 
1 127.7 
{S\ip. rap.) 

31 


84.4 

594.83 

279.08 

7.343 

0.1362 


(1327.6) 
(1.7750) 

113.5 

1214.1 
(Sup. rap.) 


23 


159.0 

363.03 

0.9686 

0.0314 

(2.763) 

0.3619 

1168.0 

(1.5312) 

1086.7 
(Wet rap.) 

27 


(75) 

469.53 

161.93 

0.1463 

7.241 

0.1381 

1266.4 

{1.7261) 

100.5 

1165.9 

(Sup. rap.) 
32 


1.7210 

120.6 

0 

187.12 

0.00534 

0.935 

0.065 

(1047.3) 

(1.3177) 

59.5 

987.8 

(Sup. rap.) 


For Case 28, special methods have been used. The specific volume 
V was computed from the ideal gas law, which serves well for low-pressure 
steam, h and s were integrated from the saturation curve using Cp = 0.44, 
which is good for low pressures. 
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APPENDIX 2 


THERMODYNAMIC PROPERTIES OF AIR 




Notes on the Use of Air Tables 

Ihe following table of the thermodynamif properties of air is an 
abridgement of the more extensi\’e Table 1 in Gas Tables by Joseph H. 
Keenan and Joseph Kaye (John Wiley and Sons, Inc., New York, 1948). 
bnhke Thermodynamic Properties of Steam, the \-olume Gas Tables in¬ 
cludes not only an interesting discussion of sources and methods, but also 
instructions for the use oi the tables. Although there are sixty-foui' 
different tables in Gas Tables, only Table 1, which lists the properties of 
ail, uill be discussed here. Only a brief discussion will be gi\'en and the 
reader is referred to Gas Tables for a more extensi\'e treatment. 

We shall refer to the table which appears in this appendix as simply 
the air tables. The properties of air given in this table are based on the 
assumption that air is an ideal gas having the equation of state pv = RT. 
Iherefore, the internal energy and enthalpy are functions of temperature 
only. 1 he variation of the constant-volume and constant-pressure specific- 
heat capacities with temperature were taken into account in computing 
the internal energy and enthalpy. Hence, the presentation of these 
pioperties consists of a table with the single argument, temperature. 

e base temperature for which the enthalpy is zero is taken to be zero 
on the Rankine temperature scale. 

Entropy cannot be simply presented with temperature alone as an 

^»gument, since entropy is a function of pressure as well as temperature. 
Imr a pure substance we can write 


T ds = dh — V dp. 


(a) 


O * 

' iiice enthalpy is a function of temperature only, and from the eipiation 
ot state of an ideal sas, we get 


(h = cp — ~ R 

‘ P 


(b) 


If the base temperature for which the entropy is zero is taken as zero 
tne Kankine temperature scale, we obtain 


s = 


« ^ V 


'0 


dT p 

CJ.— -R In ^ ■ 

^ Vi) 


( 0 ) 


* ^n.ri the change of entropy between any two e(]uilibrium states i and 2 is 


T.. 


^2 ~ Si = 


CO 


dT 

p 


dT »2 

R In ^ 

JO I Pi 


(d) 
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The quantity 



is given in the air tables as a function of temperature, 
entropy may be written as 



The change of 


Vo 

S2 — Si = <t>2 ^ <t>I — R \n — j (f) 

Pi 

where the values of 0 are obtained directly from the tables and the (luantity 
R In (P 2 /P 1 ) is computed. 

For an isentropic process, we have 


and 




from which it is seen that ratios p/po and v/vq are each a function of 
temperature only, notwithstanding the value of le entropy. The ratio 
p/Po = Pr is called the relative pressure, and the ratio v/vq = Vr is called 
the relative volume. These are given in the air tables as functions of 
temperature. 

From Eqs. (g) and (h) it is seen that the ratio of the pressures pi and 
P 2 and the ratio of the specific v'olumes vi and V 2 corresponding to the 
temperatures 7\ and 7'2, respectively, along a particular isentropic, are 
equal to the ratio of the relative pressures pri and pr 2 and the ratio of 
the relative volumes and Vr 2 , respectively, or 


arid 



(i) 

(j) 


As given in this book, the air tables consist of six columns. The 
first column gives the temperature on the Rankine scale. The following 
columns give the corresponding values of enthalpy (Btu/lbm), relative 
pressure, internal energy (Btu/lbm), relative volume, and the (juantity 
0 (Btu/lbm °R), in that order. 

The following examples illustrate the use of the air tables. 


Example 1. If 10 ft^ of air at a pressure of 200 Ib/in^ and at a tenijjerature of 
1500®F expands isentropically to a pressure of 50 Ib/in^ determine the specific 
enthalpy, specific internal energy, tempeiature, and volume at the end of the 
expansion. 
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From the inv tables, we find at T = 1960°H, 

h\ = 493.()4 I^tu Ibm, 

Pr\ = 160.37, 

(/, = 359.28 Htu 11)111, 

/’ri = 4.527. 

To find the properties at the end of the expansion, we compute th(‘ lelative 
jiressure from tap (i): 

50 11) in- 

p =-X 1(>0.37 = 40.09. 

200 11) in- 

and with this value \\v enter the tables to find 

r., = I375.5°K. 
h < = 336.5 Iltii 11)111, 

//■. — 242.21 Htu Ibm. 


From K(p (j). we j^et 


I'r-: = 12.709. 


r-. = X \\ 

'Vi 


12.709 

4.527 


X 10 ft-** = 2S.2 ft" 


Kxamplk 2. Determine the increase of the specihc entrojiy, as well as the other 
properties of the preceding example, if the efficiency of the expansion jirocess is 

80 percent. 

The firoperties of the air at the beginnin^j; of the exjjansion process will l)e 
the same as in the preceding example, and in addition we have 

(Pi = 0.92645 Htu lbm-°R. 

T he i.senti'opic enthalpy decrease is 

/,, - = 493.64 - 331).5 = 157.14 Htu Ibm, 

and the actual enthalpy at tiie en<l of the expansion process is 

h.y = hi - {hi - /i.j)77 = 493.64 - 157.14 X O.S, 


Ibm 


Ibm 


= 367.93 HtU/lbm. 


1 ntering the air tables with this value of the enthalpy, we get 

Tr = 1495.3°R. 

= 265.42 Htu Ibm. 


02' ~ 


Btu Ihin-^U. 
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The entropy decrease is 


— Si — <f>2' — <i>i — R In 


Rl 

V\ 


= (0.92645 - 0.85333) ~~ - 53.35 


Ihnv^^R 


Ibm*®R 


X 


1 


778 ft-lb/Btu 


X In 


50 lb/in‘^ 
200 ib/in. 


= (0.92645 - 0.85333 + 0.09290) 
= 0.16602 Btu/ll)m-°R. 


Btu 


Ibm-^R 


The values of pr^' and Vr-y' are iirelev'ant because the process is not isentropic. 
The volume of the air can be found from the equation of state of an ideal ^as. 
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TABLK A-2. GAS TABLK 1 


Thermodynamic Properties of Air* 


T°R 

h 

Pr 

u 

I'r 

<t> 

100 

23.74 

0.003841 

16 38 

9643 

0,19714 

no 

26. 13 

0.005358 

18.59 

7605 

0 21995 

120 

28 53 

0,007260 

20.30 

6123 

0.24077 

130 

30.92 

0.009601 

22 01 

5016 

0.25993 

140 

33.31 

0 012436 

23 71 

4170 

0.27767 

150 

35 71 

0 015824 

25 43 

1 3512 

0.29418 

100 

38.10 

0.019822 

27.13 

2990 

0 30962 

170 

' 40.49 

1 1 

0.02449 

28.84 

2571 

0 32413 

180 

42.89 ! 

0 02990 

30.55 

2230 

0 33781 

190 

45 28 

1 

0 03612 

32 26 

1948.7 

0 35075 

200 

47.67 

1 

0 04320 

33.96 

1714.9 

0.36303 

210 

50.07 

0 05122 

35 67 

1518.6 

0.37470 

220 

52.46 

0.06026 

37.38 

! 352.5 

0.38584 

230 

54.85 

0,07037 

39 08 

1210 7 

0.39648 

240 

57 25 

0 08165 

40 80 

1088.8 

1 

0 40666 

250 i 

59 64 

0 09415 

42.50 

1 

983. (> 

0 41643 

260 1 

62.03 

0. 10797 

44.21 

892 0 

0.42582 

270 

64.43 

0. 12318 

45.92 

812,0 

0 43485 

280 

66.82 

0. 13986 

47 63 

741 6 

0.44356 

290 

69.21 

0 15808 

49.33 

! 

679 5 

0.45196 

300 

71 61 

0.17795 

' 51.04 

624.5 

0.46007 

310 

74.00 

0.19952 

52.75 

575.6 

0.46791 

320 

76.40 

0 22290 

54.46 

531.8 

0.47550 

330 

78.78 

0.24819 

56. 16 

492.6 

0,48287 

340 

HI . 18 

0 27545 

57.87 

457.2 

0 49002 

350 

83 57 

0.3048 

59.58 

425.4 

0.49695 

360 

85.97 

0.3363 

61.29 

396.6 

0.50369 

370 

88.35 

0.3700 

62.99 

370 4 

0.51024 

380 

90.75 

0.4061 

64.70 

346.6 

0.51663 

390 

93 13 

0.4447 

66 40 

324 9 

0 52284 

400 

95.53 

0.4858 

68.11 

305.0 

0.52890 

410 

97.93 

0.5295 

69.82 

286.8 

0,53481 

420 

100.32 

0.5760 

71.52 

270. 1 

0 54058 

430 

102 71 

0.6253 

73.23 

254.7 

0.54621 

440 

105 11 

0.6776 

74.93 

240.6 

0.55172 


F ^1 j from Table 1 of Gas Tables, !)y Joseph H. Keenan and Joseph Kaye 

Keenan and Joseph Kave. ruhlished bv 
John n iley <fe Sons, Inr., New Yr)rk. 


504 


APPENDIX 2 


TABLE A-2. GAS TABLE 1 — {Continued) 
Thermodynamic Properties of Air 


T{^R) 


450 

460 

470 

480 

490 

500 

510 

520 

530 

540 

550 

560 

570 

580 

590 



107.5 
109.90 
112.30 
114.69 
117 08 

119.48 
121.87 
124.27 
126.66 
129.06 

131.46 
133.86 
136.26 
138 66 
141 06 


0.7329 

76.65 

0.7913 

78.36 

0.8531 

80.07 

0.9182 

81.77 

0.9868 

83.49 

1.0590 

85.20 

1 .1349 

86.92 

1.2147 

88.62 

1.2983 

90.34 

1 3860 

92.04 

1.4779 

93 76 

1,5742 

95.47 

1.6748 

97.19 

1.7800 

98.90 

1 8899 

100.62 


227.45 
215.33 
204.08 

193.65 
183.94 

174.90 

166.46 
158.58 
151.22 
144.32 

137.85 

131.78 

126.08 

120.70 

115.65 


0.55710 

0.56235 

0.56751 

0.57255 

0.57749 

0.58233 
0.58707 
0.59173 
0.59630 
0.60078 

0.60518 
0.60950 
0.61376 
0.61793 
0.62204 


600 

610 

620 

630 

640 


143 47 
145.88 
148.28 
150.68 
153 09 


2.005 
2.124 
2 249 
2.379 
2 514 


102.34 
104.06 
105.78 
107.50 
109.21 


110.88 
106.38 
102.12 
98.11 
94.30 


0.62607 
0.63005 
0.63395 
0.63781 
0 64159 


650 

660 

670 

680 

690 


155 50 
157.92 
160.33 
162.73 
165 15 


2.655 
2.801 
2.953 
3.111 
3.276 


110.94 
112.67 
114.40 
116.12 
1 17.85 


90.69 
87.27 
84.03 
80.96 
78.03 


0.64533 
0.64902 
0.65263 
0.65621 
0.65973 


700 

710 

720 

730 

740 

750 

760 

770 

780 

790 

800 

810 

820 

830 

840 


167 56 
169.98 
172.39 
174.82 
177 23 

179.66 
182.08 
184.51 
186.94 
189.38 

191.81 

194.25 

196.69 

199.12 

201.56 


3.446 
3.623 
3.806 
3.996 

4 193 

4.396 
4.607 
4.826 
5.051 

5 - 285 

5.526 
5.775 
6.033 
6.299 
6.573 


119.58 
121.32 
123.04 
124.78 
126.51 

128 25 
129.99 
131.73 

133.47 

135.22 

136.97 
138.72 

140.47 

142.22 

143.98 


75.25 
72.60 
70.07 
67.67 

65.38 

63.20 
61.10 
59.11 

57.20 

55.38 

53.63 
51.96 
50.35 
48.81 
47.34 


0.66321 
0.66664 
0.67002 
0.67335 
0.67665 

0.67991 
0 68312 
0.68629 
0.68942 
0.69251 

0.69558 

0.69860 

0.70160 

0.70455 

0.70747 
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TABLE A-2. GAS TABLE 1 — {Continued) 
Thermodynamic Properties of Air 


T{°R) 


85' 
86 
87' 
88 ' 

89 

90 

91 

92 

93 

94 

95 
96' 

97 

98 

99 

1000 
1010 




1080 
1090 

1100 
1110 
2 

3 

4 


204.01 

206.46 
208.90 
211.35 
213.80 

216.26 
218.72 
221.18 
223.64 
226.11 

228.58 
231 06 
233 53 
236.02 
238 50 

240.98 
243.48 
245.97 
248 45 
250 95 

253 45 

255.96 

258.47 

260.97 
263 48 

265.99 
268.52 
271.03 
273.56 
276.08 

278.61 
281.14 
283.68 
286.21 
288.76 

291.30 
293.86 
296.41 
298.96 
301 52 


6.856 
7.149 

7 450 
7.761 
8.081 

8.411 

8 752 

9 102 
9.463 
9,834 

10 216 
10.610 

11 014 
11.430 
11.858 

12 298 
12 751 
13.215 
13.692 
14 182 

I 4 686 
15.203 
15.734 
16.278 
16 838 

17.413 
18.000 
18.604 
19.223 
19 858 

20.51 
21.18 
21.86 
22.56 
23.28 

24.01 
24 76 
24.53 
26.32 
27 13 


145.74 
147.50 
149.27 
151 02 
152.80 

154.57 
156.34 
158.12 
1 59 89 
161.68 

163 46 
165.26 
167.05 
168.83 
170 63 

172.43 
174 24 
176.04 
177 84 
179.66 

181.47 
183.29 
185. 10 
186.93 

188.75 

190.58 
192.41 
194.25 
196.09 
1 97 94 

199 78 
201.63 
203.49 
205.33 
207.19 

209.05 
210.92 
212.78 
214.65 
216.53 



40 80 


39 

.64 

38 

52 

37 

44 

36 

.41 

35 

.41 

34 

45 

33 

.52 

32 

.63 

31 

. 76 

30 

92 

30 

12 

29 

34 

28 

.59 

27 

.87 

27 

. 17 

26 

48 

25 

82 

25. 

19 

24 

58 

23 

98 

23 

40 

22. 

84 

22. 

30 

21 . 

78 

2! 

27 

20. 

771 

20. 

293 

19, 

828 

19. 

377 

18. 

940 

18. 

514 

18. 

102 

17. 

700 

17. 

311 

16. 

932 


0.71037 
0 71323 
0 71606 
0 71886 
0 72163 

0 72438 
0.72710 
0 72979 
0 73245 
0 73509 

0.73771 
0.74030 
0.74287 
0.74540 
0 74792 

0.75042 
0 75290 
0.75536 
0.75778 
0 76019 

0 76259 
0 76496 
0 76732 
0.76964 
0 77196 

0,77426 

0.77654 

0,77880 

0.78104 

0.78326 

0.78548 
0 78767 
0 78985 
0 79201 
0.79415 

0 79628 
0 79840 
0.80050 
0.80258 
0.80466 
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TABLE A-2. GAS TABLE 1 — {Continued) 
Thermodynamic Properties of Air 


T(°R) 

1250 

1260 

1270 

1280 

1290 

1300 

1310 

1320 

1330 

1340 

1350 

1360 

1370 

1380 

1390 

1400 

1410 

1420 

1430 

1440 

1450 

1460 

1470 

1480 

1490 

1500 

1510 

1520 

1530 

1540 

1550 

1560 

1570 

1580 

1590 

1600 

1610 

1620 

1630 

1640 


304.08 

27.96 

306.65 

28.80 

309.22 

29.67 

311.79 

30.55 

314.36 

31,46 

316.94 

32.39 

319.53 

33.34 

322.11 

34.31 

324.69 

35.30 

327.29 

36.31 

329.88 

37.35 

332.48 

38.41 

335.09 

39.49 

337.68 

40.59 

340.29 

41.73 

342 90 

42.88 

345.52 

44.06 

348.14 

45.26 

350.75 

46.49 

353.37 

47.75 

356.00 

49.03 

358.63 

50.34 

361.27 

51.68 

363 89 

53.04 


366.53 

369.17 
371.82 
374.47 
377,11 

379.77 

382.42 
385.08 

387.74 
390.40 
393.07 

395.74 

398.42 
401 09 

403.77 
406.45 


218.40 
220.28 
222.16 
224.05 
225.93 

227.83 
229.73 
231.63 
233.52 
235.43 

237.34 
239.25 
241.17 
243.08 
245.00 

246.93 
248.86 
250.79 
252.72 
254.66 

256.60 
258.54 
260.49 
262.44 


16.563 
16.205 
15.857 
15.518 
15.189 

14.868 

14.557 

14.253 

13.958 

13.670 

13.391 

13.118 

12.851 

12.593 

12.340 

12.095 
11.855 
11 622 
11.394 
11.172 

10.954 

10.743 

10.537 

10.336 


0.80672 

0.80876 

0.81079 

0.81280 

0.81481 

0.81680 
0.81878 
0.82075 
0.82270 
0.82464 

0.82658 
0.82848 
0.83039 
0.83229 
0.83417 

0.83604 

0.83790 

0.83975 

0.84158 

0.84341 

0.84523 
0 84704 
0.84884 
0.85062 


54 43 

264.38 

10.140 

0.85239 

55.86 

266.34 

9.948 

0.85416 

57.30 

268.30 

9.761 

0.85592 

58.78 

270.26 

9.578 

0.85767 

60.29 

272.23 

9.400 

0.85940 

61.83 

274.20 

9.226 

0.86113 

63.40 

276.17 

9.056 

0.86285 

65.00 

278.13 

8.890 

0.86456 

66.63 

280.11 

8.728 

0.86626 

68.30 

282.09 

8.569 

' .0.86794 

70.00 

284.08 

8.414 

0.86962 

71.73 

286.06 

8.263 

0.87130 

73.49 

288.05 

8.115 

0.87297 

75.29 

290.04 

7.971 

0.87462 

77.12 

292.03 

7.829 

0.87627 

78.99 

294.03 

7.691 

0.87791 


THERMODYNAMIC' PROPERTIES OF AIR 


507 


TABLE A-2. GAS TABLE 1 — {(^oniinued) 
Thermodynamic Properties of Air 


TCR) 




1670 

1680 

1690 


1700 

1710 

1720 

1730 

1740 

1750 

1760 

1770 

1780 

1790 

1800 

1810 

1820 

1830 

1840 

1850 

1860 

1870 

1880 

1890 

1900 

1910 

1920 

1930 

1940 

1950 

1960 

1970 

1980 

1990 


409 13 
411.82 
414.51 
417,20 
419.89 



422.59 
425.29 
428.00 
430.69 
433 41 

436.12 
438.83 
441.55 

444.26 
446.99 

449 71 
452.44 

455.17 
457.90 
460 63 

463.37 

466.12 
468.86 

471.60 

474.35 

477.09 

479.85 

482.60 

485.36 

488.12 

490.88 

493.64 

496.40 

499.17 
501 94 

504.71 
507.49 

510.26 
513.04 
515.82 


80.89 

82.83 

84.80 

86.82 

88.87 


90 95 
93 08 
95.24 
97.45 
99.69 

101 98 
104 30 
106.67 
109.08 
I 11 54 

114.03 
I 16.57 
119. 16 
121.79 
124.47 

127.18 

129.95 

132.77 

135.64 

138.55 

141.51 
144 53 
147.59 
150.70 
153,87 

157 10 
160.37 
163.69 
167.07 
170.50 

174.00 

177.55 
181.16 
184.81 
188.54 


296.03 
298.02 
300.03 
302 04 
304 04 


306.06 
308.07 
310 09 
312 10 
314 13 

316- 16 
318. 18 
320,22 
322 24 
324 29 

326 32 
328 37 
330 40 
332.45 
334 50 

336 55 

338.61 
340 66 
342.73 
344 78 

346.85 

348.91 

350.98 
353.05 
355,12 

357.20 
359.28 
361.36 
363.43 
365 53 

367.61 
369.71 
371.79 
373.88 

375.98 


6,576 
6 465 

6-367 
6 251 
6. 147 
6.045 
5.945 


5 566 
5 476 

5.388 
5.302 
5.217 
5. 134 
5.053 

4.974 
4 896 
4.819 
4.744 
4.670 

4.598 
4 527 
4.458 
4.390 
4.323 

4.258 
4. 194 
4.130 
4.069 
4.008 


0.87954 

0.88116 

0.88278 

0.88439 

0.88599 



0-88758 
0 88916 
0 89074 
0 89230 
0 89387 

0.89542 
0.89697 
0.89850 
0.90003 
0 90155 

0.90308 
0.90458 
0.90609 
0.90759 
0 90908 

0.91056 

0,91203 

0.91350 

0.91497 

0.91643 

0.91788 

0.91932 

0.92076 

0.92220 

0.92362 

0,92504 
0.92645 
0.92786 
0.92926 
0.93066 

0.93205 

0.93343 

0.93481 

0.93618 

0.93756 
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TABLti A-2. GAS TABLE 1 — {Continued) 
Thermodynamic Properties of Air 


T{°R) 


2050 

2060 

2070 

2080 

2090 

2100 

2110 

2120 

2130 

2140 

2150 

2160 

2170 

2180 

2190 

2200 

2210 

2220 

2230 

2240 

2250 

2260 

2270 

2280 

2290 

2300 

2310 

2320 

2330 

2340 

2350 

2360 

2370 

2380 

2390 

2400 


h 


P 


518.61 

521.39 

524.18 

526.97 

529.75 

532.55 

535.35 

538.15 
540.94 
543.74 

546.54 

549.35 

552.16 
554 97 
557.78 

560.59 
563 41 
566.23 
569.04 
571.86 

574 69 
577.51 
580 34 

583.16 
585.99 

588.82 
591.66 
594.49 
597.32 

600.16 

603.00 
605.84 
608.68 
611.53 
614.37 

617.22 


192.31 

196.16 
200.06 
204.02 
208.06 

212.1 

216.3 

220.5 

224.8 

229.1 

233.5 
238.0 

242.6 
247-2 
251 9 

256.6 

261.4 

266.3 

271.3 

276.3 

281.4 

286.6 

291.9 

297.2 

302.7 

308. 1 

313.7 

319.4 
325 1 

330.9 

336.8 

342.8 

348.9 
355.0 

361.3 

367.6 


u 


Vr 


378.08 

380.18 

382.28 
384.39 
386.48 

388.60 
390.71 
392.83 
394.93 
397.05 

399.17 

401.29 
403.41 
405.53 
407.66 

409.78 
411.92 
414.05 
416. 18 

418.31 

420.46 

422.59 
424 74 
426.87 
429.01 

431.16 

433.31 

435.46 

437.60 
439.76 

441 91 
444.07 
446.22 
448.38 
450.54 

452.70 


3.949 
3.890 
3 833 
3.777 
3.721 

3.667 
3 614 
3.561 
3.510 
3.460 

3.410 
3.362 
3.314 
3.267 
3-221 

3. 176 
3. 131 
3.088 
3.045 
3 003 

2.961 
2 921 
2.881 
2 841 
2.803 

2.765 
2.728 
2.691 
2.655 
2.619 


2.585 
2.550 
2.517 
2.483 
2 451 

2.419 


0 


0.93891 
0.94026 
0.94161 
0.94296 
0.94430 

0.94564 
0.94696 
0.94829 
0.94960 
0.95092 

0.95222 
0.95352 
0.95482 
0.95611 
0.95740 

0.95868 
0 95996 
0.96123 
0.96250 
0 96376 


0-96501 

0.96626 

0.96751 

0.96876 

0.96999 

0.97123 
0.97246 
0 97369 
0.97489 
0 97611 

0.97732 
0.97853 
0.97973 
0.98092 
0.98212 

0.98331 
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TABLE A-3. MERCURY TABLE 
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Chart A-1. Temperature-entropy diagram for air. (Courtesy of General Electric Co.) 
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TABLE A-6 

SELECTED DIFFERENTIALS FROM A CONDENSED COLLECTION 

OF THERMODYNAMIC FORMULAS 

by P. W. Bridgman 

Any partial derivative of a state variable of a thermodynamic system, with 
respect to any other state variable, a third variable being held constant (for 
example, (du/dv)p] can be written, from Eq. (4-31), in the form 


(du 'dv)p - 


{dn/dz)p 

{dv/dz)p 


where z is any arbitrary state function. Then if one tabulates the partial deriva¬ 
tives of all state variables with respect to an arbitrary function 2 , any partial 
derivative can be obtained by dividing one tabulated quantity by another. For 
brevity, derivatives of the form {du/dz)p are written in the table below in the 
symbolic form (dw)p. Then, for example, 


_ Cdu)p _ Cp — p(dv/dT)p 
dv/p {dv)p {dv/dT)p 


which agrees with Eq. (4-34). Ratios (not derivatives) such as d'qp/dvp can be 
treated in the same way. For a further discussion, see A Condensed Collection of 
Thermodynamic Formxdas by P. W. Bridgman (Harvard LFniversity Press), from 
which the table below is taken. 


p constant 

{dT)p = 1 
{^v)p = {dv/dT)p 

= Cp/T 
(^9)p = Cp 

(^«))p = p{dv/dT)p 
(^w)p = Cp - v{dv/dT)p 

(^^)p = Cp 
(dff)p = _5 

W)p = -5 - p{dv/dT)p 
h constan t 

{dp)f, = _Cp 

(dr) ft = V ~ T{dv/dT)p 

{dv)f, = ~Cp{dv/dp)T - T{dv/dT)l 

+ v(dv/dT)p 

(ds) k = vcp/T 

~ vcp 

(dw)}, = ~plCp{dv/dp)T + T{dv/dT)l 

- v(dv/dT)p] 


T constant 
{dp)T = —1 

{dv)T = — {dr/dp)T 

{ds)T - {dv/dT)p 

{dq)T = Tidv/dT)p 

(dic)r = ~p(dv/dp)T 

(du)T = T{dv/dT)p -f p(dv/dp)T 

{dh)T = -t' -b T{dv/dT)p 

{dg)T = —V 
(d/)r = p(dv/dp)T 

g constant 
{dp)o = s 

(dT), = 

{dv)g = v(dv/dT)p -b s{dv/dp)T 
(5s). = - sT{dv/dT)^] 

{dq)o = —sT{dv/dT)p -b vCp 
{dw)o = p[v(dv/dT)p -b 5(ac/dp)rl 




Chart A-3. Temperature-entropy diagram for carbon dioxide. 
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APPENDIX 6 
SYSTEMS OF UNITS 

The fundamental equation of mechanics is Newton’s second law of 
motion, that is, the relation between the resultant force acting on a body, 
the mass of the body, and its acceleration. By a system of units we shall 
mean a set of units of force, mass, and acceleration in which Newton’s 
second law can be written 

F 

F = ma or m = — • (1) 

a 

That is, in any system of units, unit force imparts unit acceleration to 

unit mass, and a unit mass is that mass which has unit acceleration when 
acted on by unit force. 

The unit of acceleration used in all engineering work in this country 
is an acceleration of one foot per second, per second, or 1 ft/sec^. 

The units of force and mass used in engineering are based on properties 

of an object called a standard pound body. (The fact that the standard 

pound body is now defined as a certain fraction of the standard kilogram 

need not concern us here.) One of the properties of the standard pound 

body is its mass. We shall call the mass of the standard pound body 

one pound-mass, and abbreviate it as 1 Ibm. Then, in a system of units 

in which the pound-mass is the unit of mass, the unit of force is that 

force which gives a body whose mass is one pound-mass an acceleration 

of one foot per second, per second. This unit of force is called one poundal. 

This system of units in which the mass unit is 1 pound-mass, the force 

unit IS 1 poundal, and the unit of acceleration is 1 ft/sec^, is called the 

English absolute system. As far as the authors are aware, this system is 

followed only in certain textbooks of physics and is not used at all in 
engineering in this country. 

Another system of units can be defined starting with a different property 
of the standard pound body, namely, its weight, or the force with which 
it IS attracted by the earth. This force varies from point to point of the 
earth’s surface, but it has a definite value at any point where the 
acceleration of gravity is specified. If we take a point where the ac¬ 
celeration of gravity has its standard value of 32.1740 ft/sec^, the 
weight of the standard pound body at this point is a perfectly definite 
torce which can then be taken as a unit of force. We shall call this force 
one pound-force and abbreviate it as 1 lb. (The abbreviation Ibf is also 
used.) Then in a system of units in which the pound-force is chosen as 
the unit of force, the unit of mass is that mass whose acceleration is one 
loot per second, per second, when it is acted on by one pound-force. This 
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unit of mass is called one slug. The system of units in which the mass unit 
is 1 slug, the force unit is 1 lb; and the unit of acceleration is 1 ft/sec^, is 
called the British engineering sgstem. 

From the equation 

F 

m = — t 

a 

the mass of a body can be described as the force per unit acceleration. 
That is, the mass of a body, in slugs, is equal to the number of pounds 
force required for every unit of acceleration, and hence 


1 slug = 1 


lb 

ft/sec^ 



We next compute the ratio of the two mass units introduced above, 
the pound-mass and the slug. Suppose a standard pound body falls 
freely at a point where the acceleration of gravity has its standard value 
of 32.1740 ft/sec^. By definition, the force accelerating the body is 
1 pound-force. Ihe mass of the standard pound body, in slugs, is therefore 

_ F _ _1 lb _ 1 lb 1 ^ 

^ ~ a~ 32.1740 ft Asoc'2 “ 32.1740 ft/sec^ "" 32.1740 


But by definition the mass of the standard pound body is also 1 pound- 
mass. Hence, 


1 Ibm 


1 

32.1740 


slug, 



1 slug = 32.1740 Ibm. (4) 

The number 32.1740 appearing in this equation is a conversion factor, 
corresponding to the number 12 in the equation 


1 foot = 12 inches. 



All conversion factors are dimensionless quantities, since the dimensions 
are the same on both sides of Eq. (4) and of Eq. (5), mass {M] in the 
former and length [L] in the latter. The factors do have units, however, 
namely. 



inch 

TT 


} 


Ibm 

32.1740-— 

slug 


32.1740 


Ibm 

lb/ (ft/sec^) 




To convert a given quantity from one set of units to another, the 
quantity is multiplied (or divided) by the appropriate conversion factor 
and the units of both the fjuantity and the conversion factor are treated 
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likealgebraic quantities subject to the usual rules of cancellation, multiplica¬ 
tion, etc. For example, a length I of 10ft is converted to inches as follows: 


/ = 10 ft X 12 


inches 

~ft 


120 inches. 


The density p of water is 02.4 pounds-mass per cubic foot. To convert 
this to slugs per cubic foot, we have (to three significant figures) 


P = 62.4 — X 


1 


ft^^ 32.2 Ibm/slug 


= 1.94 


slugs 

liF 


Because it is numerically equal to the standard acceleration of gravity, 

the conversion factor of 32.1740 or 32.1740 -is often 

slug lb/(ft/sec^) 

represented by the symbol go or Qs. This is misleading, however, because 
this conversion factor does not represent an acceleration but is a dimen¬ 
sionless number (although it does have units). The mass of an object, in 
slugs, is computed from its mass in pounds-mass by the equation 

m(lbm) 

m (slugs) = 


^0 (Ibm/slug) 


Newton’s second law. 


F(lb) = w(slugs) X a(ft/sec^), 


can then be written 


F{\h) = 


m(lbm) 

^0 (Ibm/slug) 


X a(ft/sec^). 


or more briefly, with the understanding that force is to be expressed in 
pounds-force and mass in pounds-mass, 



Thus when we depart from a single system of units and express force 
in the force unit of the British engineering system (the pound-force) and 
mass in the mass unit of the English absolute system (the pound-mass) 
Newton’s second law does not have the simple form F = ma. 

Many engineers in this country follow the procedure above, using the 
pound-force as a unit of force and the pound-mass as a unit of mass (and 
often refer to both simply as a “pound”). Thus density (mass per unit 
volume) IS commonly expressed in pounds-mass per cubic foot (Ibm/ft^) 
while work is expressed in foot pounds-force (ft lb). This does not 
cause trouble in thermodynamic problems until one encounters a situation 

Z law must be used, the most common example 

ot which is m fluid dynamics. It then becomes necessary, if this procedure 
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is followed, to include the conversion factor qq in any equation derived 
from Newton's second law. 

rhe trend today, particularly in the field of aeronautical engineering, 
seems to be toward using the slug exclusively as a unit of mass, and dropping 
the pound-mass. Thus aeronautical engineers commonly express density 
in slugs per cubic foot, rather than in pounds-mass per cubic foot. How¬ 
ever, since the pound-mass is used as the mass unit in so many tables of 
properties of matter, it does not appear practical at the present time to 
ignore its existence altogether. We have therefore used the pound-mass as 
a mass unit in much of this book, except in the chapter on Fluid Dynamics, 
where we have used the slug or its equivalent, the pound-force per (ft/sec^). 
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Abbreviations and symbols, xiii 
Absolute temperature, 17 
Absorptivity, 291 
Activity, 454 

Adiabatic compressibility, 195 
Adiabatic process, 6 
Adiabatic saturation, temperature. 319 
process, 320 
Air, atmospheric, 321 
dry, 317 
saturated, 317 
unsaturated, 317 
Air conditioning, 325 
Air refrigeration cycle, 419 
Air-standard cycle, 382 
Air tables, 503 

Notes on use of, 499 
Amagat-Leduc law, 305 
Ammonia tables, 516 
Apparent molecular weight, 304 
Availability, of finite system, 163 
and maximum useful work. 164, 
165, 375 

in steady flow, 170, 373 
of work and heat reservoirs, 168 
Availability function, 164 
decrease of, 164 
and Gibbs function, 164 
specific, 165, 171, 373 

Heattie-Bridgeman equation, 48 
constants, Tables, 48 
Bernoulli’s equation, 110, 235 
Binary-vapor heat engine, 369 
Boiling-point curve, 42 
Boltzmann constant, 296 
Bomb calorimeter, 442 
Boundary layer, 281 
Boyle’s law, 28 
Brayton cycle, 396 
with regeneration, 398 


British thermal unit, 65 
Brownian motion, 127 

Galorie, 65 

C’alorimeter. bomb, 442 
open, 441 

(’arbon dioxide, solid, production of, 
431 

properties of, 530 

C’arnot, cycle, 97, 132, 134, 140, 212, 
383 

engine, 99, 122, 131, 134, 146 
refrigerator, 101. 122, 133, 415 
steam cycle, 344 
Centigrade temperature, 11 
Charles’ law. 49 
Chemical equilibrium, 5 
Clausius ecjuation of state, 53 
Clausius inequality, 145-149 
Clausius statement of second law, 122 
C’lausius-Clapeyron equation, 134-137, 
217, 220, 452 

Coefficient, of compressibilit}’, 31-33, 
195 

of expansion, 28 
of performance, 101, 418 
stoichiometric, 441 
of thermal conductivity, 271 
of viscosity, 236 
Collins liquefier, 428 
Combustion, 392, 461 
heats of, Table, 443 
Compressibility, 31-33, 195 
Compression ignition, 380 
Compression ratio, 384 
Conductance, electrical, 287 
Conduction heat transfer, 270 
three-dimensional and unsteady, 
272 

through flat plate, 273 
through tube wall, 274 
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Dieterici equation of state, 53 
Difference between heat capacities, 87- 
89 

Differentials, condensed formulas, 
Table, 529 
14, exact, 86 

inexact, 62, 70 
i^iffuser, 242 

Dimensional analysis, 282, 284 
Disorder, 125 
Dissociation, 466 
Dual cycle, 390 
DulouK-Petit law, 74 
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Conductivity, electrical, 287 
Conductivity, thermal, 271 
experimental methods, 277 
variability of, 278 
Conjugate flows, 177 
Constant-volume gas thermometer, 

17 

C’ontrol volume, 229 
Convection heat transfer. 280 
forced, 281 
natural, 281, 284 
Converging-diverging nozzle, 242, 249 
C'ooling tower, 329 
(’orresponding states, 47 
Counterflow heat transfer. 288 
C’ritical constants, Table, 40 
van dei' Waals gas, Table. 44 
Critical jjoint, 40 
C’ritical j>ressure, 40 
Critical pressure ratio, 246 
C’ritical temperature, 39 
Critical volume, 40 
(’ubical expansion, coefficient of, 28 
(’utoff ratio, 388 
C’vcie, 67 

air-standard, 382 
Brayton. 396, 398 

C'arnot, 97, 132. 134, 140, 212, 344, 
383, 415 
Diesel, 387 
dual, 390 
I'hiccson, 401 
Otto, 384 
power, 337 
Rankine, 349, 353 
refrigeration, 101, 122, 133, 417 
regenerative, 359 
reheat, 356 
Stirling, 400 
Cycle efficiency, 100 

Dalton’s law, 301 
Daniell cell, 445 
Dehumidification, 328 
Density, 2 

of air-vapor mixture, 322 
Dew point, 319 
Diesel cycle, 387 


I'iffectiveness. 172, 374 
I':tticiency. cycle or thermal, 100, 337 
engine, 342 

of reversible engine, 128 
of turbine stage, 343 
I'dectrical etjuilibrium, 9 
limissive power, total, 292 
monochromatic, 292 
I'imissivitv, 295 
Bndothermic reaction, 441 
I’mergy equation, 86 
flow, 234 

of steady flow, 107, 235 
I'hiergy, of a system, 63 
lOngine efficiency, 342 
lOnthalpy, 104 
of air, Table, 503 
of air-vapor mixture, 323 
of ammonia. Table, 516 
of gases. Table, 462 
of ideal-gas mixture, 308 
of mercury, Chart, 510 
of mercury, Table, 511 
of steam. Table, 488 
lOntropy, 149-152 
absolute, 161 
change of, 150, 152-156 
and disorder, 160 
flow of, 173, 178 
of ideal-gas mixture, 309 
increase of, 156-161 
of isolated S 3 ^stem, 158 
production of, 173 
specific, 152 
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Equation of continuity, 230 
for steady flow, 235 
Equation of state, 23 - 
Beattie-Bridgeman, 48 
Clausius, 53 
Dieterici, 53 
ideal, gas, 23 
molal, 24 

van der Waals, 44 
Equilibrium, 4 
chemical, 5, 435 
criteria of, 436 
electrical, 9 

liquid-vapor, 110, 134, 214 
mechanical, 4 

in multi-component systems, 437 
metastable, 215, 331 
phase, 214, 439 
thermal, 5, 6, 9, 10 
thermodjmamic, 6 
h^quilibrium constant, 449 
Table, 450 

temperature dependence of, 451 
Ericcson cycle, 401 
Evaporative cooling, 327 
Euler equation, 234, 235 
Eulerian method, 229 
Exact differential, 86 
Exothermic reaction, 441 
Expansion coefficient, 28 
Extensive property, 2, 4 
Extent of reaction, 454 

P ahrenheit temperature, 11 
Fanno line, 255 
Feedwater heaters, 363 
Film coefficient, 281, 282, 284 
First law, 63, 66 

First and second laws combined, 190 

Flame temperature, 465 

Flow in a duct, 259 

I* low through a nozzle, 247 

Fluctuations, 127 

Force, 533 

Fourier’s equation, 270 

Free energy, 162 

Free expansion, 60, 63 
Freezing-point curve, 42 


“Freon-12” tables, 520 
Fugacity, 453 

Gas constant, 24, 25 
Gas cycle. Brayton, 396 

Carnot, 97, 132, 134, 140, 212 
Diesel, 387 
Ericcson, 401 
Stirling, 400 

Gas-turbine internal combustion en¬ 
gine, 395 
analysis of, 404 
Gay-Lussac’s law, 79 
Gibbs function, 161, 198, 215, 437 
and activity, 453 
and availability function, 164 
and equilibrium constant, 448 
and fugacity, 453 
Gibbs' law, 306 

Gibbs-Helmholtz equation, 447, 451 
Grashof number, 285 
Guarded hot plate, 277 

Heat, 64 

of combustion, 395, 442 
of dilution, 442 
of formation, 442, 444 
of fusion, 114 

mechanical equivalent of, 65, 68, 69 
of reaction, 442, 445 
of solution, 442 
of sublimation, 114 
of transformation, 113 
of vaporization, 114 
Heat capacity, 72 
of common gases, Table, 76 
at constant volume, 87 
Dulong-Petit value, 74 
molal, 74 

molecular theory of, 77 
of saturated substances, 217 
specific, 73, 87, 88 
temperature variation of, 72 
Heat engine, 101, 337 
Heat pump, 425, 432 
Heat reservoir, 6 

Heat transfer coefficient, over-all, 287 
Heat value, 395 



INDEX 


540 

Helmholtz function, 161, 198 
Hot-wire method, 278 
h-s-p surfaces, 213 
Humidification, 326 
Humidity ratio, 318 

Ice point, 11, 219 
Ideal gas, equation of state, 23, 24 
expansion coefficient of, 89 
compressibility of, 89 
mixtures of, 302, 314 
properties, 202 
P‘V-T surface, 27 
Indicator diagram, 58, 59, 382 
Inexact differential, 62, 70 
Intercooling, 403 
Intensive i)roperty, 2, 4 
Internal combustion engine, 380 
process, 392 
Internal energy, 70, 71 
of air, Table, 503 
of ammonia, Table, 516 
of “Freon-12,” Talde, 520 
as function of T and r, 86 
as function of T and p, 90 
as function of p and c, 94 
of gases, 79-81 
of gases. Table, 462 
of ideal gas, 80 
of ideal-gas mixtuie, 308 
of mercury, 511 

International temperature scale, 18 
Inversion curve, 105. 

Inversion point, 106 
Iireversibility, 172, 375 
Irreversible mixing, 313 
Irreversible process, 123 
Isenthalpic process, 105 
Isentropic process, 152 
Isobaric process, 6 
Isolated system, 2 
Isometric process, 27 
Isothermal compressibility, 31, 194 
Isothermal flow with friction, 265 
Isothermal process, 27 

Jet propulsion, 411 
Joule, 79 


Joule-Kelvin, coefficient, 105, 195 
experiment, 103, 105, 109 
inversion curve, 105 

Kelvin relations, 184 
Kelvin temperature, 16 
Kelvin-Planck statement of second 
law, 121 

Kinetic energy, 70 
Kirchhoff's radiation law, 294 

Lagrangian method, 229 
Laminar flow, 237 
Latent heat, 113 
of fusion, 114 
of sublimation, 114 
of vaporization, 114 
liquefaction of gases, 106, 427 
Liquid, properties of, 206 
saturated, 38 

Liquid-vapor equilibrium, 110, 134, 
214 

Mach number, 239 

as flow parameter, 256. 262, 265-268 
Mass, 533 

Maxwell equations, 200 
Mean temperature difference, 288 
Mechanical equilibrium, 4 
Mechanical equivalent of heat, 65, 68, 
69 

Mercury-steam binary vapor engine, 
369 

Mercury tables, 511 
Metastable equilibrium, 215, 331 
Mixtures, of gas and vapors, 317 
of ideal gases, 302-316 
reactive, 455 

Moisture fraction,111, 476 
Mole, definition, 3 
fraction, 303 
Molecular energy, 125 
Mollier diagram, 213 
Momentum, flow of, 230 
Momentum equation, 231 
of steady flow, 235 

Nonequilibrium states, 331 
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Nozzle, 109 
flow parameters, 253 
isentropic flow through, 242 
mass rate of flow through. 247 
types of, 242 
Nusselt number, 283 

Onsager reciprocal relations, 170 
Order, 125 
Otto cycle, 384 

Parallel-flow heat transfer, 288 
Partial derivatives, 27 
geometrical meaning, 35 
relations between, 91-93. 192 
Partial pressure, 301 
Partial volume, 305 
Peltier effect, 181 
Peltier heat, 182 

Performance, coefficient of. 101. 418 
Phase, 5, 35 

change of, 110 
equilibrium, 214 
Phase rule, 440 
Planck’s law. 141 
Porous-plug experiment, 103, 105 
Potential energy, 70 
Pounds-force, 533 
Pounds-mass. 533 
Prandtl number, 283 
Pressure, 7 
absolute, 7 
critical, 40 
gauge, 8 
partial, 301 
total, 301 
vapor, 38 
Pressure ratio, 397 
effect on cycle efficiency, 399 
Principle of increase of entropy, 156- 
161 

Process, 5 
adiabatic, 6 

adiabatic saturation, 319 
combustion, 392, 461 
cyclic, 67 
irreversible, 123 
isenthalpic, 105 


Process (cont’d) 
isentropic, 152 
isobaric, 6 
isometric, 27 
isopiestic, 6 
isothermal, 27 
isovolumetric, 6 
isovolumic, 6 
nonquasistatic, 5 
no-work, 6 
(piasistatic, 5 
reversible, 123 
steadv-flow. 108 
Properties, 2, 3 
extensive, 2, 4 

of ideal-gas mixture, 301-316 
intensive, 2, 4 
molal, 3, 4 
specific, 2, 3 
stagnation, 243 
Psychrometric chart, 324, 528 
P.sychrometry, 317 
p-v~T surface, ice, 39 
ideal gas, 27 
real substances, 35 
van der Waals gas. 45 

(2uality, 111 
Quasistatic state, 5 

Radiant energy, 140, 291 
Radiation, thermal, 291 
Radiator, ideal, 292 
Rankine cycle, 349 
with superheat, 353 
Rayleigh line, 255 
Reaction, extent of, 454 
heat of, 442, 445 
Reactive mixtures, 455 

Reciprocating infernal combustion en¬ 
gine, 380 
analysis of, 392 

Reduced form of van der Waals equa¬ 
tion, 102 
Reflectivity, 291 
Reflector, ideal, 292 
Refrigerants, characteristics of, 426 
l)roperties of, Tables, 516, 520 
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Refrigeration cycle, 101, 102, 133, 417 
Refrigerator, Carnot, 101, 122, 133, 415 
air, 419 

ammonia absorption, 423 
vapor-compression, 417 
Regenerative cycle, 359 
Reheat cycle, 356 
Reheat factor, 343 
Reheating in gas tur!)ines, 403 
Related flows, 177 
Relative humidity, 318, 322 
Relative pressure, 500 
Relative specific volume, 500 
Reservoir, heat, 6 
work, 119 

Reversed j^ower cycles, 415 
Reversible engine, 128 
Reversible process, 123 

from statistical viewpoint. 127 
Reynolds number, 23f) 

Saturated air, 317 
Saturated liquid, 38 
Saturaterl vapoi-, 38 

specific heat capacity, 218 
Second law of thermodynamics, 119 
Clausius, 122 
Kelvin-Planck, 121 
and leversibility, 124 
Seconfl-law analysis, 373 
Seebeck effect, 180 
Semipermeable membrane, 306 
Shaft work, 108 
Shearing strain, 236 
Shearing stress, 236 
Shock wave, 239, 254 
Sink. 270. 338 
Slug. 534 

Solid, properties of, 206 
Sonic velocity, 239 
Source, 270, 338 
Spark ignition engine, 380 
Specific heat capacities, difference be¬ 
tween, 87-89, 97 
of gases. Table, 76 
J^pecific heat'capacity, 73 
at constant pressure, 8^, 106 
at constant volume, 87, ,90 


Specific heat capacity (contVl) 
of gases, Table, 462 
of ideal gas, 89, 90, 91 
of ideal-gas mixture, 308 
molal, 74 

of saturated vapor, 218 
Specific humidity, 318, 322 
Specific volume, 2 

of air-vapoi- mixture, 322 
critical, 40 
ft-p-T surface, 211 
Stages, of turbine, 341 
Stagnation properties. 243 
State, of a system, 4 
steady, 107 

Statistical thermodynamics, 128 
Steady flow, 107 
Steady state, 107 
Steam cycle, Carnot. 344 
Rankine, 349 

Rankine, with suj)erheat, 353 
regenerative, 359 
reheat. 356 
Steam point, 11 
vSteam tables, 488 
Notes on use of, 474 
Stefan’s law, 140 
Stefan-Boltzmann. law, 295 
constant, 296 
Stirling cycle, 400 
Stoichiometric coefficient, 441 
Sublimation, 42 
latent heat of, 114 
Substance, 4 
Superheat, 41 

Supersaturated vapor, 215, 223, 331 
Surface tension. 138-140, 222 
Surroundings, 1 

Symbols and abbreviations, xiii 
System, 1 

homogeneous, 3 
isolated, 2 

T ds equations, 194 
Temperature, 8 
absolute, 17 
centigrade, 11 
critical, 39 
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Temperature (cont’d) 
dew-point, 319 
dry-bulb, 319 
Fahrenheit, 11, 12 
of flame, 465 
International, 18 
Kelvin, 16 
Rankine, 15 
Reaumur, 144 
thermodynamic, 12, 129 
wet-bulb, 319 

Terminal temperature difference, 365 
Theoretical flame temperature. 465 
Thermal conductivity, 271 
Thermal efficiency, 100 
Thermal equilibrium, 5, 6, 9. 10 
Thermodynamic etiuilibrium, 5 
Thermodynamic properties, of air, 
503 

of ammonia, 516 
of carbon dioxide, 530 
of “Freon-12.” 520 
of mercury vapor, 510, 511 
of steam, 488 

Thermodynamic surfaces, 210 
Thermodynamics, first law of, 63, 
66 

second law of, 121. 122, 129, 158 
zeroth law, 10 

Thermoelectricity. 180 
Thermometer, constant-volume 
14, 17 

mercury-in-glass, 10 
Thermometry, 8-12 
Thermoscope, 10 
Thermostatics, 5, 173 
Thomson coefficient, 183 
Thomson effect, 182 
Thomson heat, 183 
Transformation, heat of, 113 
Transmissivity, 292 
Transport parameters, 179 
Triple line, 37 

Triple point, 18, 37, 219 
data. Table. 37 
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Turbine, gas, 380, 395 
steam, 109 

expansion process, 341 
Turbulent flow, 237 

Units, British engineering system, 535 
English absolute system, 533 
of force, 533 
of mass, 533 
system, 533 
of weight, 533 

Van der Waals constants, Table, 44 
Van der Waals equation, 44 
\'an der Waals gas, 44, 204 
critical constants. 44 
Van’t Hoff equation, 452 
Vapor, 41 
saturated, 38 

Vapor-liquid equilibrium. 110, 134 
Vapor pressure. 38, 322 
dependence on total pressure. 221 
of liquid drop. 222 
Vaporization, latent heat of, 114 
Variance, 440 
Venturi, 242 

Viscosity, coefficient of, 236 
Volume, critical, 40 
specific, 2, 322 


Wave front, 239 
Weight, 533 

Work, and change of volume, 62 
electrical, 56, 173 
external, 55 
in free expansion, 60 
internal, 55 

maximum useful, 164, 169 
mechanical, 55, 57 
a path function, 61 
shaft, 108 
useful, 162 
Work reservoir, 119 


Zeroth law, 10 



